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For the Instructor 


This text could as well have the title The Story of Calculus. It weaves a tale of mathematics 
from the trigonometry of the Greeks, the analytic geometry of Descartes, the calculus of 
Leibniz and Newton, to the role of calculus in a number of disciplines of basic science 
and modern economics. This calculus is elementary and current, but follows the subject’s 
historical flow as it was driven by the important problems of the day. 


The Purpose: Mathematics texts usually present their subject with a focus on a mastery 
of subroutines, leaving interesting connections with other disciplines to footnotes and 
exercises, and failing to illuminate the impact of mathematics in a persuasive manner. It is 
the twofold purpose of this text to develop calculus from within its rich historical context 
and to demonstrate its broad and formidable informative power. The subject is painted with 
a broader brush that includes basic elements of science, but the emphasis is always on the 
careful development of the mathematics and the information that it provides. 


Experience at Notre Dame: My colleagues and I use this text in two different first-year 
calculus courses at the University of Notre Dame. One is a two-semester calculus sequence 
for arts and letters honors students. The other is a one-semester course of elementary 
applications of calculus for regular arts and letters students and architecture majors. The 
overall response from these students has been very positive, even though they have brought 
very different backgrounds and abilities to the classroom. This has been evident from 
the high formal course evaluations by the students as well as their supportive glowing 
informal comments. Indeed, I was awarded the university-wide Madden award for teaching 
excellence in 1995 in large measure because of their “applause.” I should hasten to point 
out, however, that this text is not “mathematics as usual.” Some students take to it easily, 
but others find it difficult to leave behind the “plug and chug” mentality that they bring 
from high school. It goes without saying that the instructor needs to be very sensitive to 
the nature and level of the audience. The pace of the course, the amount of reviewing, the 
selection of materials, the exposition of the elementary aspects of science, and the choice 
of homework exercises (from routine, to demanding, to horizon-expanding), are all factors 
that must be given very careful attention, because all will have considerable impact on the 
scope and substance of the course. 
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Description of the Contents: Chapter 1 is an exposition of basic trigonometry and its 
applications (to the concerns of the Greek thinkers). Chapter 2 has an elementary look at the 
mathematics and astronomy of the “Ptolemaic system.” Chapter 3 introduces conic sections 
and area, and presents Archimedes’ analysis of the area of a parabolic section. Chapter 4 
develops analytic geometry and the astronomy of Galileo and Kepler. Chapters 5 and 6 
together constitute a modern course in essential calculus based on the work of Leibniz and 
Newton. Chapter 7 focuses on the heart of Newton’s Principia Mathematica. Chapters 8, 
10, and 13 develop calculus in a more complete and definitive way, in part as a response to 
fundamental questions that arise in the arguments of Leibniz and Newton. Chapter 9 consists 
of four mathematical studies: a pulley problem of De L’Hospital, the suspension bridge, 
an experiment of Galileo with incline planes, and geometric optics. Chapter 11 analyzes 
radioactivity, three nuclear clocks and what they tell us, and the dynamics of populations. 
Chapter 12 presents the basics of business calculus. Chapter 14, finally, develops fundamental 
concepts of physics (work, energy, impulse, and momentum) and applies calculus to a variety 
of topics ranging from the motion of a bullet in the barrel of a gun, to the propulsion of 
rockets, to the expanding universe. 


Logical Interdependence: This text contains several components that are essentially 
self-contained. One such component is the calculus in Chapters 5 and 6 together with some 
analytic geometry (from Chapter 4). Chapter 7 and fundmental facts about conic sections 
(from Chapter 3) and the calculus of velocity (from Chapter 6) is another. Chapter 9 along 
with a some basic calculus (the chain rule and the max/min strategy from Chapter 8) is a 
third component. A fourth is Chapter 11 and some elementary properties of exponential and 
logarithm functions (from Chapter 10). A fifth component consists of the business calculus 
of Chapter 12 together with very basic differential and integral calculus (as covered in 
Chapters 5 and 8). Finally, Chapters 13 and 14 together comprise a challenging component 
of integral calculus and physics. 


Examples of Courses from This Text: A number of different first-year calculus 
courses can be taught from this text to audiences ranging from arts and letters to science 
students. Some specific suggestions follow: 


Course A: This fast-paced, one-semester course proceeds linearly from Chapter 1 through 
Chapter 7. It covers basic college mathematics from geometry to trigonometry and from 
analytic geometry to calculus. It does so from “Archimedes to Newton,” in other words, 
from within the context of the scientific questions that helped drive these disciplines. This 
outline has been followed in the first semester of the arts and letters honors course at Notre 
Dame. A colleague has taught this course with Chapter 8 in place of Chapter 7. The contrast 
between the calculus of Leibniz/Newton and the more definitive approach of Chapter 8 
makes it possible to discuss the rationale for rigor in mathematics. 


A less demanding version of the outline proceeds as follows: 


Course B: The approaches of Leibniz and Newton in Chapters 5 and 6 together provide a 
modern course of differential and integral calculus. This course is intuitive, devoid of excess 
baggage, concentrates on the essence of the matter, and includes important applications. If 
analytic geometry needs attention, add Section 4.3. This core material can be supplemented 
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in anumber of ways. The origins of integral calculus can be traced by studying Archimedes’ 
analysis in Chapter 3. After a review of the conic sections, also in Chapter 3, the students are 
ready for the challenging look at the heart of Newton’s Principia that Chapter 7 undertakes. 


A more traditional two-semester calculus course for science students can be taught using 
the following model: 


Course C: Start with a review of the conic sections from Chapter 3 and continue with the 
analytic geometry (and its applications to astronomy) of Chapter 4. Then cover Chapters 8 
to 11 and Chapters 13 and 14. These chapters provide a traditional calculus course with a 
thorough look at applications. A number of different topics in science are linked together 
by the common thread of calculus that gives essential information to them all. The many 
exercises can be used to expand the scope of topics. 


A toned-down version of this outline is the basis of a second-semester course of 
elementary applications of calculus taught to arts and letters students and architecture 
majors at Notre Dame: 


Course D: This course has as its single goal the illustration of the proposition that calculus 
informs a variety of different disciplines with absolutely crucial information. The course has 
any basic calculus course as prerequisite and (with insertions of appropriate reviews) focuses 
on a selection of applications that can include the pulley problem of LHospital, radioactivity 
and nuclear clocks, models of populations, bullets in rifles, and Hubble’s law and Einstein’s 
universe. 


Course E: An essential one-semester “business calculus” can be taught from Chapters 5, 
6, 8, and 12. 


Because there is such arich historical discussion throughout the text, judicious selections 
of chapters can provide the basis for a variety of specialized courses for specific programs 
of study. For example, astronomy is a recurring theme in this book, and the materials in 
Chapters 1, 2, 4, 7, and 14 can serve as the basis of a course “Elements of mathematics 
in astronomy.” Chapters 4, 5, 6, and 7 along with appropriate reading materials, such as 
those authored by Herbert Butterfield and Thomas Kuhn, form the substance of a course 
“revolutions in science and mathematics.” A slower and more elementary “mathematics and 
science of the Greeks” could flow from Chapters 1, 2, and 3 and Section 4.1 and selected 
reading from Aristotle and Plato. 

All of the courses just discussed can be supplemented with the web site 


http: //www.nd.edu:80/-hahn/ 
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4 1 The Greeks Measure the Universe 


This chapter is an exposition of fundamental matters 
that will be in use throughout this book. It intro- 
duces basic concepts of geometry and trigonometry 
and shows how the Greeks—who developed these 
disciplines into usable theories—put them to use. 


1.1 The Pythagoreans 
Measure Length 


AANA NAAT SHLAA =  UPF£EfBFéz_ bl BBFPFKFE 2 CCFC FB PDE LL LD 


T he primary purpose of a number system is to 
count and measure things. This is where we will 
begin. The Pythagorean theorem! asserts that in a 
right triangle (see Figure 1.1), the equality a? + b? = 
c* relates the lengths of the sides. We are assuming 
that some unit of length (nowadays it would be a 
foot, yard, mile, inch, or meter, for example) is given. 
The Pythagorean theorem works “in reverse” also. 
Namely, if in some triangle the lengths of the sides 
satisfy the relationship a? + 6? = c?, then the triangle 
is a right triangle with c the length of the hypotenuse 
and a and 6 the lengths of the other two sides. 


a 


Figure 1.1 


It appears that “rope stretchers” used this fact 
in early construction. Take, for example, a rope that 
has a length of 12 units (Figure 1.2): If the rope is 
stretched out horizontally on the ground in the trian- 
gular pattern indicated in Figure 1.8, then, since the 
lengths of the sides satisfy the relationship 47 + 3% = 
16+ 9 = 25 = 5°, the Pythagorean theorem asserts 


that the angle at 4 is a right angle. The construction 
of two perpendicular walls can begin! 


Figure 1.2 

g 7 
9 
10 R 
1] 5 
12 
We 2° Be 
Figure 1.8 


Assume that p is some unit of length. We will say 
that astraight segment is measurable in w if its length 
in units of « is “, where m and n are both positive 
integers. So the segment is measurable if its length 
can be expressed precisely in whole or fractional units 
of 4. For instance, if the unit yz is the inch, then the 
segments of lengths 265 = 4° inches, as well as 
5354 = “ge inches and 172652 = S128 inches are 
measurable. 

The question presents itself as to whether all 
straight segments are measurable in the unit yw. As- 
sume that the segment pictured directly below is 
measurable and that it has length 7. 


Take another segment of the same length, place 
them together at right angles, and form the right 
triangle pictured in Figure 1.4. Is the resulting hy- 
potenuse h measurable? We will see (surprise?) that 
it is not. 

Assume that it is. Then the length of h is some frac- 
tion = of positive integers. By Pythagoras’s theorem, 


ay = aa + (ay —2 (jy By clearing denomina- 


§ n nN 
tors, 7?n? = 2m?s*. Now set x = rn and y = ms, and 


> 
3/3 


=|3 


Figure 1.4 


observe that x? = 2y”. Factoring 2 out of x as many 
times as possible gives x = 2%; with x, odd. In the 
same way, y = 2°y, with y; odd. (If, for instance, « 
were equal to 172, then 172 = 2-86 = 2.2.43 = 2?.43. 
Soa = 2 and x = 48.) By a substitution we get 
(2% 1)" = 2(2°y,)*. So by the rules for exponentiating, 


2a2 _ 92b+1, 2 
a Sa Ue 


Notice that 2a 4 2b + 1, since 2a is even and 2b + 1is 
odd. Therefore, either 2a > 26+ 1 or 2a < 2b+1. 


1. Assume that 2a > 2b + 1. So 224-@b+Dy? = yy? 
It follows that Yi is even. Since yj; is odd, it has 
the form y; = 2k + 1 for some integer k. So y? = 
Ak? +4k+1 = 4(k? +k) +1, which is the sum of an 
even integer and 1. But this means that y* is odd. 
Thus y* is both even and odd. This is impossible. 

2. Assume next that 2a < 2b + 1. This implies that 
ve = 2@>+)-2a72 By the argument in Step 1, it 
is now «* that is both even and odd. This too is 
impossible. 


Reflect over what has been done. The discussion 
started with the supposition that h is measurable in yw. 
Then the argument moved in a strictly logical way to 
impossible consequences. The inescapable conclusion 
is that h cannot be measurable in p. 

The preceding proof was not taken from an old 
Greek text. It is, however, from the point of view of the 
precision of the logic and the flow of its argument, very 
much in the spirit of Greek mathematics. The point 
is this: While the hypotenuse h is a perfectly valid 
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geometric construction, it cannot be measured with 
the numbers of the Pythagoreans. In particular, their 
numerical considerations ran into limitations that ge- 
ometrical ones did not. The suggestion presents itself 
that this was an important reason why Greek ge- 
ometry and trigonometry flourished in a way that 
numerical analyses and algebra did not. 

Pythagoras and his followers had founded a Greek 
colony in today’s southern Italy in the 6" century B.c. 
They formed a cult based on the philosophical princi- 
ple that mathematics is the underlying explanation of 
all things from the relationship between musical notes 
to the movements of the planets of the solar system. 
Indeed, they held that all reality finds its ultimate ex- 
planation in numbers and mathematics. As we have 
just seen, however, the numbers of the Pythagore- 
ans were unable to come to grips with the very basic 
matter of measuring length. It is believed that when 
the Pythagoreans realized this, a crisis ensued within 
their ranks that contributed to their downfall.” In any 
case, it seems somewhat ironic that the Pythagorean 
theorem—an assertion about the lengths of certain 
segments—derives its name from a school (or per- 
son) that did not possess a number system with which 
length could always be measured. 

Today we can put it this way: The Pythagorean 
number system did not have enough numbers. It 
consisted only of the numbers of the form *, i.e., the 
rational numbers, and it did not include other real 
numbers. In fact, the preceding demonstration of the 
nonmeasurability of h shows that V2 is a number that 
is not rational. (Take m = n = 1.) It is, in other words, 
irrational. On the other hand, we know that 


/2= 1.4142... 
1 1 1 


and hence that /2 can be constructed in terms of 
a decimal expansion. This infinite process gives rise 
to the number line. Fix a unit of length and take a 
straight line that runs infinitely in both directions. 
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Fix a point and label it 0. Mark off a point one unit 
to the right of 0 and label it 1. Continue in this way 
to get 2, 3,.... Do a similar thing on the left of 0, but 
use —1, —2,... to label the points. Continue in this way 
with tenths of units, hundredths of units, and so on, to 
achieve the following relationship: Every point on the 
line corresponds to a real number, in other words, a 
number given by a decimal expansion, and every such 
number corresponds to a point on the line. See the 
illustration for /2 = 1.4142...in Figure 1.5. 

The Greeks shied away from infinite processes 
and did not hit upon the construction of the real 
numbers. (This did not occur until the 16" century!) 
This means that they did not have the coordinate— 
also called Cartesian—plane. Therefore, they could 
not graph algebraic equations and make use of the 
interplay between algebra and geometry that lies at 
the core of modern mathematical analysis. In this 
course we will not shy away from real numbers: we 
will make use of them throughout. 


1.2 The Measure of A 


W e turn next to the study of angles. Take two 
line segments with a common endpoint; they 
form a wedge. The issue is to devise a numerical way of 


measuring the angle, i.e., the amount 6 of the opening 
of the wedge. See Figure 1.6. 


Figure 1.6 


Figure 1.7 


Place the wedge in a circle with the common point 
at the center. See Figure 1.7. One way of measuring 
6 is with degrees. This unit is designated by ° and 
is a legacy of the base 60 number system of the 
Babylonians. Declare the entire circle to have 360 
degrees and then apportion degrees proportionally. 
So a wedge consisting of half the circle will have 180°, 


V2=1.4142.... 


1.4 


1.5 


NP 


Figure 1.5 


one consisting of a quarter circle will measure 90°, and 
so on. In this way, any angle can be assigned a certain 
number of degrees. It is known that the angles of any 
triangle add up to 180°. 

A more useful numerical measure of an angle is 
the radian measure. It is based on the measurement 
of length. Let 7 be the radius of the circle in Figure 1.8 
and let s be the length of the arc that is cut out of 
the circumference by the wedge. The radian measure 
of the angle 6 is defined to be the ratio =. We will 
write 6 = =. An immediate question that arises is 
this: Does the radian measure of the angle depend 
on the size of the circle into which it is placed? If 
this measure is to be a meaningful concept, it should 
not. 


r 


Figure 1.8 


Place @ into another circle. Let FR be its radius 
and S the length of the arc that @ cuts out. See 
Figure 1.9. Is £ = $? This is the question that must 
be addressed. Consider what follows to be a “thought 
experiment,” rather than something that is carried 
out in practice. 

Let ” be a positive integer (7 can be, say, 5 or 500 
or 40,000), and partition the wedge into m equal pieces. 
Connect the intersection points with straight line 
segments and let their respective lengths be d,, and 
D,,. (Note that these lengths depend on the 7 that you 
have picked.) The case x = 4 is shown in Figure 1.10. 
Observe that each of the smaller triangular wedges 
(those with sides of length 7) is similar to each of the 
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R 


Figure 1.9 


larger ones (with sides of length FR). This is because the 
corresponding angles are equal. It follows that da = 
se In the same way, da = os for any n. Observe next 
that if n is taken to be large, then the lengths of the n 
segments each of length d,, add up to approximately s. 
So the number nd, is nearly equal to s, and therefore 
1th is nearly equal to *. If n is taken sequentially 
larger and larger, the numbers nd, close in on ~. We 


r 
abbreviate this by writing 


n>oo 7 r 


The symbol lim is short for limit and refers to the 
closing-in process. The symbol oo represents “infinity” 


Figure 1.10 
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and lim means that n, by being taken larger, is being 
nh OO 
“pushed to infinity.” Proceeding in exactly the same 
way with the larger arc, we get that 
nD, 8S 


hi =x. 


Since fe es Pe for any 7, we see that 


2 i i 
, n>0 YL  n->00 R ~ RR’ 


So our thought experiment has established the re- 
quired equality = = S. Observe that the radian 
measure of an angle is a ratio of lengths. It is therefore 
a real number. 

We will learn later that “limit” procedures such 
as the one we just considered are the cornerstone of 
calculus. 


Figure 1.11 


Now take a circle of radius 1 (Figure 1.11). The 
length of one-half ofits cireumference is a number that 
is denoted by z. Consider the angle 180° and observe 
that its radian measure is | = z. Now take a circle of 
radius 7 and let c be its circumference (Figure 1.12). 


Using this circle, we get that the radian measure of 


Z 
180° is equal to —. Since the radian measure of an 


angle is the same regardless of which circle is used, 


2 
it follows that oe =z. This gives the well-known 
formula 


c= 2nr 


for the circumference of a circle of radius ”. 


Figure 1.12 


Consider the circle of Figure 1.11 and check that 
degrees and radians correspond as shown in Table 1.1. 


Degrees Radians 
: 360° 2n 
180° t 
fe) 14 : 
| 90 5 | 
/ e a ' 
| 60 3 | 
: ° x : 
ie i | 
: ° a : 
1 180 


ee ery 


Since z represents length, it is some real number. 
What is its decimal expansion?? Take a circle of ra- 
dius 1 and center C' and divide the upper semicircle 
into three equal parts, as shown in Figure 1.13. Each 
of the angles is equal to 3. Concentrate on the wedge 
on the right. Let A and B be the indicated points 
of intersection, and observe that the isosceles trian- 
gle ACAB is equilateral. (Why?) Therefore, AB has 
length 1. Choose the point P on the circle such that 
the segment CP bisects the angle ACB and draw 
the tangent A’B’ to the circle at P. Since the bisector 
CP and the tangent A’B’ are perpendicular (by a ba- 
sic property of the circle), the angles at A’ and B’ are 
both equal to 3. It follows that the triangles AC'A’P 
and ACB’P are equal. Put* A’P = PB’ = t. Since 
the three angles of ACA’B’ are equal, it follows that 
ACA’B’ is equilateral. Therefore, CA’ has length 2t, 
and by the Pythagorean theorem applied to ACPA’, 
it follows that 1+ ¢? = (2t)?. Thus 3¢? = 1, and hence 
t= a So A’B’ has length 2t = ra Since the ra- 
dian measure of the angle 3 is the length of the are 
AB, it seems plausible (we will be content with plau- 
sibility in this discussion—see also Exercise 15) from 
Figure 1.13, that 


Wt Z 
1= AB < — = length are AB < A’B’ = —. 
3 = V3 


Now multiply through by 3 to get 


2-3 2/8V3 _ 
ES ag = A = 2,/3. 


This corresponds to 3 < z < 8.47. 

Archimedes (287-212 B.c.)—we will encounter 
him again soon—used an argument, similar in prin- 
ciple but much more involved (it uses many more 
triangles instead of our three), to show that 


3 


37 << 37 
This gives 3.1408 < mz < 3.1429. The correct expansion 
begins wm = 3.14159.... It turns out (and this is 
difficult to establish) that z is an irrational number. 
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Figure 1.13 


1.3 Eratosthenes Measures 


ratosthenes (276-194 B.c.) was director of the 
Museum of Alexandria, as Euclid had been be- 
fore him. Under the sponsorship of Egypt’s Ptolemaic 
rulers, this was an early version of a government 
funded research institute. 
It was the commonly accepted view among Greek 
philosophers that the Earth is round. Eratosthenes 
was able to measure its size. He knew that at noon 


Figure 1.14 
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at the summer solstice of every year (this occurs on 
or about June 21 in the Northern Hemisphere) in the 
town of Syene (near today’s Aswan in Egypt), the 
Sun shines into the very bottom of a deep well. This 
means that at precisely that time of the year the Sun 
is directly overhead at this location. In Alexandria, 
again precisely at noon at the summer solstice, Er- 
atosthenes measured the length of the shadow of a 
gnomon’ in vertical position (using a plumbline) and 
determined the angle « in Figure 1.14 to be 7.5°. Er- 
atosthenes knew also that Syene was (roughly) due 
south of Alexandria at a distance of about 500 miles.® 

He next let r be the radius of the Earth and noticed 
that the basic situation is given by Figure 1.15 withe = 
7.5° and s = 500. The rest was easy. On the one hand, 


L\ or 15(3.14) : 
eS (75) 10 seo = 0.13 radians. 


Alexandria 


But on the other hand, ¢ = = = aM Therefore, 


500 500 : 
a Pe re 3850 miles. 

So Eratosthenes—quite literally with a stick, 
some observations, and geometry, cemented together 
by pure thought—had measured the size of the Earth! 
Of course, he had only an approximation. The correct 
value of the radius of the Earth is 3950 miles. 


1.4 Right Triangles 

T rigonometry is the study of the right trian- 
gle and the applications of this study. Indeed, 
the word trigonometry is the Greek rendition of 
“measuring the triangle.” This section recalls some ba- 


Sun 


Syene (Aswan) 


Figure 1.15 


sic facts, all known—with different terminology and 
notation—to the Greeks. 

Consider the right triangle in Figure 1.16. For 
the given angle 6, define the “sine,” “cosine,” and 
“tangent” to be the following ratios of lengths: 


sind = : cos é = dl 
ee he 


and 


° 
} 
n 
D 
| 
slo|S12 
o~ 


b 


Figure 1.16 


b’ 


Figure 1.17 


Only the size of the angle 6 matters in these 
definitions and not the right triangle into which it is 
placed. This is easily seen as follows. Suppose another 
right triangle is used; see Figure 1.17. Superimposing 
the two triangles shows that they are similar. (See 
Figure 1.18.) Therefore, ¢ = ¢,% = 2, and ¢ = ¢, 
so it doesn’t matter which right triangle is used to 
compute sin 0, cos 8, and tan 6. 
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There are many identities that relate sin 0, cos 0, 
and tan@. For example, by Pythagoras’s theorem, 
a? + b? = h?.So aw + is = 1, and therefore, 


sin’ 6 4+ cos? = 1. 


It is customary to write sin?@ instead of the less 
efficient (sin 0)”. 

We will now compute sin#é, cosé, and tané for 
some standard values of 9. Consider the right triangle 
in Figure 1.19. Since it is isosceles, the acute angles 
are each 45° or 7 radians. Therefore, 


Figure 1.18 


] 


Figure 1.19 
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Next, take the equilateral triangle that has sides 
of length 2 and height hk. By Pythagoras’s theorem, 
h? +12 =2?. Soh? =3andh = V3. See Figure 1.20. 
Recalling that the angles of an equilateral triangle are 
each equal to 60° or 3 radians, we see that 

3 1 3 

sin 5 — 2 cos = Gi and tan = = 2 = 73. 

Since each of the smaller angles at the top is , it 
follows that 


in= : cos — v3 and tan — : 

S _-_-= = s=- =, = = 

6 2’ 6 2 Go. 4/8 
2 2 


Figure 1.20 


Observe that sin0, cos0, and tan0 do not make 
sense, for the simple reason that there is no right 
triangle with an angle of 0° or, equivalently, 0 radians. 


Suppose, however, that @ is very small. A look at 
the right triangle with hypotenuse 1 in Figure 1.21 
shows that sin@é = ¢ = a is also very small. So 
if 6 is close to 0, then sin@ is also close to zero. 
Take 6 sequentially smaller and smaller. This rotates 
the hypotenuse downwards and pushes a to zero. 
Therefore, sin @ = a is pushed to zero. We summarize 
this by writing 


lim siné = 0. 
It now makes sense to set sin0 = 0. For entirely 
similar reasons, sin 5 does not make sense either. 
This time focus on the angle ¢ in Figure 1.21. As 
the hypotenuse rotates, ¢ is pushed to 5, and in the 
process, sin ¢@ = 4 = bis pushed to 1. In limit notation, 


lim sing = 1. 
o> 


So it makes sense to set sin§ = 1. A similar 
analysis for the cosine shows that lim cos@ = 1 and 
6 


> 


lim cos ¢ = 0; so we set cos0 = 1 and cos § = 0. 
O> $ 


7 sin 6 cos é tané 


0 0 1 0 
a 1 v3 1 
6 3 2 V3 
nm ot. -s 1 
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VB 1 ‘ 
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| 
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Figure 1.21 


Table 1.2 summarizes this information. The reader 
is asked to fill in the question mark. 

We conclude with some basic properties of the 
sine. Consider the circle of radius 1 and the right 
triangle shown in Figure 1.22. Observe that sin@ = 


¢ = aand 6 = } = 8 radians. Since s > a, it follows 


that 
é> sind. 


If 9 is small, note that the lengths s and a will be close 
to each other. We symbolize this by writing s ~ a. 
Therefore, for small 6, 


sind + @. 


Figure 1.22 


6 in degrees 6 in radians sin 8 
30° & = 0.5237 0.5000 
15° 0.2618 0.2588 
10° 0.1746 0.1737 
Su 0.0524 0.0524 
2° 0.0849 0.0349 
1° 0.0175 0.0175 


Take x = 3.142 and use your calculator to verify 
the data in Table 1.3. Observe that there is close 
agreement between sin 6 and 6, but only if @ is taken in 


1.5 Aristarchus Sizes Up the Universe 13 


radians. So when computing sin 6, make sure that your 
calculator is in “radian mode” and not “degree mode.” 


1.5 Aristarchus Sizes Up 


ANNAN wBF?é Fd Bm QQ Oa Bp 


ot much is known about Aristarchus of Samos 

(310-230 B.c.). He received his education di- 
rectly or indirectly from Aristotle’s Lyceum (the 
institute in Athens). The most important fact about 
him is this: He believed that the universe is Sun cen- 
tered (or heliocentric), that the Sun is fixed, and that 
the Earth revolves around the Sun and rotates about 
its own axis in the process. 

What will interest us is Aristarchus’s use of “cos- 
mic” trigonometry in his treatise On the Magnitudes 
and Distances of the Sun and Moon. His analysis rests 
on the following hypotheses and observations’: 


A. The Moon receives its light from the Sun. 

B. The Moon revolves in a circle about the Earth 
with the Earth at the center. 

C. When an observer on Earth looks out at a precise 
half moon, the angle /H'MS in Figure 1.23 is 90°. 
At that moment the angle /MES can be measured 
to equal 87°. 

D. At the instant of a total eclipse of the Sun, the 
Moon and the Sun (as viewed from the Earth) 
subtend the same angle, and this angle can be 
measured to be 2°. Refer to Figure 1.24. 

E. During a lunar eclipse, the shadow indicated in 
Figure 1.25 has width 4 times the radius ry of the 
Moon. (This was based on how long the Moon was 
observed to be in the Earth’s shadow.) 


What did Aristarchus deduce from these obser- 
vations? Let 


rg = the radius of the Earth 
rm = the radius of the Moon 


ry = the radius of the Sun 
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Figure 1.23 


Figure 1.24 


Figure 1.25 
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Figure 1.26 


~«<— Ds 


Figure 1.27 


Dy = the distance from the Earth to the Moon 


Ds = the distance from the Earth to the Sun 
Figure 1.26 comes directly from observation C. Ob- 


serve that 3° = %. Therefore, Hie = sin3° = 
Bi oe eae aa oe : : sa 
sin gj. Since 3° = 4 radians is a small angle, sin 7 


is approximately equal to 4. (See Table 1.3.) In 
view of Archimedes’s estimate, we take x = 38.14. 
(Aristarchus was a contemporary of Archimedes and 
would certainly have been aware of such estimates.) 
This gives %, = 0.052. To make things simple, we will 
take sin Z = Z = 0.05 = ¥.So Put =sing = %.In 
this way Aristarchus arrived at the estimate 

D 

—S = 20. 

Du 


Refer next to observation D and Figure 1.24. This 
is the situation of the solar eclipse. Figure 1.27 is an 
elaboration of Figure 1.24. Radii of the Moon and the 
Sun have been inserted and some distances have been 
labeled. The angle at E' indicated as being equal to 1° 
is obtained by bisecting the 2° angle of Figure 1.24. 
Notice that the Sunis larger than the Moon. By similar 


triangles, 7% — 25 and therefore 
> 1M Dy? 
Ys 


YM 


== 20), 


Observe also that pe = sin 1°. Since 1° = ;% radians, 
Be = Sin i © yg: Taking x = 3.14, it follows that 
i& = 0.017. Note that J; is very close to 0.017. So to 
make things simple, we will take 7* = sin 7 = a 
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Figure 1.28 


So Aristarchus obtained the approximation 


Dy 
TM 


= 60. 


From observation E and Figure 1.25, he obtained 
Figure 1.28. This figure shows a light ray that is tan- 
gent to both the Sun and the Earth. The radii of the 
Sun and the Earth drawn into the figure are both 
perpendicular to this light ray. The extension of the 
radius of the Moon indicated in the figure is perpen- 
dicular to this light ray as well. Because the two 
triangles with the “dotted” bases are similar, it follows 
that 


TE — 2ry _ Dy 


Tgs—YE Ds’ 
Recalling that 
Du _ tm 
Dg rs 
we get 


After cross-multiplying, rsrg —2rsry = rurs—TMYre.- 
So rs’fz + Yu’e = 8rsry. Dividing this last equa- 


tion through by rsry gives us 2 + @ = 3. Since 
ar = 20, we have rs = 20ry. By substitution, we 


get 


TR re  20ret+7re  2lre 


3 = — SS : 
TM 20ry 20ry 20ry 


r 60 _ 20 
Therefore, R=Ra= 7 and 
Ty = U ’ 
Mo 96. 2° 
Sinee S&S = SB. MM = 20- x = 7, it follows 
YE TM ’E 
that 
rs = fegon 
With Eratosthenes’s value of rg = 3850 miles, 


Aristarchus got the approximations 
ry =1350miles and rg = 27,000 miles. 


Since 2% = 60, he estimated that Dy = 60ry = 


YM 
80,000 miles; and inserting this value into 58 = 20, he 
got 


Dg = 1,600,000 miles. 


Aristarchus’s argument was actually more elab- 
orate and complicated than this. He used different 
approximations and got slightly different answers. 


For example, instead of % = 35 he obtained 
alt TM i. i mM — 1 
3 < te < is and instead of DB = &® he had 


temel i i 
éo < D, < %- However, the essence of his analysis has 


been retained. 

Table 1.4 compares Aristarchus’s estimates to 
modern values. Notice that Aristarchus’s value for the 
radius of the Moon is rather accurate. However, his es- 
timates for the distance to the Moon, the radius of the 
Sun, and its distance from the Earth are off by factors 
of 3, 16, and 50, respectively. 


Aristarchus Actual 
rp radius of arth 3850 miles? 3950 miles | 
ry radius of Moon 1350 miles 10380 miles 
| rg radius of Sun 27,000 miles 432,000 miles 
Dy Earth to Moon 80,000 miles 238,868 miles® 
1,600,000 miles 98 x 10° miles* | 


Dg Earth to Sun 


4As already pointed out, this is taken from Eratosthenes. While 
_Eratosthenes lived about 40 years after Aristarchus, similar | 
_ estimates had been made earlier. 


>The Sun consists of gas. The radius given is that of the photo- | 
_ sphere, the illuminated part. The part from the center to 30% of 
_ its radius has in essence all the shining power and 60% of the mass. | 
The part from the center to 60% of its radius has 95% of the mass. | 


_°Radar measurements. 


In any case, using only some basic observations 
and pure thought (i.e., mathematics), Aristarchus pro- 
vided at least some idea of the magnitude of the 
distances in the solar system and began to unravel 
some of its mystery. In fact, Aristarchus’s strategy 
is correct in principle. With more accurate measure- 
ments of the angles involved, he would have done 
much better; see Exercise 26. More serious is the prob- 
lem of refraction. A ray of light bends as it moves 
from one medium to another of different density, and 
in particular, it bends when it moves through the at- 
mosphere. The distance Dg was not computed with 
suitable accuracy until the 17" century, when the Ital- 
ian astronomer Casini came within 75% of the correct 
value. More accurate values were not obtained until 
the latter part of the 18. The calculations for these 
estimates used information about the observed path 
of Venus across the Sun. 


1.6 The Sandreckoner 


ae RTS 


A rchimedes—the most famous scientist of antiq- 
uity—was born around 285 B.c. in the Greek 
city state of Syracuse, a port on the Mediterranean 
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island of Sicily. There is historical reference to the 
fact that he spent considerable time in Alexandria, 
and there seems little doubt that he studied with the 
successors of Euclid. After his studies, he returned to 
Syracuse and lived there in complete absorption with 
his mathematical investigations. 

Late in the 3" century B.c., Syracuse became em- 
broiled in the struggle between Rome and Carthage 
for control of the western Mediterranean. In his Par- 
allel Lives, the historian Plutarch (about 46-126 a.D.) 
recounts Archimedes’s efforts in the defense of the 
city against the Romans: 


When, therefore, the Romans assaulted the 
walls in two places at once, fear and conster- 
nation stupefied the Syracusans, believing 
that nothing was able to resist that violence 
and those forces. But when Archimedes be- 
gan to ply his engines, he at once shot against 
the land forces all sorts of missile weapons, 
and immense masses of stone that came down 
with incredible noise and violence, against 
which no man could stand; for they knocked 
down those upon whom they fell, in heaps, 
breaking all their ranks and files. In the mean- 
time huge poles thrust out from the walls over 
the ships, sunk some by the great weights 
which they let down from on high upon them; 
others they lifted up into the air by an iron 
hand [and soon] such terror had seized upon 
the Romans, that, if they did but see a lit- 
tle rope or a piece of wood from the wall, 
instantly crying out, that there it was again, 
Archimedes was about to let fly some engine 
at them, they turned their backs and fled. 


The Roman attack on Syracuse was repelled. A 
lengthy siege was later successful and Syracuse was 
conquered and destroyed in 212 B.c. Archimedes per- 
ished during the destruction. Plutarch relates several 
versions of his death. The one most widely cited 
finds Archimedes, oblivious to the city’s capture, ab- 
sorbed in the study of a particular diagram that he 
had sketched in the sand. When a Roman soldier con- 
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fronted him, Archimedes requested time to complete 
his deliberations. The impatient soldier, however, ran 
him through with his sword. 

The work of Archimedes is impressive—as we 
shall soon see. Plutarch speaks of Archimedes’s 


purer speculations [and] studies, the superi- 
ority of which to all others is unquestioned, 
and in which the only doubt can be, whether 
the beauty and grandeur of the subjects ex- 
amined, or the precision and cogency of the 
methods and means of proof, most deserve 
our admiration. It is not possible to find in all 
geometry more difficult and intricate ques- 
tions, or more simple and lucid explanation. 
No amount of investigation of yours would 
succeed in attaining the proof, and yet once 
seen, you immediately believe you would have 
discovered it; by so smooth and so rapid a path 
he leads you to the conclusion required. 


Archimedes was also the quintessential eccentric 
scientist. His deep absorption in thought 


made him forget his food and neglect his 
person, to that degree that when he was occa- 
sionally carried by absolute violence to bathe, 
or have his body anointed, he used to trace ge- 
ometrical figures in the ashes of the fire, and 
diagrams in the oil on his body. 


A famous episode recounts how, after a partic- 
ularly satisfying discovery, Archimedes ran through 
the streets of Syracuse in naked celebration shouting 
“Eureka, Eureka!” (Eureka, or evpexa, is Greek for 
“T have found it.”) 

It is, of course, difficult to separate fact from fic- 
tion and reality from legend in Plutarch’s account 
of Archimedes’s remarkable talents as inventor of 
machines of war. The ingenuity of Archimedes’s spec- 
ulations about geometry and physics, however, can 
be corroborated. Much of his work has survived in 
transmitted form. 

We turn now to Archimedes’s scheme for writing 
large numbers. You will encounter the basic Greek 


number system in the exercises. It allows for numbers 
as large as 


99,999,999 = 9999(10,000) + 9999 = ,54¢8M,dac8 


but not larger. Archimedes enlarged the basic Greek 
number system into an incredible scheme. He intro- 
duced the number 


MM = (10,000)(10,000) = 100,000,000 = 10°. 


and referred to numbers up to MM as numbers of 
the first order. He then built the following tower 
of “orders” and “periods” of numbers. In modern 
notation: 


The numbers N with 
1<N<108 = 10?! 


Second order: The numbers N with 
10°! = 108 < N < 1016 = 108? 


First order: 


Third order: The numbers N with 
10°? = 106 < N < 10%4 = 1088 
Fourth order: The numbers N with 


10? =10" =N <10" =10" 


108th order: The numbers N with 


19800°-1) <Ne< 102:10°, 


These are the numbers of the first period. This 
is only the beginning. The numbers of the second 
period are also partitioned into orders: 


First order: The numbers N with 
10°10" < Ne< 198(10°+) 
Second order: The numbers N with 
1Q800"+) <N< 19810 +2) 
Third order: The numbers N with 


1980* +2) < Ne 10840"+3) 


Fourth order: The numbers N with 
19800 +3) <N< 1Q300*+4) 


10®th order: The numbers N with 


198(10°+10*-1)-8 <N< 1Q8(10°+10%)_ 


The second period ends with (one less than) the 
number 10840°+10) — (10810°)2, The third, fourth, 
fifth, etc.... periods follow. Finally, with the 10°th 
period and the number (108%)10° — 108°" the 
array stops. 

To put all of this into perspective, note that the 
visible universe is thought to have on the order of 10®° 
atoms (about 99.9% of them hydrogen and helium). 
This is Eddington’s number, after the British astro- 
physicist Arthur Stanley Eddington. Since 108 = 
10°! this is the first number of the 11th order of the 
first period. The point is not so much the usefulness 
of Archimedes’s scheme, but rather the grandiose na- 
ture of his speculations. Archimedes, in other words, 
thought big! 

Archimedes looked for a context in which to illus- 
trate the utility of his cosmic array of numbers. Having 
found it, he was evidently very pleased to address 
his manuscript The Sandreckoner to his benefactor 
the king of Syracuse. He began by giving the king an 
astronomy lesson: 


Aristarchus brought out a book consisting of 
some of the hypotheses, in which the premises 
lead to the result that the universe is many 
times greater than that now so called. His 
hypotheses are that the fixed stars and the 
Sun remain unmoved, that the Earth revolves 
about the Sun in the circumference of a circle, 
the Sun lying in the middle of the orbit, and 
that the sphere of the fixed stars, situated 
about the same center as the Sun, is so great 


Then he stated his purpose: 
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I say then that, even if a sphere were made 
up of sand, as great as Aristarchus supposes 
the sphere of the fixed stars to be, I shall 
still prove that, of the numbers named by 
me, some exceed in multitude the number of 
grains of sand in a mass which is equal in 
magnitude to the sphere referred to, provided 
that the following assumptions are made... 


In other words, Archimedes imagined the entire 
cosmos to be packed with sand and proposed to count 
the number of grains of sand in question! 

Our description of Archimedes’s discussion will 
use earlier notation: rg for the radius of the Earth, 
ru for the radius of the Moon, 7s for the radius of the 
Sun, and Dg for the distance between the Sun and the 
Earth. 

What assumptions did Archimedes make? The 
first concerned ‘rz: 


YE < 47,500 miles. 


We have seen that Eratosthenes’s rather accurate 
estimate was 3850 miles. So here Archimedes thought 
too big. Remember, however, that it was his purpose to 
display the vastness of his number scheme. Following 
Aristarchus, Archimedes supposed that 


Yu <R. 


Recalling that Aristarchus had shown that 7s is about 
20 times greater than ry, he next assumed that 


rs < 807ry. 


This is in fact too small. A look at Table 1.4 shows, 
after a quick calculation, that rs = 400ry. 

Because rg < 30ry < 30rg < (80)(47,500), 
Archimedes got 


7s < 1,425,000 miles. 


While these inequalities are based on a com- 
bination of earlier estimates and pure speculation, 
Archimedes next turned to careful observation and 
delicate geometrical arguments. He used a long rod 


20 1 The Greeks Measure the Universe 


Figure 1.29 


with a small dise fastened at its end. He pointed it in 
the direction of the Sun just after sunrise and care- 
fully measured the angle a that the Sun subtends in 
the sky. He determined that (3%)? < a < (2) or, in 
radian measure, 


1x Lor 
200 2 ~*~ 764 2° 
The implied estimate w ~ 5° for the so-called angular 
diameter of the Sun is accurate. (Aristarchus took it 
to be 2’. Refer to Figure 1.24.) 

Archimedes imagined an observer on the Earth 
looking out at the Sun just after sunrise. He con- 
structed the diagram of Figure 1.29 and positioned the 
observer at the point #. Two tangent lines are drawn 
from E to the Sun. Note that a is the angle that these 
tangent lines determine at EF’. From C, the center of 
the Earth, he placed two more tangent lines to the Sun 
and let 6 be the angle that they determine. Taking the 
center of the Sun to be O, he obtained a circular are 
by rotating CO, and he let A and B be the two points 
of intersection of this are with the tangents from C. 
Since 6 = ae 

arcAB 2A0O = 2rg 
Ds = ——— ® — = —. 
B B B 
Since the Sun is far away and E and C relatively 
close, observe that a ~ f. (Archimedes showed much 


more. By a very careful argument that used delicate 
geometry and trigonometry, for example, a formula 
equivalent to 55 << < aD for0O<y<e< §,he 
verified that B < a < nd B.) So Archimedes obtained 
the approximations 


arcAB  2rs 

a a 
Inserting the inequalities rs < (380)(47,500) miles and 
aS < a, he found that Ds < COAT SONA < 160 x 10° 
miles. He therefore obtained 


Ds < 160 x 10° miles. 


Ds = 


Let D, be the distance to the stars. Spec- 
ulating about another of Aristarchus’s assertions, 
Archimedes took 


D, < 1.6 x 10!" miles. 


It is a strange curiosity that these last two in- 
equalities correspond in a sense to correct values 
(Table 1.5). 

Archimedes could now turn to the computation of 
the number of grains of sand needed to fill the sphere of 
the universe, i.e., the sphere of radius D,. See Figure 
1.30. He began with a poppy seed and assumed that a 
sphere the size of a poppy seed could hold 10,000 grains 
of sand. (The sand that Archimedes has in mind is 
evidently very finely grained.) He next estimated that 
the diameters of 40 poppy seeds added to one “finger- 
breadth.” Now, the volume of a sphere of radius r is 


Archimedes? Actual 


- Dg Earth to Sun 160 x 10° miles 93 x 10° miles © 
D, Earth to Stars 1.6 x10! miles 24 x 10! miles® - 


*The numbers in the column are to be understood to be bigger 
-than the distances to which they refer. For example, Dg is | 
_less than the indicated number. Note also that these numbers 

were based mostly on speculation. These distances were not 
: determined with any finality until more than 2000 years later. 


>This is the approximate distance to the nearest stars; see the | 
discussion in Section 1.7 (Postscript). 


Figure 1.30 


snr, or n(4)> = Zd° in terms of its diameter d. It 


follows that if the diameter of a sphere is increased by 
afactor of 2,3,4,...,k,..., thenits volume is increased 
by the factor 2’, 3°, 4°, ..., k°,... . So a sphere of 
diameter one finger-breadth has a volume of 40? times 
greater than that of a poppy seed. Therefore, it can 
be filled with 10,000 x 40? = 4° x 10° x 104 = 10° 
grains of sand. Continuing in this way, Archimedes 
concluded that 10° grains of sand will fill a sphere of 
radius 1.6 x 10!" miles. Since D, < 1.6 x 10" miles, this 
is more than enough to fill the sphere of the universe. 
Because Archimedes’s number system handles 10° 
with ease, his goal was accomplished! 

By a remarkable coincidence, the 10 grains of 
sand correspond to about 10°° atoms. So Archimedes 
arrived at a total amount of cosmic matter that isn’t 
far from Eddington’s 20" century estimate. 


1.7 Postscript 


T rigonometry—on a bigger scale yet—is used (7s 
used today!) to determine the distances to the 
near stars. The principle is simple. Imagine yourself 
in a moving car looking out at the scenery. As the car 
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moves, your perspective is constantly changing. The 
objects that are near will zoom past, those that are far- 
ther will move past more slowly, and the distant ones, 
say, the Moon, will hardly move at all. The Earth, too, 
is moving. As it does, it affords different perspectives 
on the heavens. Plotting the positions of stars care- 
fully and regularly month after month reveals that 
some stars change their position in a detectable and 
measurable way and that others remain fixed. The 
greater the change in a star’s position, the closer it is. 
The smaller the change in position the farther away it 
is. 

To measure the distance to a near star A, proceed 
as follows. Consider the Earth in the two opposed 
positions # and E” in its orbit about the Sun. (See 
Figure 1.31.) When the Earth is at LZ, make note of the 
position C, of A against the fixed pattern of distant 
stars in a constellation with a telescope. Since A is 
near, its position in the constellation is observed to 
have shifted to, say, C2 when the Earth is at E’. When 
the Earth is back at E, measure the angle 6 = /C\EC2 


C C2 


Figure 1.31 
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between the positions C; and Cy. Since the stars in the 
constellation are very far, the lines E’C2 and E'Co are 
parallel. So ZEAE’ = 0. 

The angle p = 50 is called the stellar parallax 
of the star A. Let Ds be the distance from the Earth 
to the star A. This distance is in essence the same 
as that from the Sun S to A. The distance between 
the Earth and the Sun is some 93 million miles. See 
Table 1.5. Astronomers refer to this distance as the 
astronomical unit. So1 AU = 98 x 10° miles. So the 
triangle AASE can be approximated by the circular 
sector shown in Figure 1.32. Letting pyaq be the stellar 
parallax of A in radian measure, it follows that 


1 


Prad = p75 
Da 


where D4 is given in AUs. 

Since stellar parallax is always extremely small, it 
is customary to measure it in seconds, where 1 second 
is q of 1 minute, which is 4 of 1 degree. So 1° = 3600 
seconds. Therefore, 


180 \° 
1 radian = (=) 


1 

3600 - 180 

_ Pei’ seconds = 2 x 10° seconds. 
1 


So the parallax p is converted from radians to seconds 
by Psee = 2 x 10° Pra. 


Figure 1.32 


The distances to the stars are so vast that they are 
not measured in AUs but in light years. One light year, 
1 LY for short, is the distance that light travels in one 
year. Since light travels 186,000 miles in one second, 
it travels approximately 6 x 10!” miles in one year. So 


we take 1 LY = 6 x 10!* miles. Since 1 AU = 93 x 10° 
miles, it follows that 1 LY — &2°~ AU. Therefore, 


93 x 106 


1 AU = 8xl0 LY = 15 x 10-> LY. The equality 


j= Be can now be converted as follows: 


5 5 1 
Psec = Zz x 10° Prad = 2 x 10° — AU 
Da 


1 3 
LY = —LY. 

Da Da 
Therefore, the distance D4 from the Earth to the star 
A in light years is 


= (2 x 10°)(1.5 x 107°) 


3 


= , 
Psec 


Da 


where Pgec 1S the parallax of A measured in seconds. 

The parallax of the faint star Proxima Centauri is 
about 0.76 seconds, or <4, . Since this is the nearest 
star, its parallax is the largest. Inserting Dsee = 0.76 
into the preceding equation shows that the distance to 
Proxima Centauri is approximately ws = 4LY. Since 
1 LY = 6 x 10” miles, Proxima Centauri is about 
24 x 10'° miles distant (see Table 1.5). Stellar paral- 
laxes were measured with good accuracy in the 19% 
century. For example, Wilhelm Bessel, the German 
mathematician and astronomer, measured the stellar 
parallax of 61 Cygni in 1838 and came within 10% of 
the modern value of 0.27 seconds. Popping Pgec = 0.27 
into the equation just derived, we find that 61 Cygni 
is 10.9 LY away. Sirius, the brightest star, has a par- 
allax of about 0.38 seconds. This yields a distance of 
about 8 LY. 

Modern methods for measuring distances to the 
more distant stars and galaxies include analyzing the 
convergence or divergence of the motion of individ- 
ual stars in a cluster to determine the distance of the 
cluster; and analyzing the light of a particular star to 
determine its intrinsic luminosity, which, in combina- 
tion with its brightness as measured from Earth, gives 
an indication of its distance. The size of the universe is, 
of course, considerably bigger than even Archimedes 
speculated. Some galaxies are millions of LYs distant 
and some have a size of hundreds of thousands of LYs. 


Exercises 
1A. The Greek Number System 


One version (there are variations) of the traditional number 
system of the Greeks is the following: 


Units Tens Hundreds 
a = | (alpha) t = 10 Gota) p = 100 (rho) 
B = 2 (beta) « = 20 (kappa) o = 200 (sigma) 
y = 3 (gamma) A = 30 (lambda) t = 300 (tau) 
6 = 4 (delta) pe = 40 (mu) v = 400 (upsilon) 
€ = 5 (epsilon) v = 50 (nu) ¢@ = 500 (phi) 
S=6(digamma) & = 60 (xi) x = 600 (chi) 


¢=7 (zeta) o=70(omicron) w= 700 (psi) 
n = 8 (eta) m = 80 (pi) @ = 800 (omega) 
6 = 9 (theta) S = 90 (koppa) A = 900 (sampi) 


(The digamma, koppa, and sampi were taken from an older 
alphabet of the Phoenicians.) 

Other numbers are formed by juxtaposition, using the 
rule that larger numbers go on the left and smaller ones 
on the right. For example: ce = 25, A¢ = 37, umn = 488. 
To designate thousands, the units symbols were used with 
a stroke before the letter to avoid confusion. For example: 
iy = 8000 and ,Btz5 = 2384. (To distinguish between 


numerals and letters, the Greeks sometimes put a bar over 
the numerals: ;é€x6 = 5670.) For 10,000 an M (for wupiac = 
myriad) was used. This was combined with other symbols 
as follows: 


BM = 20,000, 
18M, nd&t = 14(10,000) + 8567 = 148,567 
uM = (400)(10,000) = 4,000,000 
wpeM, Bt = 845(10,000) + 2384 = 8,452,384 


Addition and multiplication were cumbersome; this is prob- 
ably one reason why Greek algebra lagged behind Greek 
geometry. 


1. Write the numbers 85; 842; 34,547; 2,875,739 using the 
Greek system. 


1B. Greek Algebra 


Problems (2)-(5) are taken from The Greek Anthology® 


2. The Muses stole and divided among themselves, in 
different proportions, the apples I was bringing from 
Helicon. Clio got the fifth part, and Euterpe the 
twelfth, but divine Thalia the eighth. Melpomene car- 
ried off the twentieth part, and Terpsichore the fourth, 
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and Erato the seventh; Polyhymnia robbed me of 
thirty apples, and Urania of a hundred and twenty, 
and Calliope went off with a load of three hundred 
apples. So I come to thee with lighter hands, bring- 
ing these fifty apples that the goddesses left me. How 
many apples did I bring from Helicon? 


8. Make me a crown weighing sixty minae, mixing gold 
and brass, and with them tin and much wrought iron. 
Let the gold and brass together form two-thirds, the 
gold and tin together three-fourths, and the gold and 
iron three-fifths. Tell me how much gold you must put 
in, how much brass, how much tin, and how much iron, 
so as to make the whole crown weigh sixty minae. [A 
number of references describe the mina as a unit of 
weight roughly equal to one pound. So it seems that 
this crown was intended for no ordinary mortal.] 


4, Throw me in, silversmith, besides the bow] itself, the 
third of its weight, and the fourth, and the twelfth; and 
casting them into the furnace stir them, and mixing 
them all up take out, please, the mass, and let it weigh 
one mina. [The first thing is to decide what the question 
is.] 

5. Brick-maker, I am ina great hurry to erect this house. 
Today is cloudless, and I do not require many more 
bricks, but I have all I want but three hundred. Thou 
alone in one day couldst make as many, but thy son left 
off working when he had finished two hundred, and 
thy son-in-law when he had made two hundred and 
fifty. Working all together, in how many hours can you 
make these? [Hint: If there is not enough information, 
supply it.] 


1C. The Quadratic Formula 


6. Consider the quadratic polynomial «? —5v+4. Take the 
x coefficient —5; divide it by 2 to get — 3 ; squaring gives 


(-3) = (e). Now rewrite x” — 5a + 4 as follows: 


Bo fb Ne 
1 ~5e +4 = 0 60+ (2) - (3) + 4, 


Check that a? — 5a + ee) = (« — ae Therefore 
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We have done what is called “completing the square” 
for the polynomial x? — 5a + 4. Now answer the 
following: 


i. For which values of x is x2 — 5a@ +4 = 0? 
ii. What is the least value that vx? —5x +4 can have? 


7. Solve the equation 3x? + 21x + 12 = 0 by completing 
the square for the polynomial x? + 7x + 4. 


8. Leta, b, and c be constants and consider the equation 
ax* + bx +¢ = 0. What is x equal to ifa = 0? Ifa £0, 
use the strategy of Problems 6 and 7 to show that the 
solutions are given by the quadratic formula: 


—~bi Jb? — 4dac 
= —______. 
2a 


1D. Rational and Real Numbers 


9. The matter of measurability is perhaps most con- 
cretely illustrated by the consideration of the numbers 
that underlie our monetary system. All dollar amounts 
are expressed in the form: $x45. So only rational 
numbers, indeed only certain rational numbers, are al- 
lowed. In a supermarket one will occasionally find, say, 
3 items for a dollar. A single item is not measurable 
within the system. Why not? 


10. Consider the numbers 1.333333..., 2.676767..., and 
4,728728728.... Show that they are rational numbers. 
[Hint: Let » be the number. In the first case, consider 
r — 10r.] 


11. What are the decimal expansions of the rational 


numbers ; and 2 {Hint: Carry out the divisions. ] 


13. 


Note: It turns out that a real number 7 is rational 
precisely if its decimal expansion has a repetitive pattern 
after some point. For example, 

6 


234.5999999999 ... = 234.6 = eo4 


and 
468 
2.3636... = 52— 
52.3636 5 198 


are rational numbers. So is 14. 


35.346726386386388 .... 15 
12. Recall that a prime number is a positive integer p > 1 

that has no divisors except 1 and p. Euclid pursued the 

study of prime numbers in Book 9 of the Elements. The 


following fact about prime numbers is known as the 
Fundamental Theorem of Arithmetic: Every positive 
integer 7 is a product n = pi - pr of powers of 
distinct prime numbers p1,...,;;and there is only one 
way of doing this (aside from rearranging the order of 
the factors). For example, 54 = 2-3-3-3 = 2).3° = 2.33 
is the unique factorization of 54 into prime powers. 


i. Determine the factorizations of 28, 192, and 148 
into powers of distinct primes. 
ii. Use the Fundamental Theorem of Arithmetic to 
show that V3 is irrational. 

iii. Show that a positive integer m is a square pre- 
cisely when all the exponents of its factorization 
into primes are even integers. 

iv. Let 2 be a positive integer. Use the Fundamen- 
tal Theorem of Arithmetic to show that /n is 
rational only if 2 is square. 


1E. Angles and Circular Arcs 


Fill in the following blanks. 


i. 1 radian = degrees 
ii. 1 degree = radians 
iii, 78.5° = radians 
iv. 1.238 radians = degrees 
A 


Figure 1.33 


In the circular sector of Figure 1.33, 6 = 57.3°. What 
is the length of the are AB? 


Start with Figure 1.18 of the text. Take the tangent 
to the circle at A and let P’ be its point of intersection 
with A’P. By Figure 1.34, it is plausible that are AP < 
AP’ + P’P. Show that AP’ < A’P’. Conclude that the 


16. 


17. 


1F. 
18. 


19. 


Figure 1.34 


inequalities are AP < A’P = tandarc AB < A’B’ = 2t 
are plausible. 


A rock is hurled witha sling. Just before it flies off, it is 
twirled in a circular arc of radius 3 feet at 4 revolutions 
per second. With what speed (in feet per second) does 
the rock fly off? 


The circle in Figure 1.35 has center O and a radius of 
2 feet. The arrow is rotating clockwise at a rate of one 
revolution in twelve hours (so think of it as the hour 
hand of a clock). The points A and D are positioned 
in such a way that the segment connecting them is 
parallel to the diameter BC of the circle. Determine 
the length of the are CD, given that the arrow requires 
7.5 hours to rotate from A to D. 


Basic Trigonometry 


Use the appropriate triangles to fill in the values: 


i. cos 4 a li. COS q = 
iii. cos 3 = iv. tan z = 
v. tan7 = vi. tan 3 = 


Use Figure 1.21 of the text to determine the following 
limits: 


i. limecos@é = 
g—>0 
ii, lim cosé@= 
o> 
ili. limtané = 
a> 
iv. lim tang = 
o>3 


20. 


21. 


22. 
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c. 
D 
A 
B 
Figure 1.35 


Illustrate with a diagram that if 0’ > @ > 0, then 
cos 0’ < cosé and tané < tan@’. 


|_| Verify the 


cos @* 


The secant of @ is defined by sec@ = 
identity sec? 6 = tan” 6 + 1. 


Compare (use a calculator) the values of a, sina, tana 
for 


i. a =0.1 radians: 


sina = , tana = 
ii. a = 0.01 radians: 
sina = , tana= 
iii. a = 0.001 radians: 
sina = , tana= 


1G. Distances and Sizes in the 
Universe 


23. 


Compute ry, 7s, Dy, and Ds using Aristarchus’s 
argument and 


a. Keep rg = 3850 miles. 

b. In hypothesis C, take 89°50’ instead of 87°. (The 
angle measure’ is called minute; 1’ is equal to a .) 

ec. In hypothesis D, take i instead of 2°. (So the 
angle in Figure 1.27 is | instead of 1°.) 

d. In hypothesis E, take 5ry instead of 4ry. 


Round off to get an accuracy up to 4 decimal 
places. Compare your conclusions with the modern 
values from Table 1.4. 
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24. Both Aristarchus and Archimedes assumed that the 
Earth is a sphere. Is this reasonable in view of the 
mountain ranges on its surface? You are given that the 
radius 7g of the Earth is 3950 miles, that the height of 
Mount Everest is 29,028 feet, that 1 mile = 5280 feet,? 
and that the radius of a basketball is 4.7 inches. If the 
Earth were shrunk to the size of a basketball, how 
high would Mount Everest be? Is this higher than one 
of the little mounds—officially called a pebble—on a 
basketball? These have a height of about 0.02 inches.” 


25. Since 3950 miles = 20,856,000 feet and 4.7 inches = 
0.39 feet, the shrinking factor in Problem 24 is a i ; 


or about FODOO DOO" Show that if the radius ry of the 


Moon, the distance Dy to the Moon, the radius rg of 
the Sun, the distance Ds to the Sun, and the distance 
D,, to the nearest star were shrunk by this factor, we 
would have (approximately): 


Y~ = 4.7 inches (the radius of a basketball, as we 
have already seen) 


ru = 1.87 inches (about the radius of a baseball 
which is 1.43 inches) 


Dy = 25 feet 
rg = 45 feet 


Ds = 1.86 miles 
en ; 
a= 5 million miles 


26. Shrink the Sun to the size of a basketball. What is the 
shrinking factor? Shrink the rest of the solar system 
by this factor and compute rz, ry, Dy, rs, Ds, and D, 
in this case. 


27. Reconstruct Archimedes’s argument that 10® grains 
of sand more than fill the sphere of the universe. 
Assume that 1 finger breadth is - of an inch. 


28. The near stars Barnard, G51-15, and Ross 780 have 
stellar parallaxes of 0.55, 0.27, and 0.21 seconds, 
respectively. Determine their distances in light years. 


Notes 


'This theorem was probably already known to the 
Babylonians in 1700 B.c., more than 1000 years before 
the time of Pythagoras (about 570 to 500 B.c.). 


2The Pythagorean philosophy was not without 
later influence, however. The book by G.L. Her- 
shey, Pythagorean Palaces (Cornell University Press, 
Ithaca N.Y. and London, 1976), was written to 
establish the fact that in “the Italian Rennaissance do- 
mestic architecture was largely ruled by Pythagorean 
principles.” 


3This is a question that occupied the mathe- 
maticians of antiquity and is still relevant today. 
Our discussion will give only a very elementary 
perspective. 


4When a segment, such as A’P or PB’, appears 
in a mathematical expression, the reference here and 
elsewhere in this text will always be to its length. 


5A gnomon is simply a straight stick or rod. The 
word comes from gno, “to know,” in ancient Greek. Our 
words prognosis and physiognomy are derived from it. 


The Greeks used stadia, not miles. Ten stadia are 
the equivalent of about one mile. 


’The detail on the Earth in the figures that follow 
should not mislead the reader into thinking that the 
Greeks of the third century B.C. understood the scope 
and shape of Africa, Northern Europe, and the At- 
lantic Ocean. The Greeks were very familiar with the 
territory near the Mediterranean Sea and the armies 
of Alexander the Great advanced all the way to today’s 
India and Afghanistan. However, a true concept of the 
extent of the continental land masses and oceans be- 
gan to develop only with the voyages of discovery in 
the 15" century. 


8The Greek Anthology is a collection of Greek po- 
ems, songs, and riddles. Some of these were compiled 
as early as the 7” century B.C. and others as late as the 
10 century A.D. Harvard University Press produced 
a new edition of The Greek Anthology in 1993. 


°So Mount Everest is about 5.5 miles high. As an 
aside, note the Earth is actually not quite a sphere. 


The Earth’s rotation has caused an “equatorial bulge,” 


so that the Earth’s diameter through the equator is 
about 26 miles more than that through the poles. 


0 According to Rawlings Sporting Goods, the of- 
ficial circumference of a basketball is from 29.5 to 30 
inches. This translates to a radius r of 4.695 to 4.775 
inches. A pebble has an official height from 0.013 to 
0.025 inches. 


Notes 
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So far we have considered the “static” situation of the 
universe: the sizes of the Earth, Moon, and Sun, and 
the various distances between them. Next we turn 
to the question of its “dynamics”: according to what 
schemes do the heavenly bodies move? 


2.1 A Geometry of Shadows and 
the Motion of the Sun 


SUNOS NANNERL NIN IT GE PE SEE 


he Greek philosophers perceived the basic struc- 
dh ture of the universe to be this: The Earth is 
spherical in shape, it is fixed, and it lies at the cen- 
ter of the universe. The Moon, Mercury, Venus, Sun, 
Mars, Jupiter, and Saturn are the planets. (Neptune, 
Uranus, and Pluto were not yet known.) All is sur- 
rounded by the celestial sphere of fixed stars, which 
rotates about its axis once a day. The motion of the 
planets (including the Sun) has two components: they 
are carried along by the daily rotation of the sphere 
of stars, but they also have their own independent 
motion. The planets, in particular, are observed to 
change their position relative to the background of 
fixed stars. Each of the Greek thinkers provided ad- 
ditional details. For example, according to Aristotle, 
each of the planets and the Sun is attached to its own 
crystal sphere whose rotation moves it along; and ac- 
cording to Pythagoras, each of the heavenly bodies 
contributes a certain tone to an orchestrated “mu- 
sic of the spheres.” The reasons given in support of 
this scheme included, “We must suppose the Earth, 
the Hearth of the House of the gods, to remain fixed 
and the planets with the whole embracing heavens 
to move” and “The motion must be circular because 
circles and spheres are the only perfect shapes.” The 
Sun-centered model of Aristarchus was dismissed as 
being in obvious contradiction to the facts. 

The essence of the structure of the Greek uni- 
verse is illustrated in Figure 2.1. The axis is the 
continuation of the north-south axis of the Earth. The 
celestial equator is the projection of the Earth’s equa- 
tor against the celestial sphere. The ecliptic is the 
projection of the path of the Sun against the celestial 


sphere. Both the celestial equator and the ecliptic are 
great circles on the celestial sphere. The two points 
where these circles intersect are called the vernal and 
autumnal equinox positions. The angle ¢ between the 
planes determined by the celestial equator and the 
ecliptic is called the obliquity of the ecliptic. The point 
on the ecliptic where the Sun reaches its highest po- 
sition above the plane of the celestial equator is the 
summer solstice position. The point of lowest position 
below this plane is the winter solstice position. Note 
that this terminology is still in use today. 

Today we know that the Earth rotates once a day 
about its north-south axis and that it moves in a year- 
long orbit about the Sun. However, from the vantage 
point of an observer on the surface of the Karth—and 
this was the point of view of the Greek philosophers— 
the daily rotation of the Earth is seen as the daily 
rotation of the celestial sphere of stars. The motion of 
the Earth in its orbit around the Sun is seen as that of 
the Sun against the celestial sphere in a yearly cycle. 
Our attention turns to the observations by the Greeks 
of this apparent motion of the Sun. 

The following ritual must have been performed 
by the Greek astronomers thousands of times. Plant 
a gnomon—this is the pole Eratosthenes used in his 
measurement of the Earth—at a point A in the middle 
of a flat horizontal stretch of ground. Use a plumb line 
to set it in vertical position GA. Refer to Figure 2.2. 
At some time in the morning, after the Sun has risen 
in the east, mark the endpoint W of the shadow (it 
lies west of A) and measure the length AW. As the 
Sun moves up in the sky, the shadow will shorten and 
rotate. When the Sun starts its descent, the shadow 
will begin to lengthen. At some time before the Sun 
sets in the west, the tip of the shadow will reach a point 
FE (toward the east) on the ground where its length AE 
will equal AW. By the symmetry of the process, the 
bisector of the angle WAE lies on the north-south line 
through A. This line is called the meridian through A. 
At the moment in the day when the shadow falls on the 
meridian, it has reached its shortest length; the Sun 
is now at its highest point in the sky. This moment is 
noon on that day. The length of a day is defined to be 


Celestial 


"Celestial 
Equator 
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Winter \" 
Solstice 
Ecliptic 


Figure 2.1 


south 


Figure 2.2 


the duration of time between two successive noons. 
The division of a day into 24 equal units defines the 
hour. The hour, in turn, is divided into 60 equal units 
called minutes. (Note the influence of the Babylonian 
base 60 number system.) 


G 
€ 
A Summer Equinoxes Winter 
Solstice Solstice 
Figure 2.3 


Since the focus is on the movement of the Sun 
against the celestial sphere, the daily rotation of this 
sphere (in other words, the daily rotation of the Earth) 
must be discounted. To achieve this, gnomon measure- 
ments are taken exactly at noon each day. The day on 
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which the noon shadow of the gnomon is shortest, in 
other words, the day of the year on which the Sun is 
at its very highest point in the sky, is summer solstice. 
Winter solstice is the day on which the noon shadow 
of the gnomon is longest. This is the day of the year on 
which the noon Sun is at its lowest point. Summer sol- 
stice is the day of longest daylight, and winter solstice 
is the day of shortest daylight. There are two days on 
which day and night have the same length. The one oc- 
curring before summer solstice is the vernal equinox, 
and the other, occurring after summer solstice, is the 
autumnal equinox. Some thought (and reference to 
Figure 2.1) shows that this occurs when the Sun is 
in the plane of the celestial equator. This corresponds 
to the shadow position determined by the bisection of 
the angle given by the shadow’s summer and winter 
solstice positions: see Figure 2.3. The angle ¢ obtained 
by the bisection is the obliquity of the ecliptic. 

The seasons of the year are determined as follows: 
Spring is the period from vernal equinox to summer 
solstice; summer runs from summer solstice to au- 
tumnal equinox; autumn from autumnal equinox to 
winter solstice; and winter from winter solstice to ver- 
nal equinox. The year is defined to be the time period 
between two successive summer solstices (or winter 
solstices, or autumnal equinoxes. ..). 

The astronomer-mathematician Hipparchus lived 
and worked from about 190-125 B.C. in Nicaea (50 
miles southeast of Constantinople) and also on the 
island of Rhodes. His shadow measurements gave the 
following results: 


Spring 945 days 
Summer 923 days 
Autumn 883 days 
Winter 903 days 


By addition, Hipparchus obtained that the year con- 
sists of 365; days. He measured « to be about 
24°. 

Refer back to Figure 2.1 and observe that the ver- 
nal equinox, summer solstice, autumnal equinox, and 
winter solstice positions divide the ecliptic into four 


equal circular ares. The fact that the lengths of the sea- 
sons are different means that the Sun traces out these 
four arcs in different lengths of time. This, however, 
stands in clear contradiction to the two fundamental 
principles of Greek philosophy: 


(1) The Earth is fixed and positioned at the center 
of the universe (the geocentric hypothesis). 

(2) All other bodies in the universe move with con- 
stant velocity along circular paths (which have 
the Earth at their center). 


Another phenomenon stood in conflict with these 
principles: while the general pattern of motion of the 
planets (against the backdrop of the stars) was from 
west to east, they were observed to stop on occasion 
and reverse direction. This is the phenomenon of the 
planets’ “retrograde motion.” These difficulties ap- 
pear to have moved Plato (in the Dialogue Timaeus) 
to exhort the philosophers of his day to do the appar- 
ently impossible: to develop a theory of motion for the 
universe that adhered to the fundamental principles 
(1) and (2) and was consistent with observed reality. 

This is precisely what Claudius Ptolemy (about 
100-165 A.D.) of Alexandria set out to do. His “Ptole- 
maic System of the Universe” is developed in his 
great work, the Almagest, one of the most influential 
texts in the history of science. It is an encyclopedic 
compilation—a grand synthesis—of Greek mathe- 
matics and astronomy. The title Almagest has a 
later origin. It comes from the Greek word megiste 
(ueytotn), meaning “greatest” (probably from refer- 
ences to the work as the “Great Collection” or “Great 
Astronomer”) to which Islamic astronomers added the 
Arabic prefix al (the). 


SCORN: 


a 


he Almagest contains the first surviving com- 
prehensive exposition of Greek trigonometry 
(and is thus also of importance in the history of math- 


ematics). Presupposing a thorough knowledge of the 
Elements of Euclid, Ptolemy includes careful exposi- 


tions of specialized foundational results—for example, 
those of Apollonius (about 270-190 B.C.) of Perga 
(an ancient city that was located on the south coast 
of today’s Turkey), those of Hipparchus, as well as 
his own. The trigonometry in the Almagest is pri- 
marily a science of numerical calculations—often very 
intricate—of triangles in the plane and on the sphere. 
This emphasis on numerical methods goes counter 
to the commonly held notion that Greek mathemat- 
ics deliberately avoided such methods in favor of 
purely geometrical ones. Ptolemy, however, gives no 
indication of the rules and techniques underlying his 
calculations, and it is indeed true that the Greeks were 
reluctant to deal with such matters in the form of 
formal treatises. 

From the large body of mathematics in the Al- 
magest, we will consider only a few (very few) facts 
from plane geometry. This suffices for the purposes of 
this text. 


Proposition 2.1. Let A and B be any two points on 
the circle in Figure 2.4 and let 6 be the angle that they 
determine along with the center. Let P be any other 
point on the circle. Then 


0 
LAPB= -. 
2 


One way to verify this is as follows. Consider 
first the special case shown in Figure 2.5, where the 
segment PB is a diagonal. Let APB = a. Notice that 
the triangle formed by A, P, and the center is isosceles 
and, in particular, that the angle at A is also equal 
to a. Adding the three angles of this triangle shows 
that 2a + (7 — 6) = x. Therefore, 2a = 6, and hence 
APB = a = §,as required. 

Now let’s return to the general case. Draw a 
diameter PC from P through the center and let ¢ be 
the indicated angle. See Figure 2.6. By the special case 
already verified, 


1 
LAPC = 5(0 +g) and /BPC= ha 
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Figure 2.4 


Figure 2.5 
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Figure 2.6 


Figure 2.7 


Since APB = LAPC — LBPC = 3(0+ 9) — 39 = §; 
the proof of Proposition 2.1 is complete. 


Proposition 2.2. Fix A and B on the circle as in 
Figure 2.4. Then /APB is the same, no matter what 
point P on the circle is taken. 


This is so because for any point P, the angle APB 
is equal to one-half of the central angle determined by 
A and B. 


It is now possible to derive the following famous 
theorem. 


Ptolemy’s Theorem. Let A, B,C,and Dbe any four 
points on a circle. Then 


(AC) - (BD) = (AB) - (CD) + (AD) - (BC). 


Figure 2.7 shows the typical situation. Pythago- 
ras’s theorem is a special case of Ptolemy’s theorem. 
This can be seen as follows. Complete any right tri- 
angle to a rectangle and inscribe the rectangle into 
a circle. Ptolemy’s theorem applied to the four ver- 
tices of the triangle provides Pythagoras’s theorem. 
Exercise 1 asks you to provide the details. Ptolemy’s 
theorem can also be used to prove some of the basic 
identities of trigonometry. These include sin(a@ + ) = 
(sin w)(cos B)+(cos w)(sin B) and the analogous formula 
for the cosine. However, there are more efficient ways 
to verify these identities. See Exercise 6. The proof of 
Ptolemy’s theorem follows below. It relies on Proposi- 
tion 2.2 and basic properties of similar triangles. Since 
it will not play a role in this book, little is lost by 
skipping it. 


Proof of Ptolemy’s Theorem. Let E be the in- 
dicated point of intersection in Figure 2.8 and draw 
AF such that DAF = /BAE. By Proposition 2.2, 
ADB = LACB. So (DAF = /BAK = /BAC and 
ADF = ADB = LACB. Now refer to the triangles 
AADF and AACB of Figure 2.9. Note that these tri- 
angles have two angles in common (labeled 1 and 2). 
Since the sum of the angles of any triangle is 180°, 
the angles labeled 3 are also equal. It follows that 


AADF and AACB are similar. Take one more look at 

Figure 2.9. Since AD and AC, and DF and BC, are 

corresponding pairs of sides, 
AD DF 


AG = BO ) 


By another application of Proposition 2.2 to Fig- 


Figure 2.8 


ure 2.8, ACD = ABD = LABF. Since 
LDAC = DAF + ZFAE = /BAE+ LEAF = (BAF 


the triangles AACD and AABF have two angles 
in common. They are the angles labeled 1 and 2 in 
Figure 2.10. Therefore, they too are similar. Since 
ratios of corresponding sides are equal, we see that 
AB BF 
AC CD 
By equation (2.1), DF = 42 BC , and by equation (2.2), 
Br = “ECD. By a look at Figure 2.8, 
AB AD 
BD = BF + DF = — — BC. 
+ DF AC CD+ AC C 


(2.2) 
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Multiplying through by AC finally shows that 
(AC) - (BD) = (AB) - (CD) + (AD) - (BC). 


The proof of Ptolemy’s theorem is now complete. 


Figure 2.9 


Figure 2.10 


2.3 The Solar Model 


‘SEANAD GREASE IAESDNNGAUSN NEE N EN AEISAIN NE SIGENGS EN I GE a CC FTE§FBFE8 Br, Bp 


S ince the Sun affects everything else (consider, 
from the modern point of view, the fact that all 
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the planets are in orbit around it), Ptolemy began his 
astronomy with it. As already pointed out, he was 
confronted with the following basic question: Is it 
possible to develop a theory that has the Sun moving 
with constant velocity in a circular path around the 
Earth and that at the same time explains the observed 
differences in the lengths of the seasons? 

Ptolemy’s solution, in principle, is this: retain the 
Earth at the center of the celestial sphere; retain the 
Sun’s circular orbit and retain its constant orbital ve- 
locity; but move the center of this orbit away from the 
Earth! While this does compromise the fundamental 
principles of Greek philosophy in part, it does retain 
the essential elements. 


AE 


Figure 2.11 


The details of the solution follow. This part of 
the Almagest is taken from the work of Hipparchus. 
Consider Figure 2.11. The smaller circle represents 
the path of the Sun; it is centered at the point D. 
The larger circle represents the ecliptic. Recall that 


this is the projection of the Sun’s path on the celestial 
sphere. The Earth Fis at the center of the ecliptic. The 
vernal equinox, summer solstice, autumnal equinox, 
and winter solstice positions are indicated by VE, SS, 
AE, and WS. Refer back to Figure 2.1. The Sun S 
moves along its circular path at constant speed. Its 
projection, S*, moves on the ecliptic. Compare the 
motion of the Sun S to that of S* and notice that S* 
will require more time to move from SS to AE than 
from AE to WS, or from WS to VE, or from VE to SS. 
In other words, according to this scheme, summer is 
the longest season! 

According to Hipparchus’s observations, how- 
ever, spring—and not summer—is the longest season. 
This means that in the model of Figure 2.11, D is not 
in the correct position. But it should now be apparent 
that it will be possible to keep the Earth at the cen- 
ter of the universe, to retain uniform circular orbits, 
and at the same time to allow for the differences in the 
lengths of the seasons. 

So where exactly does D have to be placed? The 
answer to this question is the essence of the solar 
model of the Almagest. Figure 2.12 shows the ecliptic 
and the path of the Sun. The points H, D, S, and S* 
continue to have the same meaning. In order to make 
spring the longest season, D is now placed somewhere 
above and to the left of Z. The rest of the notation is 
as follows: 


J is the position of the Sun in its orbit at the 
moment of vernal equinox. 

G is the position of the Sun at autumnal equinox. 

C is the position of the Sun at summer solstice. 

H is the position of the Sun at winter solstice. 

A is the position of the Sun, called aphelion, when 
it is farthest from the Earth. 

A* is the projection of A against the ecliptic. 


Finally, K and F, and B and J, are the points of 
intersection of the indicated vertical and horizontal 
segments with the circular path of the Sun, and L is 
the intersection of the indicated segments. 

Denote the angle between the vernal equinox and 
aphelion positions, i.e., the angle JHA, by 44. Let r 


AE 


Figure 2.12 


Figure 2.13 


be the radius of the Sun’s orbit, i.e., 7 = DS, and let 
e be the length of the segment ED. The solution of 
the problem of the precise placement of D relative to 
E is this: Use the information about the lengths of 
the seasons given by Hipparchus and determine the 
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Figure 2.14 


parameters A 4,7, and e, or at least the ratio £, in such 
a way that the resulting scheme is consistent with 
these observations. The steps in Ptolemy’s analysis 
are these: Compute the lengths of the ares JK and 
BC. This gives information about the triangle DLE. 
This triangle then determines the parameters. The 
details follow. When are JK, arc BC, etc. appear in 
a mathematical expression, the reference will always 
be to the length of the particular arc. 

Consider the motion of the Sun S on its circular 
path, and let w be the angle traced out by the rotating 
segment DS in one day. Since the Sun completes the 
full circle in 3654 days, it follows that o = 2; = 


3654 
0.986°. Therefore, 


o= (0.986°) = — 0.0172 radians. 

Now refer to Figure 2.18. Because the Sun moves 
from J to C during spring, which is 945 days long, it 
follows that ZJDC = 94}w = 1.625 radians. Since the 
radian measure of this angle is also wed Cit follows 
that are JC = 1.6257. Because summer is 925 days 
long, the very same argument shows that arcCG = 
(925@)r = 1.591r. Therefore, 


arc JC + are CG = 1.625r + 1.591r = 3.2167. 
But also, referring to Figure 2.13 again, 
arc JC + arcCG = arcJK + arc KF + arc FG 


= areJK +nr-+areFG. 
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Because arc JK = arc FG (see Figure 2.12), we now 
get 


2arcJK + nr =arceJC + areCG = 3.216r. 


Therefore, 2arcJK = 3.216r — 3.142r = 0.074r. So 
arcJK = 0.037r. Observe, therefore, that 4KDJ = 
arc/K' — (037 radians. In degrees this is approxi- 
mately 2°, which is a small angle. 

A look at Figure 2.14 (it has been extracted from 
Figure 2.12) shows that DL = arc JK = 0.037r. More 
precisely, since @ = KDJ = 0.037 is small, Bb — 
sind ~ 6 = **/4| (See Table 1.3 in Section 1.4.) We 
will therefore take 


DL = 0.037r. 


Ptolemy gave a similar approximation for E'L. Refer 
back to Figure 2.18 and observe that 


arc BC = arc JC — arc JB 
= arcJC — (arc JK + arc KB) 
— 1,625r — 0.0387r — =f 


= 1.625r — 0.087r — 1.571r 


= 0.0177. 


The angle ZBDC = amet = 0.017 radians is a small 
angle; it is approximately 1°. So by another look at 
Figure 2.14, LZ ~ arc BC = 0.017r. We will therefore 
take 


EL = 0.017r. 


Figure 2.15 shows the right triangle DLE as ex- 
tracted from Figure 2.12 with the insertion of the 
information just derived. Ptolemy could now compute 
the basic parameters e and 44. By the Pythagorean 
theorem, 


e=- JDL? + EL? = J(3.7 x 10-27)? + (1.7 x 10-27)? 


= /13.69(10-2r)2 + 2.89(10-27r)? 


= 10-*r/ 13.69 + 2.89 


— 10°-7rV/16.58 = 0.041r. 


D 0.037 r L 
0.017 r 
ée 
E 
Figure 2.15 
It follows that e is approximated by 
J r 
e= — 
24 
Because sindg = 24 = S08ir _ OST — 0.90, and 


Ptolemy knew trigonometry, he concluded that 
AA = 64°. 


Ptolemy’s determination of the position of the 
center of the Sun’s circular orbit relative to the Earth 
was complete. The Almagest also contains an estimate 
for 7 (the distance from the Earth to the Sun), but it 
is no more accurate than that of Aristarchus. See the 
values for Ds in Table 1.4 of Section 1.5. 

Once Ptolemy established his theory of the Sun’s 
motion, he used it to confirm Hipparchus’s observation 
that winter has 903 days. By Figure 2.12, 


arc HJ = arc HI +arel/ 
= arc BC + (arc IK — arc JK) 
IU 
= 0.017r + (Sr = 0.087) 


= 0.0177 + (1.571r — 0.0877) 
= 1.551r. 


Note that the angle that the Sun sweeps out during 
winter is /HDJ/. Its radian measure is are = 1.551. 
Since it sweeps out w = 0.0172 radians per day, it 


follows that winter must be #4 = 90.17 ~ 90% 
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days long. This corresponds closely to the 90; days 
observed by Hipparchus. 


2.4 The Modern Perspective 
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L et us now turn to today’s heliocentric point of 
view. The motion of the Earth has two primary 


features. One is the circular orbit of the Earth with 
the Sun in the interior of the circle. (This orbit is in 
fact not quite circular. It is a circle that is “stretched” 
very slightly along a diameter. This subtlety will be 
taken up in Chapter 4.) The other is the Earth’s daily 
rotation about the axis through the two poles. This 
north-south axis is perpendicular to the equator, but 
it is not perpendicular to the Earth’s orbit. This is be- 
cause the plane determined by the Earth’s equator is 
not the same as that of the orbit. For purposes of the 
present discussion, think of what is going on in the fol- 
lowing way. Consider the plane parallel to the Earth’s 
equator and through the center of the Sun. We will 
call it the “plane of the Sun.” See Figure 2.16. This 
figure show a perspective of the Sun from “above.” 
The two dotted lines in the figure are perpendicular 
lines in this plane. The arrow N (for north) lies on 


the axis of the Earth’s rotation and is, therefore, per- 
pendicular to the plane of the Sun. This arrow always 
points in the same direction: north. The Earth passes 
alternately above and below the plane of the Sun. At 
summer solstice, the Sun shines down most directly 
on the Earth’s northern hemisphere. From the per- 
spective of Figure 2.16, the Earth is now at its lowest 
point below the plane of the Sun. On this day the Sun 
is above the horizon for the longest period of time 
in the northern hemisphere; it is the day of longest 
daylight. On the day of winter solstice, the smallest 
portion of the northern hemisphere is exposed to the 
Sun; it is the day on which the Sun is above the hori- 
zon for the shortest period of time. There are two 
instances where the center of the Earth lies in the 
plane of the Sun. Since the axis of rotation is perpen- 
dicular to this plane, it follows that on the two days 
when this occurs, every location on the Earth receives 
12 hours of sunshine. These are the days of vernal and 
autumnal equinox. From the perspective of Figure 
2.16, the Earth is above the plane of the Sun during 
its motion from autumnal equinox to winter solstice to 
vernal equinox (i.e., during autumn and winter); and 
the Earth is below the plane of the Sun as it moves 
from vernal equinox to summer solstice and back to 
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autumnal equinox (i.e., during spring and summer). 
The figure indicates the dark and sunlit regions of the 
Earth at each of the four relevant positions. 

The question that we will turn to in this section 
as well as the next is this: What information do the 
methods of the Greeks provide when they are applied 
to the heliocentric point of view? 


Consider the plane perpendicular to the plane of 
the Sun and through both the center of the Sun and 
the center of the Earth at summer solstice. (Use Fig- 
ure 2.16 to visualize this plane.) Now rotate the vernal 
equinox position of the Earth into this plane as shown 
in Figure 2.17. The Earth’s axis of rotation and the 
regions of sunlight and shadow on the Earth are indi- 
cated in the figure. In each case, it is noon in Alexan- 
dria. The points C and C’ are the center of the Earth, A 
and A’ refer to Alexandria, and S represents the cen- 


ter of the Sun. Now put the diagrams of Figure 2.17 
together. This is done in Figure 2.18(a). The segments 
AG and A’G’ are gnomons planted in Alexandria at 
noon. (They are drawn larger than to scale in order to 
make them and the shadows that they cast visible in 
the diagram.) A moment’s thought shows that «¢ is the 
angle between the plane of the Sun and the plane of 
the Earth’s orbit. Denote the angle at G by a and that 
at G’ by a’. Notice that the angle at C’ is also a’. 
Figure 2.18(b) is derived from Figure 2.18(a) as 
follows. Extend the segment C’A’G’ to a point B on 
CS and let 8 be the angle CBC’. Because the segments 
C’B and CG are both determined by a gnomon placed 
in Alexandria, they are parallel. Therefore, 6 = a. The 
angles e, a’, and z — B belong to the same triangle. So 


a=et+a’+(n—- fp) =e+a4+(r—-a) 


and hence ¢ + a’ ~ a = 0. It follows that « = a —a’. 


This discussion has put one of the shadow mea- 
surements of the Greeks (as discussed in Section 2.1) 
into the heliocentric context. By measuring the angles 
a and a’ and computing the obliquity of the ecliptic 
€ = a — a’, the Greeks had in effect computed the an- 
gle between the plane of the Earth’s equator and the 
plane of the Earth’s orbit about the Sun. Recall that 
the Greeks measured « to be 24°. A more accurate 
value for this angle is 232°. 
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Figure 2.19 


Figure 2.19 is a “close-up” of the summer sol- 
stice situation in Figure 2.17. A look at the geometry 
shows that the Sun will be directly overhead at 
noon at any point on the surface of the Earth that 
lies 235° above the equator. The line that this an- 
gle determines is the tropic of Cancer. The tropic of 
Capricorn is the corresponding line for the Southern 
Hemisphere. 

Consult an atlas and confirm that Aswan, Egypt, 
lies very near the tropic of Cancer. We now understand 
why the Sun at summer solstice shines into the very 
bottom of the well in Syene (the ancient city near 
today’s Aswan). Recall that this fact was instrumental 
in Eratosthenes’s computation of the radius of the 
Earth. 
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2.5 Another Look at the Solar 
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fh his section turns to the questions: What quan- 
titative information do Ptolemy’s mathematical 


methods provide about the circular orbit of the Earth 
around the Sun? What, in particular, do they tell us 
about the position of the Sun within the Earth’s orbit? 

We will make use of today’s values for the lengths 
of the seasons. Spring: 92 days, 18 hours, 20 minutes, 
or 92.764 days; summer: 93 days, 15 hours, 31 minutes, 
or 93.647 days; autumn: 89 days, 20 hours, 4 minutes, or 
89.836 days; and winter: 88 days, 23 hours, 56 minutes, 
or 88.997 days.” This is the information that will be fed 
into Ptolemy’s model of Section 2.3. 
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Figure 2.20 shows the Earth’s circular orbit. The 
points S and E represent the Sun and the Earth, re- 
spectively. The point D is the center of the Earth’s 
orbit. The radius of the circle is 7, and e is the dis- 
tance from S to D. The points J, C, G, and H are 
the positions—now of the Earth—at vernal equinox, 
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summer solstice, autumnal equinox, and winter sol- 
stice. Since summer is the longest season, the center 
D of the circle must be positioned below and to the 
left in relation to the Sun. Why? Aphelion, the po- 
sition of the Earth farthest from the Sun, is labeled 
A. We will suppose that the Earth moves with a con- 


stant angular velocity of o = 2% = 0.986°/day = 


3654 
0.0172 radians/day. 
During spring, the Earth moves from J to C. 
Looking at the radian measure of /JDC in two ways, 
we get 


LIDC = = 92.764 


arc JC 
r 


= (92.764)(0.0172) = 1.596. 


Soare JC = 1.596r. Doing the same for summer shows 
that 


CDG = = 93.647 


are CG 
r 


= (93.647)(0.0172) = 1.611. 


So are CG = 1.6117, and arc JCG = 1.596r + 1.611r = 
3.207r. On the other hand, since arc JK = arc FG, we 
have arc JCG = 2arcJK 4+ ar. Therefore, 2arc JK = 
3.207r — 3.142r = 0.065r. It follows that 


DL ~ are JK = 0.03387. 


As before, we will regard this and subsequent approx- 
imations as equalities. Since 


are CG = areCB+ 5? +are FG 


= arcCB+1.571r+arcJk, 
we get 
1.611r = areCB + 1.571r + 0.0337, 
or are CB = 1.6117 — 1.571r — 0.0337 = 0.0077. So 
SL = are CB = 0.007r. 


Now take DL = 0.038r and SL = 0.007r and 
consider the right triangle SDL in Figure 2.21. By 


Pythagoras, 
e = JDL? + SL? = V/(33 x 10-87)? + (7 x 10-8? 
— /1089(10-37r)2 + 49(10-37r)2 = 107871089 + 49 
= 10-°7/1138 = 0.034r. 


DL _ 0.033r _ 0.033 _ (970. we can 
— ee . 9 


Since sin@ = © = 0.034 = 0.034 
conclude (use the inverse sine button of a calculator) 


that 6 = 76°. 
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Ptolemy’s mathematics has produced a model of 
the Earth’s orbit around the Sun. This orbit is a circle 
that has the Sun at a distance e from the center. While 
we know today that the Earth’s orbit is in fact an 
ellipse, we will see in Chapter 4 that this ellipse is very 
nearly a circle. We also know that the Sun is not at the 
center of the ellipse, but that it is off-center (at a focus). 
Ptolemy’s model, in other words, agrees with the 
essence of the actual situation. We will now consider 
other elements that Ptolemy’s model captures. 

The distance from the Earth to the Sun is known 
to vary by about 1.7%. This means that one-half the 
difference between the maximum and minimum dis- 
tances divided by the average distance is about 0.017. 
Let’s now return to the model. Here, too, the distance 
from the Earth to the Sun varies. Refer back to Fig- 
ure 2.20 and note that the maximum distance (attained 
in the summer) is AD+ DS =r +e, and the minimum 
distance (attained in winter) is 7 — e. So one-half the 


G 
Figure 2.22 


difference between the maximum and minimum dis- 
tance is sl(r+e)-(r—e)] = 5 (2e) = e,and the average 
distance is slr +e)+(r—e)] =r. Therefore, the ratio 
s(max — min)/average is 
© = 0.034, 
r 

or about 3.4%. This ratio is twice the actual value. 
Again, however, the model reflects the phenomenon. 

Figure 2.22 shows the Earth £ in its circular orbit 
around the Sun S with D the center of the orbit. It 
is extracted from Figure 2.20. Let r be the arrow 
from D to E and recall that r rotates with constant 
angular velocity. Let v be the arrow from S to E. 
During winter, # moves from H to J (winter solstice 
to vernal equinox). In the process, v rotates from H to 
J and hence through exactly 90°. At the same time, r 
also rotates from H to J, and hence through an angle 
less than 90°. Therefore, during winter v rotates, on 
average, faster than r. During summer, both r and 
v rotate from C to G. Again v rotates through 90°, 
but r now rotates through more than 90°. So during 
summer v rotates more slowly than r. Since r rotates 
at constant angular velocity, it follows that v has, on 
average, greater angular velocity during winter, when 
the Earth is closer to the Sun, than during summer, 
when it is farther away. This is in fact true, and 
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consistent (as we shall see in Chapter 4) with Kepler's 
second law of planetary motion! 


2.6 Epicycles 
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et’s return to the Almagest. Having dealt with 

the Sun, Ptolemy next turned to the Moon. The 
theory of the Moon is the most challenging. Indeed, 
the Almagest presents a progression of three different 
lunar theories of increasing complexity, a complexity 
forced by persistent discrepancies in lunar observa- 
tions. In retrospect, this is hardly surprsing. The 
distance from the Earth to the Moon varies by more 
than 6% over a month (the period of its orbit). The 
Moon can get as close as 220,000 miles to the Earth 
and as far as 250,000 miles away. While the orbit is in 
the general shape of an ellipse, it is not a closed loop. 
This complexity is explained by the fact that the Moon 
is subject to the gravitational forces of both the Earth 
and the Sun. The mathematics of the interplay of the 
gravitational forces of three masses is known as the 
three-body problem. It is very difficult and still not 
completely solved today. 

Another phenomenon that Ptolemy’s astronomy 
had to explain was the retrograde motion of the plan- 
ets. The planets—as observed from the Earth against 
the background of the stars—move near the ecliptic. 
However, their motion is irregular. They are observed 
to intermittently slow down, stop, reverse direction 
for some time (this is the retrograde phase), only to 
stop once more and then continue in the original di- 
rection. For example, the apparent path of Saturn 
as Ptolemy observed it in the years 182-133 A.D. is 
pictured in Figure 2.23. 

Given the Sun-centered perspective, the explana- 
tion of what Ptolemy observed is straightforward. The 
Earth completes one orbit around the Sun in a year, 
while Saturn takes about 30 Earth years to complete 
an orbit. Figure 2.24 shows the (dotted) lines of sight 
of someone on Earth looking out on Saturn against 
the background of the fixed stars, just as Ptolemy 
had done. Observe that the general pattern matches 
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that of Figure 2.23. The observation that the plan- 
ets move near the ecliptic is explained by the fact 
that the planes of their orbits are almost the same 
as that of the Earth’s orbit. The planes are not ex- 
actly the same, however, and this explains the fact 
that the planets are observed to rise and fall. For in- 
stance, Figure 2.23 shows that Saturn is higher in the 
sky in December of 132 A.D. than in December of 
1383 A.D. 


How does the Almagest deal with the irregular- 
ities of the Moon’s orbit, and how does it—with its 
Earth-centered perspective—come to grips with the 
phenomenon of the retrograde motion of the planets? 
The answer, in short, is that it combines circular mo- 
tions in a variety of ways. Let’s focus on the retrograde 
motion of the planets. Figure 2.25 shows a planet P 
in a circular orbit with radius r and center the point 
B. In turn, B moves along another circle. It has the 


Earth E as its center and radius R. The larger circle 
is called the deferent and the smaller one the epicycle. 
Both rotations occur at constant speeds. The arrows 
designate the directions. Suppose that P moves faster 
around B than B does around #. When P is in the posi- 
tion shown, the two motions—as viewed from H—are 
in opposite directions. But P will be seen to move from 
left to right due to the greater speed of P. However, 
as P continues around B, it will eventually move in the 
same direction as B. Now P will be seen to be mov- 
ing from right to left. So this scheme of two rotating 
circles explains, at least in principle, the observed re- 
versal of a planet’s direction. This model is the basis 
of the Almagest’s lunar and planetary theories. 


P 


“) 


Figure 2.25 


To make his theory stay in tune with his obser- 
vations, Ptolemy was forced to make adjustments to 
the scheme of Figure 2.25. These are indicated in Fig- 
ure 2.26. He modified the orbit of the planet P by 
moving the center of the deferent to a point C away 
from EF. In addition, he corrected the speed of the point 
Bby choosing yet another point A and stipulating that 
the segment from A to B rotates with constant speed. 
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The various parameters—the positions of C and A rel- 
ative to E, the radii R and r, and the speeds of the 
rotations—were different for each planet. When even 
this scheme did not mesh with observations, he in- 
troduced additional circles. Different configurations 
of circles were required. Those for the inner plan- 
ets (Mercury and Venus) were more complicated than 
those of the outer planets (Mars, Jupiter, and Saturn), 
and (as already remarked), the Moon’s was the most 
complicated of all. In summary, Ptolemy’s solar sys- 
tem was an extremely intricate clockwork of spokes 
and wheels. 


2.7 Postscript 
O ur overview of the Almagest is complete. 
Given the parameters it starts with—an Earth- 
centered solar system in which celestial objects move 
in circular orbits at constant speeds—it succeeded in 
a remarkable way. We have seen how it combines 
mathematics and empirical data derived from careful 
observations to produce a mathematical model that 
simulates the Sun’s orbit about the Earth. It is thus 
an early example of mathematical physics. 
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The Almagest is unrivaled in antiquity as an ex- 
ample of how a large and important class of natural 
phenomena could be described in mathematical terms. 
On the whole, it is to be viewed not as a description of 
the physical universe but rather as an abstract mathe- 
matical scheme designed to predict the positions of the 
objects moving within it. In this sense it agreed suffi- 
ciently with observations to be acceptable to practical 
astronomers. Observe that from the perspective of a 
fixed Earth, the planets do (in essence) move along 
epicycles carried by the deferent of the Sun’s orbit 
about the Earth (see Figure 2.26). Therefore, from 
the perspective of the Earth, Ptolemy’s is the correct 
geometry. 

The Almagest contains a catalogue of stars (1022 
of them). This was necessary because crucial obser- 
vations (those of the planets for instance) are made in 
reference to them. Arab astronomers expanded this 
catalogue and compiled atlases of stars that proved in- 
valuable to early Spanish and Portugese navigators. 
Ptolemy’s Almagest remained the foundation of as- 
tronomy for fourteen centuries. In fact, the scheme of 
Figure 2.1 is still the most common coordinate system 
for listing planetary and stellar positions. An observer 
on the Earth can specify the location of a star X by 
measuring a (called the star’s right ascension) and 
6 (called its declination) in terms of angles from the 
point of the observation; see Figure 2.27. 
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Figure 2.27 


Ptolemy’s clockwork did not become obsolete until 
the 16 and early 17 centuries, when Copernicus 
introduced the heliocentric universe (reintroduced is 
more appropriate, in view of Aristarchus), Galileo 
discovered the phases of Venus and the moons of 
Jupiter, and Kepler demonstrated that the orbits of 
the planets were ellipses. 


Exercises 
2A. Some Geometry 


1. Consider any rectangle and let A, B, C, and D be its 
vertices. Inscribe it into a circle with center at the 
intersection of the diagonals. Use Ptolemy’s theorem 
to verify Pythagoras’s theorem. 

2. Place anangle é at the center ofa circle of radius 2. Let 
the endpoints of the are that it cuts from the circle be 
A and B. What does 6 equal (in degrees) if the length 
of the arc from A to Bis 13? 

3. Refer to Figure 2.28. The points A, B, and D are on 
a circle of radius 8. The length of the are AB is 4. 
Determine the angle /ADB first in radians and then 
in degrees. 


Figure 2.28 


2B. Some “Inverse” Trigonometry 


4. Useacalculator to fill in the following blanks (use three 
decimal accuracy): 
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i, sin °=0.534 
li, sine ° = 0.219 
iii, sin ° =0.834 
iv. sin Gn radians) = 0.002 
v. sin (in radians) = 0.664 
vi. tan °=0.774 
vii. tan. ° =1.478 
viii, tan ° = 5.000 
ix. tan___ (in radians) = 10.473 
x. tan (inradians) = 27.664 


5. What angle a (in degrees and radians) has sina = 5? 


What angle # (degrees and radians) has tanp = 1? A c p 
What angle y has sing = ¥2? 
ad Po Figure 2.30 
2C. More Trigonometry 
6. Let a and f be two angles, both less than 5, and 

arrange them into a triangle as shown in Figure 2.29. Note: The identities (iii) and (iv) are crucial for 
the development of the calculus of the trigonometric 

functions. 
B 7. Let 6 be any angle, and place it into a circle of radius 
1, center C, and diameter DA, as shown in Fig- 
B ure 2.31. Draw the segments BD and BC, and draw a 


perpendicular BE down to DA. 


i. Show that ZBDC = §. 


se 0 _ _sin@ 
ii. Show that tan 5 = ; eaaoe 


iii. Deduce from (ii) that tang = Ke. (Hint: 
Multiply Gi) by pt a 
iv. Use (ii) and (iii) to show that 1— tan? § = 2254. 
£ 7 v. Use (ii) and (iv) to show that tané@ = a, : 
Figure 2.29 
oe he : : B 
Complete this triangle to Figure 2.30 in sucha way that 
the segment AD is perpendicular to BD; also draw the 
perpendicular EC to AB. 
i. Show that y=a+ B. 
ii. Show that 5p = xe and hence that BD = 
EC (AE + EB). 
iii. Using (i) and (ii), show that sin@ + Bp) = 
(sin w)(cos f) + (cos a)(sin £). 0 
D C E A 


It can also be shown (we will forego the pleasure) that 


iv. cos(a + f) = (cosa)(cos f) — (sina@)(sin f). Figure 2.31 
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2D. Ptolemy’s Mathematics 


8. 


10. 


Redo the calculations of Section 2.3 by starting with 
w = 0.02 and by working to an accuracy of two decimal 
places. What values for the ratio £ and the angle 14 
do you get? What does this tell us about Ptolemy’s 
calculations? 


Use the model of the Earth’s orbit around the Sun 
in Section 2.5 to determine the days of the year on 
which the Earth is farthest (aphelion) and closest 
(perihelion) to the Sun. Compare this with the data 
given in the World Almanac. [Hint: Summer solstice 
occurs on June 21 or June 22, and the Earth is in 
position C in Figure 2.20 on that day. How long will it 
take for the Earth to get to position A?] 


Ptolemy computed the distance Dy between the 
Earth and the Moon as follows. In Figure 2.32, H and 
M are the centers of the Earth and Moon, respectively, 
and rg is the radius of the Earth. Takerg = 3, 850 miles 
from Eratosthenes. The point A represents Alexan- 
dria and AQ is perpendicular to HM. Ptolemy observes 
the angle a to be 50°55’ and computes £ (from lunar 
longitude and obliquity of ecliptic data) to be 49°48’. 
Supply the details to the following outline of Ptolemy’s 
argument: 


i, Show thata = B+ uw. 
ii. Show that Dy = rr - sme using the addition 
formula for the sine. 
iii. Obtain Dy = 150,000 miles. 
iv. Compare this with the modern value. 


2E. Diophantus of Alexandria 


Diophantus (of Alexandria, about 250 A.D.) was a mathe- 
matician who pursued arithmetic and algebra. 


11. 


12. 


13. 


The following passage from The Greek Anthology? 
provides some information about Diophantus’s life. 
Use it to determine his age. Diophantus passed one- 
sixth of his life in childhood, one-twelfth in youth, and 
one-seventh more as a bachelor. Five years after his 
marriage was born a son who died four years before 
his father, at half of his father’s [final] age. 


Solve the following problem from Diophantus’s book 
Arithmetica: Find four numbers, the sum of every 
arrangement three at a time being 22, 24, 27, and 20. 


Solve the following, also from the Arithmetica: In the 
right triangle ABC, right angled at C, AD bisects the 
angle at A. Find the set of smallest integers for AB, 
AD, AC, BD, DC, such that the ratios DC:CA:AD are 
equal to 3:4:5. [Hint: Use of the formula from Exercise 
7(v) and the fact that if a prime number divides a 
product of two integers, then it must divide one of the 
factors. ] 


Notes 


1The computations that follow are carried out 


with three decimal accuracy, even though the data 
on which they are based (the length of the sea- 
sons and the year) do not meet this standard. These 
computations thus violate today’s principles of relia- 
bility. However, they do reflect Ptolemy’s own both in 


Figure 2.32 


spirit and in terms of their numerical conclusions. The 
computations take z = 3.142. 


“The reason for the difference between the 
lengths of the seasons computed from Ptolemy’s time 
and now has to do with the fact that the year (the num- 
ber of days between successive summer solstices, or 
vernal equinoxes) is slightly less than the 3654 days 
measured by Hipparchus. It is actually 365 days, 5 
hours, 48 minutes, and 46 seconds long (11 minutes 
and 14 seconds less than 3654 days). 


3See Note 8 of Chapter 1. 


Notes 
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Several centuries have passed since the achievements 
of Claudius Ptolemy. During this time, Christianity 
emerged and the Germanic invasions brought instabil- 
ity. Faith and survival, not mathematics and science, 
became important. Islam conquered North Africa, the 
Middle East, and parts of Europe. The Latin West 
was thus cut off from regular contact with the Greek 
East, and the mathematical and scientific discoveries 
that we have described were largely lost in West- 
ern Europe between 650 A.D. and 1150 A.D. It was 
not until the beginning of the 13° century that the 
works of the Greek scholars were rediscovered in 
Arabie manuscripts and translated into Latin. This 
stimulated the pursuit of scientific thought (much of 
it dominated by attempts to understand Aristotelian 
science in its relationship to Christian revelation) 
in the new universities that had sprung up by that 
time. 

The Renaissance—the rebirth—began in Italy 
in the 14 century. Greek philosophy, architecture, 
art, science, and mathematics provided a crucial 
stimulus. The recovery of Ptolemy’s maps! rein- 
troduced the method of defining geographical po- 
sition in terms of coordinates, that is to say, by 
the circles of latitude and the meridians of longi- 
tude on the globe. The Western world learned the 
mathematics and astronomy of Euclid, Aristarchus, 
Archimedes, Apollonius, and Ptolemy. The interac- 
tion and confrontation with Greek science generated 


the energies that would later help bring about 
the invention of calculus and the scientific revolu- 
tion. 

We will focus on what the Europeans learned from 
the Greeks about three remarkable families of curves: 
the parabola, the ellipse, and the hyperbola. These 
conic sections—obtained by intersecting a cone with 
a plane—were well known to Euclid. They were ana- 
lyzed extensively in the encyclopedic treatise Conics 
of Apollonius of Perga. The parabola and the ellipse— 
as we will see in subsequent chapters—form the basis 
for our understanding of both the motion of projectiles 
and the orbits of the planets around the Sun. After a 
look at some basic properties of these curves, we will 
turn to the ingenious mathematical discoveries that 
Archimedes made about them. 


e will recall—without proofs—a few of the 

basic properties of the conic sections that we 

will need later. A unit of length is given. As before, if, 

say, P and Q are two points in the plane, PQ or QP 

will be the segment between them; if PQ appears in 

an equation, it will be understood to be the length of 
the segment PQ. 

In the plane, fix both a line D and a point F not on 

D. The collection of all points P such that the length 


Figure 3.1 


of PD is equal to that of PF is called a parabola. (See 
Figure 3.1.) The line D is called the directrix and the 
point F is called the focus. The line through the focus 
that is perpendicular to the directrix is the awis of the 
parabola. 


Proposition 3.1. Let P be any point on a parabola 
and let the segment AB be tangent to the parabola 
at P. Consider the line from P that is parallel to the 
axis of the parabola and let Q be a point on this line, 
as shown in Figure 3.2. Then /QPA = ZFPB. 


Figure 3.2 


This is the “reflection property” of the parabola. 
We point out in passing that when light is reflected by 
a mirror, the angle of incidence is equal to the angle 


(a) 
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of reflection. It follows that if a mirror has the shape 
obtained by rotating a parabolic arc one revolution 
around its axis, then any light ray parallel to the axis 
will be reflected through the focus. This is the reason 
for the use of parabolic mirrors both in telescopes 
(for collecting light) and in the headlights of cars (for 
projecting light). 

Again, consider any parabola. Cut it with any 
straight line, and let S and S’ be the points of inter- 
section. (See Figure 3.3(a).) For some point V on the 
parabola, the tangent line at V is parallel to the cut 
SS’. The parabolic region SVS’ is called a parabolic 
section, and V is the vertex of the parabolic section. A 
section, generally speaking, is a region obtained from 
another by acut. Let A be the midpoint of the segment 
SS’; connect A with V, and take E on the tangent such 
that E'S is parallel to VA. (Refer to Figure 3.3(b).) Fi- 
nally, let B be any point on VE and let C be the point 
on the parabola such that BC is parallel to VA. (See 
Figure 3.4.) 


Proposition 3.2. Take B to be the midpoint of VE. 
Then C is the vertex of the parabolic section SVC. 
(See Figure 3.5.) 


Proposition 3.3. For any point B on EV (see 
Figure 3.4), 

BC _ VB? 

ES VE?’ 


(b) 


Figure 3.3 
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Figure 3.5 


We will study the ellipse next. Fix any two points 
F and F. in the plane and a constant k that is greater 
than or equal to the distance between F and F. 
Consider the collection of all points P such that the 
distance from P to F, plus the distance from P to 


Fp, is equal to k. Refer to Figure 3.6(a). Any such 
collection of points is an ellipse. The points F’, and F2 
are the focal points of the ellipse. The midpoint C of 
the segment FF is called the center of the ellipse. 
Any segment between two points on the ellipse and 
through the center is a diameter of the ellipse. The 
diameter through the two focal points is the major 
axis of the ellipse, and the diameter perpendicular to 
the major axis is the minor aais. See Figure 3.6(b). 
Consider a circle with center C and radius r. From 
the preceding point of view, it is an ellipse with focal 
points C = F, = F, andk = 2r. 


Proposition 3.4. Let P be any point on an ellipse and 
let the segment AB be tangent to the ellipse at P, as 
shown in Figure 3.7. Then /F'PA = /F>oPB. 


Figure 3.7 


(b) 


Figure 3.6 


This is the “reflection property” of the ellipse. We 
note in passing that it is used in a surgical procedure 
to remove kidney stones. A source of high intensity 
sound waves is located at a point, say F1, and an 
elliptical reflector is placed in such a way that F’; is one 
of the focal points. The patient is positioned so that 
the kidney stone is at the other focus, F's. The sound 
waves emanating at F’ scatter in all directions, but 
those that strike the reflector are reflected through 
Fy, The strong concentration of sound waves at F» 
shatters the kidney stone. 


Proposition 3.5. Let PQ be any diameter of an el- 
lipse and let B be any point on PQ. Choose A such that 
AB is parallel to the tangent at P. (See Figure 3.8.) 
Then the ratio ober is the same no matter where B 
is chosen on PQ. 


Figure 3.8 


Example 3.1. Consider Proposition 3.5 in the case of 
a circle. See Figure 3.9. Because the focal points co- 
incide and are located at the center C, it follows by 
Proposition 3.4 that the tangent at P is perpendicu- 
lar to the diameter QP. Since AB is parallel to the 
tangent, AB and QP are perpendicular. By an appli- 
cation of Proposition 2.1 of Section 2.2, the triangle 
APA@ has a right angle at A. (See Exercise 1.) Com- 
pare the triangles APBA and APAQ. They both have 
right angles and they have APB in common; it fol- 
lows that they are similar. By the same argument, 
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AQBA is also similar to APAQ. Therefore, APBA is 
similar to AQBA, and hence B = ae So, vere dy 
We have shown that in the case of the circle, the ratio 


of Proposition 3.5 is always equal to 1. 


Figure 3.9 


The hyperbola is defined next. Again, fix two 
points F’, and Fe in the plane and a constant k > 0. 
Suppose that & is less than or equal to the distance 
between F and F»2. The collection of points P such 
that the absolute value of the difference between 
PF, and PF», is equal to k is a hyperbola. (Refer 
to Figure 3.10.) The points F' and F’; are the focal 
points of the hyperbola. The line determined by the 
two focal points is called the axis. The midpoint C 
between the two focal points is the center of the 
hyperbola. 

Hyperbolas will play only a minor role in this 
text. As an aside, note that space probes designed 
to investigate an outer planet are often redirected 
by allowing them to pass near an inner planet. The 
gravitational field of the inner planet will accelerate 
a probe and bend its path along a hyperbolic curve 
before allowing it to escape and continue. 
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Figure 3.10 


W e now turn to the concept of area for regions 
in the plane. If b is the base of a rectangle and 
h the height (Figure 3.11), then its area A is simply 
defined to be A = bh. This is the basic situation, and 
the determination of the area of any other region is 
ultimately reduced to this case. Consider next a par- 
allelogram with base 6 and height h. By cutting off 
the indicated triangle on the left and reattaching it on 
the right, as shown in Figure 3.12, the given parallelo- 
gram is transformed—without change in area—into a 
rectangle with the same base 6 and height h. It follows 
that the area A of the parallelogram is A = bh. 


b 


Figure 3.11 


Turn next to the case of a triangle with base b 
and height h. Take a copy of the same triangle, flip it, 
and attach it to the original, as shown in Figure 3.18. 
The resulting larger figure is a parallelogram with 


Figure 3.12 


Figure 3.13 


base b and height h. This larger area is equal to bh, as 
shown before. It follows that the area A of the original 
triangle is A = bh. 

We next consider the more subtle situation of the 
area of a sector of a circle with radius r. A sector is 
a pie-shaped region. Consider the sector determined 
by the center C and the segments CB and CD and let 
6 be the angle of the sector; see Figure 3.14. We will 
determine the area A of the sector by thinking of it as 
consisting of lots of very thin triangular wedges. 

Partition the given sector into, say, n smaller 
sectors all of the same size. This determines n — 1 
points between B and D. Consecutively connecting 
all of these points inscribes an isosceles triangle in 
each of the sectors. All of these triangles have the 
same shape and size. The base as well as the height 
of the isosceles triangles certainly depend on 7, so 
we denote them by b,, and h,, respectively. The case 
nm = 5 is shown in Figure 3.15. The bases of the 
triangles—taken together—approximate the are BD. 
So b, approximates the length of arc BD. The area 
of each inscribed triangle is Shin dn- Taken together, 
these n triangles approximate the sector BCD. Let 
An = ($hnbn) 2 = Fhn(bnn) be the sum of the areas 
of all n triangles. So A, approximates the area of the 
sector BCD. When n is taken to be sequentially larger 
and larger, two things happen simultaneously: 


Figure 3.14 
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(1) The numbers 2, close in on the radius 7, and the 


numbers b,.” on are BD. As aresult, the numbers 
1 An(bnn) close in on 5r(are BD). 


(2) Thenumbers A, close in on the area of the sector 


BCD. 


Figure 3.15 


Because the numbers A, = 5 hn (bn) ean close in on 
one number only, it follows that the area of the sector 
BCD must be equal to sr(are BD). In the notation of 
limits, we can abbreviate what was just asserted by 
writing 


1 
Area of sector BCD = lim A, = tim 5 ltn(Onm) 


= rare BD). 


Since we know that 6 = eee radians, we have now 
established the fact that the area A of asector ofradius 
r and angle 6 (given in radians) is equal to 

1 


A= -—r’é. 
57 


With 6 = 2z, this gives us the familiar expression zr” 


for the area of a circle of radius 7. 
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iC onsider a square with side of length a. Of course, 
AU | the area A of the square is A = a?. Nothing else 
needs to be said. Nevertheless, we will now consider 
a completely different approach to this area. It may 
seem completely idiotic, but it will pay dividends later. 

Subdivide the square into four equal squares and 
color three of them black, as shown in Figure 3.16. 
Denote the area of the resulting black “ZL” by B. (Note 
that B = 3A, but this is irrelevent for now.) Do the 
same thing with the remaining white square in the 
upper right corner. Since each of these subdividing 
squares has area one-fourth that of the original white 
square, it follows that this smaller black L has area 
1B; see Figure 3.17. Repeating this construction again 
produces a black L, this time of area § ($B) = (7) B, 
and so on. 

Now consider the following steps. Step 0 is the 
creation of the black area B. Step 1 adds the black L 
of area 1B to B and produces the black area B + iB. 
Step 2 adds the next black L and produces the black 
area B + 1B + zB. Step 3 adds the next black L of 


area + (4B) = 7B, and so on. The results of Steps 0 
through 3 are illustrated in Figure 3.18. They produce 
the black areas 


1 ee | 1 1 1 1 
B+-B, B+-B+-; B+-B+-5B+—B. 
B, +7 ; +7 B+ GB, +7 B+ @Bt GB 
This construction can be continued indefinitely. Make 
note of the emerging pattern and observe that for any 
number 7 (possibly very large), Step creates the 
black area 


Each step produces an approximation of the area 
A of the original square. The area of the small white 
square that remains in the upper right corner is the 
error of the approximation. Let’s compute these er- 
rors. After Step 0, the area of the small white square 
is 1A. After Step 1, it is one-fourth of this, or 7A. Af- 
ter Step 2, it is one-fourth that of Step 1, or ZA. And 
after Step 3, it is 4A. Continue the pattern, and ob- 
serve that the area of the white square after Step n 
is pA. For example, the error of Step 14 is 7s (and 
hence less than 0.000000001) of the area A. Since z's 


ry t ¥ 
a a 
2 2 
a ¥ ¥ 
a 
2 
Y ¥ 
> a 4 
- e <> ae 
Figure 3.16 


Blo 


Figure 3.17 


Step 0 Step 1 
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Step 2 Step 3 


Figure 3.18 


is less than = it follows that the error of each step 
is less than the preceeding error. 

In summary, for any n, Step ” produces the 
partition 


4 42 4n 4nt1 


of the area of the original square into a black area 
and a white area. The black area is an approximation 
of A, and the white area pA is the error of the 
approximation. The approximation can be made as 
accurate as we need to have it. Simply choose n large 
enough so that the error oh A is small enough! 

In the present case of the square, all this is rather 
superfluous because we already know that its area 
is A = a7. The point is, however, that this strategy 
can be applied to compute the areas of regions that 
are not known beforehand. We will see shortly how 
Archimedes used it to compute the area of a parabolic 
section. 

We conclude with a consequence of our analysis. 
By Figure 3.16, B = 3A; soA = SB. Substituting this 
into the preceding equation for A gives 


4 i. 1 1 4 
7B=(B+ [B+ GB+--+7B)+(25 3B). 


1 1 1 
A=(B4 {B+ 5B+..45B)+ 254 


After canceling B, we get : = I+it+gt- +et+q-F 
Thus, for any positive integer n, 


pes ae a) ae | 
4 \4 4 B\4) 8 
This is an identity established by Archimedes. Note 


that 1+ 4+ (1)° +++. (1)" = 4-1(1)". Note also 
that for larger and larger n, the term 4 (1)" gets closer 


and closer to 0. Therefore, the numbers 


close in on - We abbreviate this observation by 
writing 


lim fs: : As ie 
n->00 4 '\4 4 ~ 3° 


Let’s rewrite the preceeding sum more compactly: 


3 1 ee i _ 5 aI 
Ma\4) 4 \4 4) ° 


This “sigma notation” (= is the capital Greek sigma, 
i.e., “S,” so it suggests “Sum”) was not used by 
Archimedes. It was introduced only in the 18" cen- 
tury by the Swiss mathematician Leonhard Euler. The 
stategy implicit in it is this: The first 2 is 7 = 0. Plug 
it into (+)' to get Ay = 1 and write +. Next, put in 
what you get by letting i = 1, namely C) and write 
+. Continue until the last 7, namely i = n, is reached. 
In a similar way, when n = 6, 
6 
) (2! = 23 +24 42° + 28 = 8+ 16 + 324 64 = 120 
i=8 


60 3 Archimedes Computes Areas 


With this shorthand notation the limit equation can be 


rewritten lim a @ =~, 
N00 rr: 4 3 


W e now turn to Archimedes’s work Quadrature 
of the Parabola, in which he computes the 
area of a section of a parabola. Quadrature refers to 
“squaring,” and squaring a given region bounded by 
one or more curves refers to the classical problem of 
constructing a rectangular region with the same area 
as the given one. 

Take any parabolic section SVS’, where V is the 
vertex. (Refer back to Figure 3.3(a).) Inscribe the 
triangle ASVS’, as shown in Figure 3.19. Archimedes’s 
objective is the proof of the fact that the area of the 
parabolic section is equal to four-thirds the area of the 
inscribed triangle. Archimedes’s argument consists of 
a number of steps, each carefully laid out and each 
rather routine. The argument as a whole, however, is 
formidable. Let’s follow along. 


Vv 


Figure 3.19 


Refer to Figure 3.20. Let A be the midpoint of the 
segment S’S. Draw a line through S parallel to VA, 
and let its point of intersection with the tangent at V 
be E. Do a similar thing on the other side of VA. 


A 
S , 
E 
V 
E’ 
Figure 3.20 


Next, Archimedes takes B to be the midpoint of 
the segment VE and draws the segment BD parallel to 
VA. (See Figure 3.21.) The point C is the intersection 
of BD with the parabola, and G is the intersection of 
BD and VS. He does the same thing on the other side. 


Figure 3.21 


The key step in the argument—focus on the right 
side of the figure—is now this: 


Proposition A. The area of the triangle AVAS is 
equal to four times the area of the triangle AVCS. 


Archimedes argues as follows. Because B is the 
midpoint of VE, it follows that 72 = 3. So by Proposi- 
tion 3.3 of Section 3.1, 2 = VE = ;.Since HS = BD, 
he gets 


1 
BC = -BD. 
C qBP 


Next consider Figure 3.22, which is extracted 
from Figure 3.21. By similar triangles, Be = ae = 5. 
Since HS = BD, it follows that BG = $3 BD.So Gis the 
midpoint of BD, and hence BG = GD. Because BG = 
sBD, it follows that 4BG = 1BD. But 1BD = BC, so 
BC = 5BG. Therefore, C is the midpoint of BG, and 
CG = BC. By a substitution, 


1 
CG = —GD. 
2 
S 
G 
E 
B 
V 
Figure 3.22 


Figure 3.23 consists of two figures extracted from 
Figure 3.21. Concentrate on the two triangles at the 
top. Note that they have the same height. Since CG = 
GD, it follows that 


Area ADGS = 2 Area AGCS. 


Concentrating on the bottom figure, we get in the 
same way that Area ADGV = 2 Area AGCV. Adding 
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areas, 


Area ADGS + Area ADGV 


— 2(Area AGCS + Area AGCV). 


Refer back to Figure 3.21 and notice that this equality 
says that AreaADVS = 2 AreaVCS. Refer to Fig- 
ure 3.21 once more and observe that Area ADVA = 
Area ADVS. (Why?) It follows that Area AVAS 
2 Area ADVS. Combining equalities gives 


Area AVAS = 4 Area AVCS 


as required in Proposition A. 


C G D 


Figure 3.23 


The same argument applied to the left side of 
Figure 3.21 shows that 


Area AVAS’ = 4 Area AVC’S’. 
Therefore, 
Area ASVS’ = 4(Area AVCS + AreaAVC’'S’). 
So Archimedes has verified 


Proposition B. In reference to Figure 3.21, 


Area AVCS + Area AVC'’S' = ; Area ASVS’. 


The brilliance of Archimedes’s argument becomes 
apparent now: Since B and B’ are the midpoints of 
VE and VE’, respectively, Proposition 3.2 of Section 
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3.1 applies and asserts that C and C’ are the respec- 
tive vertices of the parabolic sections VCS and VC’S’. 
Consider now the two parabolic sections VCS and 
VC'S' with their circumscribed parallelograms; see 
Figure 3.24. Applying Proposition B to each of them 
shows that the sum of the areas of the two black trian- 
gular regions on the right is t Area AVCS and that of 
the two black triangles on the left is ; Area AVC’S’. 
Since we have already seen that 


Area AVCS + Area AVC’S’ = ; Area ASVS’, 


the four black triangles together have area 


1\2 
() Area ASVS’. 


Figure 3.24 


Let B = Area ASVS’. Recall that the black area 
of Figure 3.21 is 7B, and that of Figure 3.24 is Cy B. 
Archimedes’s procedure of forming triangles can be 
repeated again and again. The principle is now the 
same as that in the approximation of the area of the 
square in Section 3.3. When the black areas produced 


by each step are taken together, they provide an 
approximation of the area of the parabolic section. The 
first three approximations, obtained by adding the 
black regions already determined (those of Figures 
3.19, 3.21, and 8.24), are shown in Figure 3.25. Observe 
the pattern, and notice that when the areas of the 
triangles produced after n steps are added together, 
an approximating inscribed region of area 


i PIN Fy 1\" 
es ese = iz sae zs 
A (+5 +(3) +(3) + +(7))8 
is obtained. Now let get larger and larger, and recall 
from Section 3.3 that 


im (1454 ty +(3) + + a = 
N00 4 4 4 , 4 — 3 


Because the numbers A,, close in on 


4 4 ; 

3B = AreaASVS’, 

it follows that this is the area of the parabolic sec- 
tion SVS’. The proof of Archimedes’s theorem is now 
complete: 


Archimedes’s Theorem. The area of the parabolic 
section SVS’ is equal to four-thirds the area of the 
inscribed triangle SVS’. 


We have witnessed a remarkable argument. Its 
mathematical precision is decidedly superior to most 
of what would follow over the next 1800 years! In its 
last step (the “limit” step), the proof you saw differs 
from Archimedes’s original. The Greeks did not con- 
sider (or perhaps, more accurately, did not accept as 
legitimate) arguments that used “infinite” processes. 
Instead, Archimedes let A be the area of the parabolic 
section SVS’ and A’ = ; Area ASVS’, and he demon- 
strated the equality A = A’ by showing that A > A’ 
and A < A’ are both impossible. About 2000 years 
later, arguments involving infinite processes become 
the heart and soul of integral calculus; however, math- 
ematicians wrestled with their legitimacy until the 
19" century. 
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Figure 3.25 


IT here were references in the transmitted classi- 
cal literature to a certain treatise of Archimedes 
called Method. The work itself, unfortunately, ap- 
peared to have been lost. However, in the early 1900s 
a Danish historian learned of a certain catalogue de- 
scribing the holdings of the libraries of the Greek 
Orthodox Church. The catalogue listed a document 
that contained—in two superimposed layers—both a 
newer and an older manuscript, the latter of a math- 
ematical nature. He traveled to Constantinople in 
the summer of 1906 and found a document consist- 
ing of about two hundred leaves of parchment. It 
contained Greek Orthodox prayers from the 13" and 
14 centuries, and indeed, most of the leaves showed 
a more or less distinct underlayer: a mathematical 
manuscript in 10 century notation! Most of it was 
readable. A careful study revealed that it contained 
work of Archimedes. For the most part it was work 
already known, but among the new things there was 
the Method. This was an important find. It gave in- 
sights into the method that Archimedes had used to 
discover the connections between various areas and 
volumes and, in particular, between the areas of the 
parabolic section and the inscribed triangle. 

The essence of his method is this: geometrical 
regions are compared by slicing them into thin strips 
and placing these (surprise!) at the two ends ofa lever. 
To illustrate it, we return to the parabolic section. 

Refer again to Figure 3.21 and extend the seg- 
ment VC so that it intersects E'S at F. (See Fig- 


ure 3.26.) By Proposition A, 
Area AVAS = 4 Area AVCS. 


Since the triangles VAS and VES are identical, their 
areas are the same. Therefore, 


Area AVES = 4 Area AVCS. 


Recall from the proof of Archimedes’s theorem that 
B is the midpoint of VE and C is the midpoint of BG. 
Since AVEF is similar to AVBC, we have a = 5, or 
EF = 2BC. Because C is the midpoint of BG, it follows 
that 2BC = BG. Therefore, BG = EF. Now, AVES 
is similar to AVBG and B is the midpoint of VE, so 


Be = 5. Hence ES = 2BG = 2EF, and it follows that 


F is the midpoint of E'S. 
A 
S 
PF 
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Figure 3.26 
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Figure 3.27 


Now let X be an arbitrary point on VE and draw 
XZ parallel to ES. (See Figure 3.27.) Let N and Y 
be the indicated points of intersection. Archimedes 
next proceeded to the important step of verifying the 
equality 


XZ-NF=YZ.-VF. 


By similar triangles, w = ae and therefore VN = 


VX-VF | Also by similar triangles, i = BS and hence 
AZ = VAS By an application of Proposition 3.3 of 


Section 3.1, 4% = YX By combining these equalities, 


» ES — VE: 
VX -VF VX -ES 
NS (=a) (=e) 
VX" XY 
=XY.VF. 


So by Figure 3.27, (VF — NF). XZ = VN. XZ = 
XY - VF = (XZ — YZ) - VF. After multiplying out 
and subtracting, -XZ-NF = —YZ.VF.The equality 
XZ-NF = YZ .- VF is now verified. 

Now think of both the triangle AVES and the 
parabolic section VCS (Figure 3.26) to be made out 
of very thin, rigid (no bending), and homogeneous 
(no lumps) material. Imagine AVES being sliced up 
into very thin strips, as shown in Figure 3.28. To 
every strip XZ of AVES there corresponds—by Fig- 


ure 3.27—the strip YZ of the parabolic section VCS. 
In this way, the parabolic section is sliced into strips 
also. Choose a unit of weight in such a way that a strip 
1 unit long weighs 1 unit. So the weight of any strip 
is numerically equal to its length. Again refer to Fig- 
ure 3.27 and extend the segment VF to a point K such 
that FK = VF; see Figure 3.29. Consider the segment 
VFK to bealever withits fulcrum at F’. Take any strip 
XZ of AVES and the corresponding strip YZ of the 
parabolic section. Refer to the Exercises 3C for the 
law of the lever, and notice that the equality XZ-NF = 
YZ - VF means that each strip XZ balances the strip 
YZ placed at K. Doing this for each strip of AVES 
shows that AVES is balanced by the sum total of all 
of the strips of the parabolic section VCS placed at K. 

Observe next that the product weight x distance 
for the right side of the lever is equal to 


(Area of parabolic section VCS) - F-K 
= (Area of parabolic section VCS) - VF. 


Now consider the left side of the lever. In his work 
On the Equilibrium of Planes, Archimedes showed 
that the center of mass (also called the centroid) of the 
triangle AVES is the point M on VF with MF = 3VF. 
(See Exercise 13.) Considering the entire weight of 
AVES to be concentrated at M, the product weight x 
distance for the left side of the lever is 


(Area AVES) - MF = (Area AVES) - SVP. 


Since the system is in balance, Archimedes has now 
established that 


(Area of parabolic section VCS) - VF 
= (Area AVES) - SVP. 


Canceling VF and using the fact (noted earlier) that 
Area AVES = 4 Area AVCS finally shows that 


Area of parabolic section VCS = : Area AVCS. 


Noting finally that C is the vertex of the parabolic 
section VCS (by Proposition 3.2 of Section 3.1), we 
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Figure 3.28 
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Figure 3.29 


now see that Archimedes has established his theorem 
again, this time for the parabolic section VCS. 


W e have taken a glimpse at the mathemat- 
ical genius of Archimedes. When Plutarch 
praised “the precision and cogency of the methods 
and means of proof” of Archimedes’s studies, we can 
now understand what he meant. When Archimedes’s 
investigations (and also those of Euclid, Aristarchus, 
Apollonius, Ptolemy, and the other classical schol- 
ars) were appreciated and understood, an important 


source of light began to displace some of the dark- 
ness of the Middle Ages. In reference to mathematics, 
there can be little doubt that Archimedes’s analysis of 
the parabola influenced the development of integral 
calculus in the 17 century. Of course, since it was re- 
discovered only in 1906, the influence of the Method 
could have been only indirect. 


Exercises 
3A. The Circle and Related Areas 


1. Consider a triangle that is inscribed in a circle and has 
a diagonal of the circle as one of its sides. Use Propo- 
sition 2.1 of Section 2.2 to show that this triangle is a 


66 


3B. 
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right triangle. Show this again, by using Ptolemy’s 
theorem and Pythagoras’s theorem. 
Compute the area of the circular sector of radius 7 and 


angle =. Then compute the area of the circular sector 
of radius 5 and an arc of length 8. 


Figure 3.30 


Show that the shaded area of the circle in Figure 3.30 
is equal to 567” — 7” sin § cos §. 

Compute the section of the circle in Exercise 3 ifr = 5 
and @ = 50°. 


Inthe diagram of Figure 3.31, Ois the center ofa circle 
and the radii AO and OB meet at O at right angles. 
The second are connecting A and B is half of the circle 
with diameter AB and center C’. Show that the area 
of the moon-shaped region—such regions are called 
lunes*—produced by the two circular ares is equal to 
the area of the triangle AOB. 

Suppose that the circle of Exercise 5 has radius r. 
Show that the area of the lune is 5r and that of the 
section of the circle between the lune and AAOB is 


I pre 1,,2 
equal to Fr“ — 57°. 


Sigma Notation and Areas 


Write the sums 1+2+4+3+44;1+42? +3744? +5; and 
1+ 2? +3? + 44 + 5° + 6° using sigma notation. 


iki 


. 


Figure 3.31 


8. The squares in Figure 3.32 are each of side 1. Continue 


n 1 v 
the indicated pattern to show that lim }~ (5) =, 
OO a 2 


Figure 3.32 


Consider a triangle with base b and height h. Refer to 
Figure 3.33. Inscribe into the triangle the rectangles 
Rj, Re, and Rj, where the base of Ry is $b, and the 


bases of Rg and Ry are 5 ( 36) = 4b; and continue the 


pattern indicated. Verify that the area of this triangle 
is 5 bh by filling the triangle with this sequence of 
rectangles. In other words, show that 


sh = Area R; + (Area Re + Area Ry) +.... 


Figure 3.33 


10. Consider a parabolic section where the cut is 7 units 
long and the perpendicular distance from the cut to 
the vertex is 4 units. What is the area of the section? 


3C. Archimedes’s Law of the Lever 


A lever consists of a rigid arm and a pivot called a fulerum. 
The arm is considered to be weightless (in practical situa- 
tions it would be of negligible weight). In Figure 3.34 the arm 
is represented by the segment through the points P; and 
P2 and the fulcrum is positioned at F. If two point-masses 
of weights m and mz are placed on the lever at points P; 
and P, in such a way that md, = medz, where d; is the 
distance from P, to F and dz is the distance from Pe» to F, 
then the system balances, i.e., it is in equilibrium. This is 
Archimedes’s law of the lever. Notice that a great weight 
my, can be balanced by a small weight mez provided that de 
is large enough. The lever was most certainly used by the 
Egyptian pyramid builders. Archimedes is to have said (in 
reference to the lever), “Give me a place to stand on and I 
will move the Earth.” 


11. Suppose d; = 1 and m; = 2000. If dz = 10, what 
weight has to be placed at P2 to raise m 1? 


12. 
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Determine the center of mass of the system consisting 
of the two masses shown in Figure 3.35. The bigger 
block has a mass of 80 kilograms and the smaller 
a mass of 15 kilograms. The distance between the 
centers of the blocks is 9 meters. 


3D. Facts Needed in the Method 


An important step in Archimedes’s argument concerns the 
center of mass (the centroid) of the triangle. 


13. 


14. 


15. 


In the triangle AVES of Figure 3.36, F and F” are the 
midpoints of the segments E'S and SV, respectively. 
Show that the areas of AVFE and AVFS are the 
same [ Hint: they have equal bases; do they have equal 
heights?] Deduce that the centroid M must lie on the 
segment VF’. By the same argument M must lie on 
EF’. So M is the intersection of VF and EF’. 


Now extend the segment EF’ of Figure 3.36 to a 
segment HF’J in such a way that VJ is parallel to HS. 
Show that AFME and AVMJ are similar and that 
AESF’ and AJVF’ are similar. Deduce that FM = 
5VM, and hence that FM = VF, as proved by 
Archimedes. 


<= Sn >| 


Figure 3.35 


Refer to the proof of Archimedes’s theorem in Sec- 
tion 3.5. Show that the verification of the equality 
XZ:NF = YZ. VF is unaffected when XZ is placed 
to the left of C, in other words, when Figure 3.27 is 
replaced by Figure 3.37. 


Figure 3.34 
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Figure 3.36 


3E. Some Mathematics from the 
Middle Ages 


16. The mathematician Gerbert (later Pope Sylvester II, 
999-1003 A.D.) solved the following problem consid- 
ered very difficult at the time. Let « and y be the legs 
of aright triangle and express x and y in terms of the 
height h and the area A of the triangle. 


17. Gerbert expressed the area of an equilateral triangle 
of side a as ($) (a — $). Show that this is an approxi- 


mation that is equivalent to the approximation /3 ~ 
2. Use a calculator to check its accuracy. 


Note that the problems studied by Gerbert are much 
less sophisticated than those considered by the Greeks. 


38F. Mathematics in the 16% Century 


The 16" century saw great strides in the development of al- 
gebraic symbolism and notation. For example, the French 
mathematician Francois Viéte used A to denote the un- 
known, A quadratum to denote A”, and A cubum for A®. 
He also used “+” and “—” the way we do, but he had no sym- 
bol for “=”. What is now written 5ba? — 2cx + x = d, Viéte 
would have written 


b5 in A quad —c plano 2 in A+A cubum aequatum d solido. 


So aequatum is =. It had been a common practice earlier 
to work with the “vernacular.” In other words, the problem 
would have been written out: “Take a quantity times itself 
and multiply this by five times b, subtract from this two 
times c times the quantity ...” and then it would have been 
solved without the algebraic manipulations that we use 
today!! 

The 16‘ century also saw work on the solutions of 
cubic and quartic equations, e.g., equations of the form 
x? +32 —6 = Oand a4 +3x?+5a—8 = 0. In fact, there were 
public competitions and challenges in Italy between some 
very interesting characters (Tartaglia, Cardano, Ferrari— 
not of sports car fame) to determine who was best at the 
game of solving such equations. (This required lots of in- 
genuity.) Instead of going into the details, we point out a 
related fact: 


Let p(x) be a polynomial. Recall that a number d such 
that p(d) = 0 is called a root of p(x). Note that if p(a) has a 
factorization of the form p(«) = (x — d)q(x), then d is a root 
of p(x). This fact works also in reverse: namely, if d is a root 
of p(), then « — d divides p(w). 


Figure 3.37 


Equator 
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North Star 


Figure 3.38 


18. Use this idea to factor the polynomials x? + 3a —4 and 
a® — Tx — 6 as completely as possible. 


3G. Celestial Navigation 


Elementary celestial navigation was common in the 16 
century. The considerations of Eratosthenes and a star 
catalogue were used to determine the position—at least, the 
latitude—of a ship at sea. 


19. Suppose a ship is positioned on the globe, as shown 
on the left in Figure 3.88. Note that the angle B 
determines its north-south position. This is the ship’s 
latitude. As the diagram on the right shows, f can be 
determined if one knows a. But @ can be measured: it 
is the angle between a plumb line and the line of sight 
to the North Star. Express the distance from the ship 
to the equator (along the arc) in terms of aw and the 
radius of the Earth. 


20. Suppose that the angle a is measured to be 53°. How 
many miles is the ship north of the equator? (Use 
the modern value of 3950 miles for the radius of the 
Earth.) 


Why doesn’t this strategy work for determining the 
longitude, i.e., the east-west position, of a ship? Without 
the solution of this “problem of longitude,” a ship’s position 
cannot be fully determined. This problem turned out to be 


very elusive and was not solved until the 18" century. Large 
cash prizes were offered for a solution by the governments 
of seafaring states like Spain, Portugal, Venice, Holland, 
and England. The British “Board of Longitude” offered the 
largest amount, a sum of 20,000 pounds. Note that as the 
Earth turns, the stars travel across the sky at a rate of 
360° per day, or 15° per hour. Thus, if time can be measured 
accurately aboard a ship, the sky will provide its position. 
A ship’s rolling motion rendered pendulum clocks useless. 
The issue, therefore, centered on the construction of a clock 
accurate under the severe conditions on board. The matter 
was not settled until 1761-1762. A marine chronometer 
devised by the Englishman John Harrison (it had taken him 
nineteen years to complete) was tested aboard one of His 
Majesty’s ships and found to have lost only about 5 seconds 
in eighty days at sea.? 


Notes 


1Ptolemy’s Geographia, translated into Latin at 
the beginning of the 15 century, contains geographi- 
cal coordinates of 8000 localities. It laid the foundation 
of the science of cartography and was thus of direct im- 
portance to navigation in the 16 century. Its map of 
the known world, in particular of Europe and North- 
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ern Africa, is astounding. Columbus used Ptolemy’s 
map (in part because its dimensions were a little too 
small) as evidence for his contention that it would be 
feasible to reach Asia by sailing west. 


2 Apparently, Leonardo da Vinci was fascinated by 
lunes. See J.L. Coolidge, The Mathematics of Great 
Amateurs, Clarendon Press, a Division of Oxford 
University Press, 1991. 


’The interested reader may wish to engage Dava 
Sobel’s Longitude: The True Story of a Lone Genius 
Who Solved the Greatest Scientific Problem of His 
Time. Walker, New York, 1995. 
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Geometry 
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The achievements of the Greeks—you are now in 
a position to judge for yourself—are remarkable. 
They developed trigonometry and geometry and ap- 
plied both in spectacular ways to estimate the sizes 
and distances of objects in the universe and to cre- 
ate mathematical models that simulate the motion of 
these objects. They also developed subtle mathemat- 
ical methods for computing areas and volumes, and 
they contributed to number theory and algebra. Given 
what we know now, however, it is clear that important 
elements were missing. The Greeks did not have the 
coordinatized line, and the correspondence between 
points and real numbers that it implies. Since they had 
no comprehensive coordinatized geometry, they could 
not make use of the powerful interaction between al- 
gebra and geometry that it implies. In summary, one 
can say that Greek mathematics is fundamental, sub- 
stantial, and also brilliant,! but that it is incomplete. 
As for Greek physics and astronomy, however, the 
matter was different: the basic points of view were 
flawed and the underlying principles were in error. 
In time, the scholars of Europe absorbed the learn- 
ing of Greece and reflected about its science. When 
they started to question and challenge it, a scientific 
revolution had begun. 


4.1 ANew Astronomy 
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C opernicus (1473-1543) was born in the Polish 
town of Torun. He studied astronomy in Bologna 
and medicine in Padua. After returning to Poland, he 
settled into his position as canon of the Church. He 
found ample time to pursue astronomy in his little 
study, which is said to have been in the tower of the 
cathedral. He was not satisfied with the very compli- 
cated nature of Ptolemy’s astronomy and so published 
his own comprehensive theory of the solar system, De 
Revolutionibus Orbium Celestium. It placed the Sun 
at the center of the universe and the Earth and the 
other planets in orbit around it. The introduction of an 
early edition of De Revolutionibus makes mention of 
Aristarchus: “...some say that Aristarchus of Samos 


was of the same opinion.” Later editions apparently 
dropped this reference. Realizing that it might be con- 
troversial (after all, in Genesis it is the Earth that is 
at the center of God’s creation), Copernicus delayed 
the appearance of this work until 1543, the year of his 
death. 

With the Sun at the center of the system, the 
retrograde motion of the planets no longer required 
an elaborate explanation. Therefore, Ptolemy’s convo- 
luted orbital clockwork of circles upon circles became 
unnecessary. However, Copernicus did retain basic el- 
ements of Ptolemy’s mathematics. For instance, his 
model for the Earth’s orbit was Ptolemy’s off-centered 
circle. Furthermore, when discrepancies between his 
theory of simple circular orbits and observations per- 
sisted, Copernicus was later led back to the epicycloids 
of Ptolemy. 


Figure 4.1 


But there were also new mathematical elements 
in Copernicus’s work. The planet Venus provides an 
example. Copernicus determined its distance from 
the Earth with the following argument. The angle a 


between the lines of sight from an observer on Earth 
to the Sun on the one hand, and to Venus on the other, 
is greatest when the line of sight to Venus is tangent to 
its circular orbit around the Sun. (See Figure 4.1.) But 
then the angle between the line of sight to Venus and 
the radius VS of the orbit is a right angle. Therefore, 


sina = Ley 

ES 
The greatest value for a that Copernicus observed 
was a = 46°. Since sin46° = 0.719 (recall that 


sin45° = ¥2 = 0.707), he obtained 
VS = 0.719 ES. 


Let’s define the distance between the Earth and the 
Sun to be one astronomical unit (AU). So HS =1AU. 
Therefore, Copernicus has shown that the distance 
between Venus and the Sun is 0.719 AU. In a similar 
manner (this is more complicated in the case of the 
outer planets such as Mars), Copernicus was able to 
compute the distances in AUs between the Sun and 
all the planets that were known at the time. As you 
can see from Table 4.1, he did so quite accurately. 


Estimated Average Distances of the Planets from the Sun. 
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| Copernicus Kepler Modern — 
Mercury 0.376 0.389 0.387 
Venus 0.719 0.724 0.723 
Barth 1.000 1.000 1.000 
Mars 1.520 1.523 1.524 
Jupiter 5.219 5.200 5.202 
‘Saturn 9.174 9.510 9.539 


in Astronomical Units 
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The Danish astronomer Tycho Brahe (1546-1601) 
designed and constructed new calibrated precision 
instruments that allowed him to observe celestial 
phenomena with a much higher degree of accuracy 
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than was previously possible. In 1572 he observed a 
very bright star in a location where there had been 
no star before. When this “nova stella” disappeared 
about a year and a half later, it was clear to him 
that the sphere of stars was not as immutable as the 
Greeks had claimed. (What Tycho had seen was no 
doubt a supernova, an exploding star. Ironically, it was 
apparently an explosion that also killed Tycho. It is 
said that his bladder burst after some heavy drinking.) 
In 1577 he observed a comet that appeared to have 
no problem moving through the crystal spheres that 
supposedly held the planets in their orbits. Tycho 
realized that this explanation of the Greeks was also in 
error. Tycho developed his own “Tychonic” system of 
the universe: the Moon and the Sun are in orbit about 
the Earth, but all other planets are in orbit about the 
Sun. For over a century, the Ptolemaic, Copernican, 
and Tychonic explanations of the universe existed side 
by side. 

Johannes Kepler (1571-1630) was born near 
Stuttgart, in southern Germany. His father was a mer- 
cenary whose only pleasures seemed to have been 
drink and war. He deserted his family soon after 
Johannes Kepler’s birth. Young Kepler was sickly 
and poor, but he was also a brilliant student. Be- 
ing deeply religious, he enrolled in the University of 
Tiibingen to study theology. While there, he learned 
about the principles of the Copernican system from 
a professor of mathematics (privately, since the uni- 
versity administration frowned upon such heretical 
studies). He graduated in 1591 and took the dual post 
of Mathematician of the Province and teacher at the 
Evangelical Seminary in Graz, Austria. He continued 
his speculations about astronomy, with particular in- 
terest in the relationship between the distances and 
velocities of the planets, as well as the driving forces 
that propel them in their orbits. 

In the meantime, Tycho Brahe had accepted an 
appointment as astronomer to the royal court of the 
emperor of Austria in Prague. He brought with him 
some of his instruments as well as the wealth of 
accurate data that he had collected. When Kepler's 
work came to his attention, Tycho arranged for Kepler 
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to become his assistant. After Tycho’s death, Kepler 
was free to use Tycho’s data in the pursuit of his own 
investigations and turned his attention to the orbit 
of Mars. Convinced of the correctness of Copernicus’s 
system, he set out to verify that this orbit is a circle. 
A circle, not in the simple sense, but in the sense of 
Ptolemy; see Figure 2.26 of Section 2.6. It was Kepler’s 
goal to determine for the orbit of Mars the precise 
positions of the Sun S (S replaces E in the figure just 
mentioned), the center C of the orbit, and the point 
of reference A for the velocity. He computed orbital 
distances and angles for many different positions for S, 
C,and A, and checked and rechecked his computations 
against Tycho’s observations. But after three years of 
grueling work, he was forced to conclude that the orbit 
of Mars could not be a circle. He wrote: 


The planet’s [Mars’s] orbit is not a circle; but 
[starting at aphelion] it curves inward little 
by little and then [returns] to the amplitude 
of the circle at [perihelion]. An orbit of this 
kind is called an oval.” 


Circles and spheres satisfied Kepler’s sense of 
aesthetics, but the oval did not. “If only the orbit were 
an ellipse,” he wrote, “then the problem would have 
been solved already by Archimedes and Apollonius.” 
But an oval! After all his efforts he was left, as he put 
it, with “only a single cartful of dung.” 

Kepler discarded his work and started afresh. 
New calculations and comparisons with observation 
finally brought success. He concluded that the orbit 
of Mars curves inward at both aphelion and perihelion 
and—at last—that it has the shape of an ellipse. In 
1609 he published his first two laws of planetary 
motion in the book Astronomia Nova. 


1. Each planet P moves in an elliptical orbit with the 
Sun S at one of the focal points of the ellipse. (See 
Figure 4.2.) 

2. A given planet sweeps out equal areas in equal 
times. 


Stated more precisely, this second law says the 
following: Suppose that it takes a planet time ¢, to 


Figure 4.2 


move from position P; to Q; in its orbit, and that it 
traces out the area A, in the process. See Figure 4.3. 
Suppose that it later moves from Pp»: to Qe in time te 
while tracing out the area Ag. According to Kepler’s 
second law, 


if ty = to, then Ay = Ap. 


A moment’s thought shows that the second law implies 
that a planet moves faster when it is closer to the Sun 
than when it is farther away. 

The second law also implies that if t; = te + te, 
then A; = Ap + Ao. Soift, = 2te, then A; = 2Ap. 
Similarly, if t; = 83t2, then Ay = 34g, and if t; = $te, 
then A; = 5 Ap. In general, ift; = kt, for some positive 
constant k, then A; = kAg. Now let t; and tz be any 
two time intervals and let i =k. Sot, = kte, and, as 


just asserted, A; = kAzg.So oi = om = &. Therefore, 


Kepler’s law second can be reformulated as follows: 


Let t be any time interval and let A; be the area 
traced out by the planet during time ¢t. Then the ratio 
Ae is the same constant no matter what time t is taken 
and no matter where in the orbit the motion occurs. 


Kepler published his third and final law in 1619. 


3. Let M and J be any two planets and consider 
their elliptical orbits. Let ay be the semimajor 
axis of the ellipse of M. This is ; the length of 
the major axis, i.e., the diameter through the two 


focal points. See Figure 4.4. Observe that the 
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Figure 4.8 


M 
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Figure 4.4 


semimajor axis is a number and not a segment. 
Let Ty be the period of the orbit of planet M. This 
is the length of time required for one complete 
revolution. Let a, and T; be the semimajor axis 
and the period of planet J. Then Kepler’s third 
law states that 


3 3 
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Notice that this law relates the sizes and periods 
of the various planetary orbits. 
Kepler had hit upon-the three laws that are funda- 
mental to the explanation of the workings of the solar 


system. It should be pointed out that his scientific dis- 
course also contains strange (by today’s standards) 
theological and mystical elements. 

Kepler’s last years were troubled. His religious 
beliefs—which saw no contradiction between his as- 
tronomy and the Bible—were attacked, and he was 
labeled a heretic. Europe had become embroiled in the 
Thirty Years’ War. This conflict between Catholic and 
Protestant forces for the control of Europe devastated 
the population and left many cities in ruins. 

The new astronomy did not find general accep- 
tance. Ptolemy’s system of the universe was difficult 
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to dislodge, because it rested on Aristotelian physics. 
This in itself was part of the comprehensive system of 
Aristotelian thought, which consists of a tight weave 
of philosophical discourse, explanations, and obser- 
vations, deeply rooted and difficult to refute. It was 
not until Aristotelian learning was drawn into ques- 
tion that the new astronomy could make any serious 
headway. This task fell in large measure to Galileo 
Galilei. 


4.2 The Studies of Galileo 
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G alileo Galilei (1564-1642) was born in Pisa. He 
JA | exhibited an independence of outlook at an early 
age. He was sent to the University of Pisa, but he left 
four years later when his father could no longer afford 
the considerable fees. (Evidently, this was already a 
problem in those days.) A family friend who was a dis- 
tinguished mathematician taught Galileo the elements 
of Euclid and Archimedes. After a time, Galileo mas- 
tered the basics of mathematics and physics. In time, 
however, he began to have questions. He devised ex- 
periments both in reality and in his mind to test what 
he was learning. 

Aristotle’s theory of motion proclaimed that the 
heavier a body is, the faster it falls. Galileo had 
problems with this, and he engaged in the following 
“thought” experiment. He contemplated a cannonball 
in free fall. Next, he considered it to be cut into two 
pieces, and he thought of both pieces falling side by 
side. See Figure 4.5. From the point of view of the 
fall, nothing had changed. Therefore, the cannonballs 
in the two situations must drop with the same speed. 
According to Aristotle, however, each of the two sep- 
arate halves of the ball—being lighter—must drop 
more slowly than the ball as a whole. Aristotle had to 
be wrong. Galileo had discovered that all bodies fall 
in the same way, regardless of their weight, assuming 
that they are heavy enough for air resistance to be ig- 
nored. (Incidentally, most historians of science are of 
the opinion that Galileo did not drop cannonballs from 
the leaning tower of Pisa.) 


Figure 4.5 


Galileo next turned his attention to quantitative 
aspects of falling objects. Instead of considering a ball 
in free fall, he let it roll down an inclined plane. This 
slowed things down and made it easier to quantify 
observations. He fixed a unit of time and a unit of 
length. In an experiment undertaken in 1604, Galileo 
let a metal ball start from the top of the inclined plane 
at time t = 0. Careful measurements of times and 
distances (in repeated trials) revealed the following 
pattern. See Figure 4.6. The rolling ball covered a 
distance d between t = 0 andt = 1; a distance 3d 
between t = 1 and t = 2; a distance 5d between t = 2 
and t = 3; a distance 7d between t = 3 andt = 4; 
and so on. Since average velocity is distance divided 
by time, Galileo observed that the successive average 
velocities of the ball were 
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and he noticed that the velocity increased at a constant 
rate. What he had discovered was this: the increase 
in the velocity of the ball divided by the time over 
which the increase occurs is the same constant no 
matter when the measurement is taken. This can be 
expressed algebraically as follows: Let v(t) denote the 
velocity of the rolling ball at any time ¢. Let t; and fy 
with t, < t2 be any two moments of time. Then 


u(tg) — v(t) 
to — ty 


for a constant C that is the same no matter what t 
and ts are picked. The constant C does depend on the 
inclination of the plane, however. 

Later, measuring time more accurately using wa- 
ter clocks (Galileo measured time in tempi with 1 
tempo equal to 0.011 seconds) and linking free fall 


= 


4.2 The Studies of Galileo 77 


Figure 4.6 


to properties of the motion of the pendulum, he dis- 
covered that in the case of a ball in free fall, the 
ratio 


v(t2) — v(t) 
tg —ty 


is also equal to a constant. Again, this ratio (nowadays 
written g) is the same regardless of the moments ¢; 
and t2 at which the measurements are taken. 

Beginning in 1608, Galileo put his inclined plane 
on a table and measured the horizontal and vertical 
distances between the point at which the ball left the 
edge of the table and the point at which it impacted 
the floor. After many trials with varying velocities, 
he found that the trajectory of the fall is a parabola. 
We will analyze one of these experiments? in detail in 
Chapter 9. 

Aristotle’s physics had also proclaimed that all 
objects have a natural motion toward the center of 
the universe, i.e., the center of the Earth, and that 
the motion of an object in any other direction is 
possible only as long as a propelling agent is in con- 
tact with it and drives it forward. Once this ceases 
to operate, the motion stops and the object falls 
straight to the ground or comes suddenly to rest. 
The propelling agent in the case of a projectile is 
the disturbance produced in the air at the time of 


the initial impulse. The air that is being pushed and 
compressed in front of the object rushes around be- 
hind it to prevent a vacuum (which cannot exist). 
In particular, for Aristotle, motion in a vacuum was 
inconceivable. 

In summary, the fundamental principle of Aristo- 
tle’s theory of motion is this: An object that is in motion 
will stop unless an external force continues to propel 
It 

Galileo, however, was skeptical and returned to 
his experiments. He released a ball at a certain ele- 
vation on an inclined plane. He let it roll up another 
inclined plane and observed that it reached its origi- 
nal height. See Figure 4.7. He took a second inclined 
plane with a smaller inclination and noticed that the 
same was true. Galileo continued this experiment 
in his mind, imagining frictionless inclined planes of 
smaller and smaller inclinations. Carrying his think- 
ing to its logical end, he concluded that on a flat (and 
frictionless) surface, a perfectly spherical ball would 
roll forever. 

Galileo had thus discovered the law of inertia: A 
body that is in a state of either rest or motion will 
continue in this same state, unless it is acted upon by 
some external force. This stands in sharp contrast to 
the hypothesis of Aristotle. 
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Figure 4.7 


Aristotle’s thinking does seem to be consistent 
with ordinary observation and the data supplied by 
common sense. (After all, a real spherical ball would 
not roll forever.) The laws of motion are not some- 
thing likely to be discovered by experimental methods 
alone. At some point, a transposition in the mind of the 
scientist is also required. Galileo was aware of the “ma- 
terial impediments” of air resistance, friction, and the 
fact that the balls that rolled down his inclined planes 
were not perfectly round. He knew that these factors 
would lead to discrepancies between the conclusions 
of an experiment and the assertion of the basic laws 
of motion. But he knew also that these impediments 
must be separated from the fundamental principles. In 
ordinary experience, there are no perfectly spherical 
balls moving on perfectly smooth, frictionless inclined 
planes and rolling away to infinity. But by imagin- 
ing them, Galileo stripped away the inessentials and 
revealed the laws at the core. 

The problem of motion was a problem of funda- 
mental nature, one that could not be solved by better 
observation within the framework of the older sys- 
tems of ideas. A new frame of mind was required. In 
other words, to understand what is going on it is nec- 
essary to think not about real bodies as we actually 
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observe them in the real world, but about idealized 
bodies moving in an idealized world, one without fric- 
tion and resistance. It calls for the contemplation of 
geometrical shapes moving in abstract space. Upon 
arriving at the basic principles in this abstracted 
context, the variables of drag, friction, etc., can be 
reinserted and analyzed. Observe that Greek geome- 
try had done a similar thing in a much simpler context. 
Its focus was not on the wheel and the ball, but on 
their abstractions, the circle and the sphere. 

Galileo also had a considerable impact on astron- 
omy. He was an advocate of the Copernican system. 
He heard about the invention of the telescope, fash- 
ioned his own, and turned it towards the sky with 
spectacular results. In January of 1610 he observed 
Jupiter. Diagrams in his book the Starry Messenger 
describe what he observed. See Figure 4.8. He discov- 
ered, sometimes on the left, sometimes on the right, 
and at times hidden from view altogether, four satel- 
lites in orbit around Jupiter. The existence of this 
system, which certainly does not have the Earth at its 
center, gave support to the viewpoint of Copernicus. 

Galileo studied the phases of Venus and concluded 
that the pattern they exhibit is consistent with the 
heliocentric hypothesis. In the Ptolemaic system of 
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Jan. 13 


Figure 4.8 
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Figure 4.9 


Figure 4.9, Venus (as seen from Earth) always appears 
more or less crescent-shaped. In the Copernican sys- 
tem of Figure 4.10, however, Venus has the full range 
of phases that Galileo observed. Therefore, the basic 
configuration of the Ptolemaic model had to be in error 
and that of Copernicus correct. 

Galileo became professor of mathematics at the 
University of Padua. He was an eloquent speaker, an 
excellent teacher, and his fame soon spread. When 
a great hall with a capacity of more than a thou- 
sand proved too small, his astronomy lecture would 
be moved outside. He decided to publish his findings 
in pamphlets, dialogues, letters, and books. He wrote, 
not in the Latin of the academy, but in Italian, the 
language of his country. He became embroiled in a 
lengthy controversy with the Church. The Copernican 
system as a mathematical theory was one thing, but 


as a physical reality it was contradictory to scripture, 
undermined the authority of the church, and it had to 
be fought. After 20 years of hearings, misunderstand- 
ings, charges, revisions, and injunctions, Galileo was 
forced to recant and the Inquisition sentenced him to 
house arrest for life. After a lengthy illness, he died in 
1642. 

As we have seen, Galileo’s contributions to sci- 
ence were twofold: His experiments established some 
of the basic laws of motion, and his discoveries with 
the telescope gave credibility to the Copernican he- 
liocentric point of view. Perhaps even more important 
was his new approach to the understanding of natural 
phenomena, which facilitated the transition to modern 
science. 

The definitive explanations of the discoveries of 
Galileo and Kepler require not only a new approach 
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Figure 4.10 


to science, but also a new mathematics. It is possi- 
ble to extract considerable and essential quantitative 
information from Galileo’s discovery that for falling 
bodies, 


v(te) — vr) 
te — ty 


= constant. 


The same is true with Kepler’s laws. The fact that a 
planet’s orbit is an ellipse with the Sun at one of the 
focal points, together with the equality 


At 
= constant 


contains precise quantitative information about the 
orbits of the planets. In both cases, however, the 
extraction of this information requires a new mathe- 
matics: differential and integral calculus. 

The development of both of these branches of 
calculus required a new geometry. It is impossible 
to credit a single individual for the discovery of this 
“analytic geometry.” Some of its basic principles have 
earlier origins. They can be seen, for example, in 
the work of Apollonius and in the coordinate system 


of Ptolemy’s maps. Most historians agree, however, 
that the primary credit for analytic geometry as a 
modern subject goes to the French mathematician 
René Descartes (1596-1650). 

Descartes received his early education from the 
Jesuits, who recognized both his physical weakness 
and his mental alertness. They allowed him to read 
and meditate in bed past rising hours. This became 
a lifelong habit that Descartes found very conducive 
to intellectual output. At the age of 22, amazingly, 
he became a professional soldier. The lulls in military 
activity during the winter months allowed him to 
pursue mathematics and philosophy. One day in 1619, 
while in service in Bavaria, he escaped the cold by 
shutting himself into a “stove.” He recounted that, 
during his meditations in this especially warm room, 
a divine spirit revealed a new philosophy to him. 
When he emerged from the “stove,” he had conceived 
the principles of analytic geometry and the idea of 
applying the mathematical method to philosophy. 

His famous work Discours de la méthode, written 
in 1629 and published in 1637, recalls that 


Archimedes, in order that he might draw the 
terrestrial globe out of its place and transport 
it elsewhere [recall that Archimedes suppos- 
edly asserted, in reference to the lever, that 
if he had a place to stand he could move the 
world], demanded that only one point should 
be fixed and immovable; in the same way I 
shall have the right to conceive high hopes if 
Iam happy enough to conceive one thing only 
which is certain and indisputable. 


He then hit upon the most famous assertion in all of 
philosophy: Je pense, donc je suis. Cogito ergo sum. I 
think, therefore I am. 

Our interest, however, is in a hundred-page ap- 
pendix to the Discours de la méthode, namely La 
Géométrie. In it, Descartes experimented with alge- 
braic notation: he used a; b, c to denote constant 
quantities; he wrote a’, a®, a4, and Va? + b? as we 
do today, and he wrote «, y, 2 for variable quantities. 
But more importantly in the current context, he fixed 
a point’s position in the plane by assigning to it two 
“coordinates,” namely, its distances to two perpendic- 
ular lines. He also discussed the relationship between 
graphs and equations that this connection provided. 
We now turn to a detailed description—in modern 
notation—of what Descartes achieved. 


J ust as the points on a line can be identified with 
the real numbers by using a coordinatized line, 
so the points in a plane can be identified with pairs 
of real numbers. Start by drawing two perpendicular 
coordinatized lines that intersect at their origins. One 
line is placed horizontally with the positive direction to 
the right. The other is placed vertically with the posi- 
tive direction upward. These are the coordinate axes. 
The horizontal axis is often called the x-axis, and the 
vertical axis the y-axis. However, these designations 
depend on the variables used. For example, in a con- 
text where a variable time ¢ or angle @ is considered, 
an axis might be labeled by ¢ or 0. 
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Any point P in the plane determines a unique or- 
dered pair of numbers as follows. Refer to Figure 4.11. 
Draw the line through P parallel to the y-axis. This 
line intersects the x-axis at some point and this point 
has a coordinate, say a, on this number line. Similarly, 
draw a line through P parallel to the x-axis to get a co- 
ordinate, say b, on the y-axis. In this way, Descartes 
assigns to the point P the pair of numbers (a, b). The 
first number, a, is called the x-coordinate of P, and 
the second number, ), is called the y-coordinate of P. 
We say that P is the point with coordinates (a, b), and 
we will often write (a, b) in place of P. For example, 
the point S in Figure 4.11 has coordinates (8, —3.2), so 
S = (3, —38.2). By reversing the process we can start 
with an ordered pair, say (c, d), and arrive at the cor- 
responding point FR. For example, (2, 45) corresponds 
to the point Q. The point (0, 0) is called the origin and 
is often denoted by O. The notation 0 (zero) will be 
used for this point if the attention is on the w-axis or 
the y-axis. 

This setup is called the rectangular or Carte- 
sian (for Descartes) coordinate system. It provides 
the connection between geometric objects—points, 
collections of points, and curves—and algebra—pairs 
of numbers, collections of such pairs, and equations. 
The plane supplied with a coordinate system is called 
the Cartesian plane. The coordinate axes divide the 
Cartesian plane into four quadrants, labeled I, I, ITI, 
and IV in Figure 4.11. Notice that the first quadrant 
consists of the points whose z- and y-coordinates are 
both positive. 


Check that the distance between the points —5 
and 3 on the number line is 8. Observe that this is equal 
to the absolute value of —5 — 3 or, equivalently, that of 
3 — (—5). Similarly, the distance between 6.4 and 4.6 
is 1.8. This is the absolute value of either 6.4 — 4.6 or 
4.6 — 6.4. In general, the distance between the points 
a and b on a number line is equal toa — bifb <a 
and 6 — aif b >a. See Figure 4.12. In the first case, 
a—b > Oand hence |a — b| = a—b. Inthe second case, 
a—b < Oand hence |a—b| = —(a—b) = b—a. Observe, 
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Figure 4.11 


therefore, that the distance between a and b is equal 
to the absolute value |a — b| = |b — a| in either case. 
Consider any two points Py = (#,y,) and Pz = 
(x2, y2) in the plane and refer to Figure 4.13. By the 
remarks just made, the distance between the two 
«-coordinates is |v, — v2| and the distance between 
the two y-coordinates is |y; — y2|. It follows that the 
segment P; P, is the hypotenuse of the right triangle of 
Figure 4.14. Therefore, by the Pythagorean theorem, 


fie = ler — x2|* + ly — ysl. 


+++ 
b a 


Since |a — w2|* = (a, — v)* and ly: — yl? = 
(y1 — ye)", the distance between the points P;(«1, Y1) 
and P(e, y2) is equal to 


a Ja — a2)" + (Yi — Y2)? 


Observe that we are continuing an earlier prac- 
tice: When a segment, here P) Ps, occurs in a mathe- 


dt 
a b 


Figure 4.12 


Figure 4.13 


matical expression, the reference will be to the length 
of the segment. 


Example 4.1. The distance between (1, —2) and (5,3) 
is 


V(l — 5)? + (-2 — 3 — J/42 +52 = V1. 


Since V6 —1)?+(8—(-2) is also equal to 
-/42 +52 = ./41, the order in which the points are 
considered has no effect on the result. 


The graph of an equation in x and y is the set of 
all points (a, b) in the plane with the property that 
the values x = a and y = b satisfy the equation. For 
example, the point (1, —3) is a point on the graph of 
the equation 3x” + y* = 12, since 3(1)? + (—3)? = 12. 
The graph of the equation x = 5 is the collection of 
all points (x, y) with x = 5. This is the vertical line 
through the point « = 5 on the «x-axis. Similarly, the 
graph of y = —7 is the horizontal line through the 
point y = —7 on the y-axis. 

The y-intercepts of a graph are the y-coordinates 
of the points of intersection of the graph with the y- 
axis. They are found by setting x = 0 and solving for y. 
When this is done for the graph of xy? +y"—2x° +3 = 0, 
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for example, we get y? = 3, and therefore y = +v3. 
In the same way, the x-intercepts of a graph are the «- 
coordinates of the points of intersection of the graph 
with the x-axis. They are found by setting y = 0 and 
solving for x. For xy? + y? — 2° +3 = 0, we get x? = 3; 


sow = V3. 


v1 — Ya 


Py [1 — 9] 


Figure 4.14 


A graph is a pictorial representation of an equa- 
tion. It provides a picture of the algebra and clarifies 
what is going on. In the other direction, when a curve 
has to be understood, it is often of great advantage 
to have an equation of the curve, that is to say, an 
equation whose graph is the curve in question. This 
translates the geometric concern into algebra. The 
algebra allows for precise computations that can re- 
veal exact numerical information. In other words, if 
a curve can be represented by an algebraic equation, 
then the rules of algebra can be used to analyze it. 
This complementary duality between geometry on the 
one hand and numbers and algebra on the other is the 
essence of analytic geometry. This interplay is of cru- 
cial importance in the solution of many mathematical 
problems. 

The parabola provides an example that illustrates 
the point. Take any parabola and move it so that its di- 
rectrix D is horizontal. Refer to Figure 4.15. Suppose 
D crosses the y-axis at the point c and observe that 
y = cis the equation of D. Let F' = (a, b) be the focus. 
Since F is not on D, it follows that b F c. 

Let P = (a, y) be any point in the plane. Then the 
distance from P to D is |y — c| and the distance from 
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P to Fis 


PF =,/(@—a)*+(y— b). 


So P is on the parabola precisely when |y — c| = 
J(a — a)? + (y — b)®. Squaring both sides gives 
(y —c)? = («@—a)*+(y— 5)’. After multiplying things 
out and simplifying, we have 


y® — 2cy +c? = x — 2axw +a + y*® — 2by +0" 
2Qby — 2cy = x —2ax+a7+0%-—¢ 
2(b — cy = x — 2ax + (a? +b? — &*). 


Since b 4 c, b—c # 0. So we can divide through by 
2(b — c) to get 


oe 1 . a “| 
i v= (a5) *-(5) +( b=) }° 


: = 1 _ a. as a®+b?—¢? 
Taking A = 54-5, B = —;%, and C = SG-5-, we 


see that any parabola with a horizontal directrix has 
an equation of the form 


y = Aa? + Ba+C. 


Figure 4.15 


Example 4.2. Find an equation of the parabola with 
directrix the line y = 5 and focus (2, —8). 


Solution. Here c = 5, a = 2, and b = —3. Since 


a: ee 
2b—c) 2-3-5) 16’ 
a 2 1 
pee agg ge 
a®+b?-c? 449-25 8 
2b—c) | —8 me 
we see that y = — 2" + a+ # is an equation of this 
parabola. 
y 
y=gx 
Xx 
2 2 
y=- $x 
ys-5x? y=—2x? : 
Figure 4.16 


We have just established the fact that any 
parabola with a horizontal directrix has an equation of 
the form y = Ax” + Bx + C. This argument can be re- 
versed to show that the graph of any equation of the 
form y = Aa? + Bx + C (with A ¥ 0) is a parabola 
with horizontal directrix. 


Example 4.3. Show that the graph of the equation 
y = 2x7 + 5a — 4 is a parabola and find its directrix 
and focus. 


Solution. Work backwards using equation («). Since 
TF = 2, it follows that b—c = ie Because —;", = 5, 
we now get that a = —3. From the equality —4 = 
obec we get a? + b? — ce? = —4.2(b — cc). So B® — 


= -a?—4.2b-c) = -B-—§ = —%. Use of the 
factorization b? — c? = (b+c)(b—c) shows that b+¢ = 
ot. 4 = —5! Since b —c = }, it is now easy to solve 
for band c to get b = —Tandc = —Ti. It follows from 
equation («) that y = 2a7+5x—4 is the equation of the 


parabola with directrix y = —74 and focus (—3,7). 


Consider the equation y = Ax? + Bx + C, with 
A #0. For very large positive or negative x the term 
Ax* will dominate the others. So if A > 0, then y 
is positive when |x| is large, and if A < 0, then 
y is negative when |x| is large. It follows that the 
parabola y = Aa? + Bx +C opens upward if A > 0 
and downward if A < 0. 


Example 4.4. Draw the graph of the parabola y = 
Qa”. 


Solution. Set up a table of values, plot points, and 
join them by a smooth curve to obtain the appropriate 
graph in Figure 4.16, which also shows two other 
parabolas of the form y = Ax’. 


Example 4.5. The parabola y = «7 + 3a + 4 opens 
upward. For which value of « does y attain its smallest 
value? 


Solution. Complete the square to rewrite the equa- 
tion as 


3\2 2 
yaa sartdaa sar (5) -(5) +4 


2 
aye 9 
= = Bes: 
(«+5) + Z 
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Figure 4.17 


Soy = (w+ ay? + +. Notice that the smallest possible 
value of y is y = 7 and it occurs for « = —$. 


Example 4.6. Cut the parabola y = x? + 3a” +4 with 
the horizontal line y = 4 and compute the area of the 
resulting parabolic section. See Figure 4.17. 


Solution. This can be done using Archimedes’s theo- 
rem. By Example 4.5 (—, 7) is the lowest point on the 
parabola. Since the tangent line hugs the curve near 
the point of contact, the tangent to the parabola at 
(- 3, a) must be horizontal. So this tangent is parallel 
to the cut y = 4. It follows that (—3, ) is the vertex 
of the parabolic section. (See Section 3.1.) The points 
of intersection of the parabola and the line y = 4 are 
needed next. If (x, y) is on both the parabola and y = 4, 
then y = «7+ 3x"+4andy = 4. Soa*+3xe+4 =4, 
and x? + 3x = 0. By factoring, «7 + 37 = x(a +3) = 0, 
so « = 0 or « = —8. Therefore the points of intersec- 
tion are (—3, 4) and (0, 4). By Archimedes’s theorem, 
the area of the parabolic section is i times that of the 
inscribed triangle. Refere to Figure 4.17 again. The 
inscribed triangle has base 3 and height 4 — f = 2: Xe) 
the triangle has area  -3- 3 = =. Thus the area of 
the parabolic section is $ - = = 3. 

Consider the general equation y = Av?+Ba+C of 
the parabola. Ifthe variables x and y are interchanged, 
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then the roles of the w-axis and the y-axis are inter- 
changed. It follows that any parabola with vertical 
directrix has an equation of the form x = Ay*+By+C 
with A ¥ 0. It opens to the right if A > 0 and to the 
left if A < 0. 


Inthe same way that curves in the Cartesian plane 
are represented by algebraic equations, regions in the 
plane are given by algebraic expressions involving 
inequalities. 


Example 4.7. Describe and sketch the regions given 
by the following sets of points in the Cartesian plane. 


(a) The set {(v,y) | « > 1}. The notation means that 
this is “the set of all points (a, y) with the property 
that x > 1.” 

(b) The set {(x, y) | |x| < land |y| < 1}. This is “the set 
of all points (a, y) with the property that |x| < 1 
and |y| < 1.” 


Solution. (a) All points on or to the right of the line 
a = 1. (b) All points inside the box formed by the lines 
Cat ve —1y = 1,and y= =, 


Example 4.8. Let P = (x,y) be a point in the plane. 
What relationship between «x and y places P into the 
parabolic section of Example 4.6? 


Solution. The parabola has equation y = x7 +3” +4. 
Refer back to Figure 4.17 and start with any point 
(a, y) onthe parabola. Soy = «*+3a+4. Increasing the 
y-coordinate moves the point above the parabola. It 
follows that the points (a, y) on or above the parabola 
are precisely those with y > «* + 3a + 4. Therefore, 
the points P = (x, y) in question are those that satisfy 
4 > y > x* + 3x +4. So the parabolic section is 
(x,y) | a2 + Ba +4 <y <4}. 
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SCE R ARS 


onsider a circle with center C = (8,2) and radius 
4, By definition, a point P = (x,y) in the plane 


is on the circle precisely if the distance from P to the 
center (3, 2) is equal to 4. See Figure 4.18. Put another 
way, P = (x,y) is on the circle exactly when 


PC = (@- 3% + y-2? =4. 


Squaring both sides, we see that this is so precisely 
when 


(a — 8)" + (y — 2)* = 16. 


C= (x, y) 


Figure 4.18 


Proceeding in the same way, a point P = (a, y) 
is on the circle with radius r and center (h, k) exactly 
when its coordinates satisfy 


(w — hy +(y—kyY =". 


This is an equation of the circle with radius 7 and 
center (h,k). If the center is the origin O = (0,0), the 
equation is x? + y* =r”. 


Example 4.9. Find an equation of the circle with 
radius 3 and center (2, —5). 


Solution. Putting r = 3, h = 2, and k = —5, we 
obtain (w — 2)* + (y+ 5)? = 9. 


Figure 4.19 


Example 4.10. Show that the graph of the equation 
oe +y? +26 —6y +7 = 0 isa circle and find its center 
and radius. 


Solution. Rewrite the equation as 
(a? + 2x) + (y* — Gy) = —7. 


After completing the square for each variable and 
adding the appropriate constants to the right side of 
the equation, this equation becomes 


(a? + 2e +1)4 (y® —6y +9) = -74+14+9, 
or 
(2 +1) +(y— 38? =3. 


Comparing this equation with the standard equation 
of the circle, we see that h = —1,k = 3, andr = V3. 
So the given equation is that of a circle with center 
(—1, 3) and radius J/3. 


Consider a circle of radius r with center the origin. 
Let P = (x,y) be a point on the circle in the first 
quadrant. Draw a radius to P and let 6 be its angle 
with the positive x-axis. Denote by s the length of the 
arc that this angle cuts from the circumference; see 
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Figure 4.20 


Figure 4.19. Observe that sind = f cos@ = *, and 
that 6 = = (in radians). So 


“e=reos?@ and y=rsiné. 
Whenr = 1, these relationships have the simpler form 
“«=cosé, y=siné, and @=s. 


We will therefore take r = 1. This circle with center 
at the origin and radius 1 is called the wnt circle. Its 
equation is x” + y* = 1 and its circumference is 27. 

So far—see Chapter 1—only angles @ with radian 
measure 0 < @ < 27 have been considered. In fact, in 
the definitions of sin@ and cosé@ it was required that 
0 <6 < 5. We will now expand the concepts of angle, 
sine, and cosine. After our discussion is complete, we 
will have achieved the following: Any real number @ 
can be interpreted as an angle, and sin é and cos 6 will 
make sense for any real number 0. 

Let 6 be any real number. Assume first that 6 > 0. 
Measure off a distance of 6 along the perimeter of the 
unit circle: start at the point (1, 0) and proceed in a 
counterclockwise direction. Think of winding a string 
of length @ around a cylinder of radius 1. It may be 
necessary to go around the circle many times. After 
the entire distance @ is rolled out, place a point on the 
circle to mark the measurement and label the point 
P,. Recall that the circumference of the unit circle is 
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2x; so § is the length of a quarter of the circle. To 
measure off 6 = §, start at (1, 0), go around (always 
counterclockwise) the first quarter of the circle, and 
stop at Py = (0,1). To measure off 6 = 7 = 2- §, go 
around the first two quarters of the circle and stop at 
P, = (-1,0). For 6 = 13m = 8- 3, go around the first 
three quarters to Py = (0, —1). For 6 = 27 = 4. $, go 
around all four quarters to Ps = (1,0). Note that this 
was the starting point. For 6 = 25m = 5- § continue 
for one more quarter, for a total of five quarters, to 
Py = (0,1). For 6 = 5x = 10- 5, go around ten 
quarters. After four quarters, and again after eight 
quarters, you'll reach the starting point (1, 0), then 
you'll stop at Py = (—1,0). Consider 0 = 8.691. Since 
5-5 & 7.854 < 8.691 < 9.425 ~ 6 - 5, go around 
the perimeter for five quarters to (0, 1), and then for 
another 8.691 — 37 ~ 0.837 units past this point to get 
to Py. See Figure 4.20. It should now be clear how any 
positive number @ can be interpreted as an angle: it is 
the opening generated by the segment from O to (1, 0) 
as it rotates from (1, 0) to the point Py. 


Bs 
A 


Figure 4.21 


If 6 is negative, then —é is positive. To get the 
point P, in this case, measure off —6@ on the circumfer- 


ence in a clockwise direction, again starting at (1, 0). 
Therefore, when the segment from O to (1, 0) ro- 
tates counterclockwise, it generates positive angles 
and when it rotates in a clockwise fashion, it generates 
negative angles. In either case, we will refer to the real 
number @ as the radian measure of the angle obtained 
in this way. Convince yourself that for 0 < 6 < 27 this 
use of the concept radian measure is the same as that 
already introduced in Section 1.2. Figure 4.21 gives an 
example of a positive angle a and a negative angle £. 
What is the radian measure of the angle obtained by 
letting the segment from O to (1, 0) rotate clockwise 
for three and a quarter revolutions? Since three and 
a quarter revolutions are 34 x 4 = 18 quarter turns, 
this angle is —Br. All angles can be given in degrees 
also. For example, the angle just discussed is equal to 
(—34) - 360° = —1170°. However, in this book, angles 
will virtually always be given in radians. 

We have defined angles in terms of the length of 
the are that they cut from the unit circle. A circle of 
any radius r can also be used for this purpose, but then 
division by 7 is necessary. 


We now turn to the definition of sin 6 and cos 6 for 
any real number 6. Continue to consider the unit circle. 
Take @ and locate the point Py. Let the coordinates of 
P, be x and y and define 


cos@=x and y=siné 


as illustrated in Figure 4.22. To repeat, sin 6 and cos 6 
are defined to be the y-coordinate and the x-coordinate 
of the point P,, respectively. For 0 < 6 < §, this 
agrees with the definition in Section 1.4. Refer to 
Figure 1.16 in that section and take h = 1. 

Suppose now that we are given a circle of radius 
ry and a point Q on the circle and that @ is the an- 
gle between the radius OQ and the positive «x-axis. 
What are the coordinates of Q? Consider the corre- 
sponding point Py = (cos 6, sin 6) on the unit circle. See 
Figure 4.23. By similar triangles, 


ey r 
cos6 sind 1 


Figure 4.22 


Therefore, the coordinates of Q are 
x=reosd and y=rsiné. 


The sine and cosine satisfy a number of basic 
formulas. These can often be “read off” from Fig- 
ure 4.22. Let 0 be any real number. Since the point 
Py = (cos6,sin 9) is on the unit circle, it satisfies the 
equation «? + y? = 1. Therefore, 


sin? 6 + cos? 6 = 1. 
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cos 6 


Figure 4.23 


Example 4.11. Let 6 be any real number. Observe 
that P, and Pe,2, are the same point. So 


sin(@+27)=sin@ and cos(@+ 27) = cosé. 


Why are these formulas valid with —2z in place of 2? 
Note that the points P, and Py,, are on the opposite 
ends of a diagonal of the unit circle. After thinking 
for a moment (and perhaps making a sketch of the 
situation), you will see that 


sin(@+a)=-—sinéd and cos(@+ 7) = —cosé. 


Why are these formulas valid with —z in place of x? 
Think about how the points P, and P_, are related and 
observe that sin(—@) = — sin @ and cos(—@) = cos@. 


Figure 4.24 
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Figure 4.25 


Continue to refer to Figure 4.22. Notice that as 
6 varies from 0 to 5, sin@ varies from 0 to 1; as 6 
moves from 5 to z, sin@ varies from 1 to 0; and so on. 
Plotting the various points (6, sin 9) provides the graph 
in Figure 4.24. Doing the same thing for the cosine, we 
get the graph in Figure 4.25. 

Now turn to tand = “4%. Suppose first that 
0<6< 3. If6 = 0, then tan = 0. Again turn to 
Figure 4.22. As 6 increases, the sine increases and 
the cosine decreases. Since both are positive, tan6 
increases. When 6 is close to 5, the sine is close to 1 
and the cosine is close to 0, so tané is very large. If 
6 = 5, then cos@ = 0, so that tané is not defined. 


When —5 < 6 < 0, the situation is similar. Since 


the sine is negative and the cosine is positive, tan @ is 
now negative. The rest of the graph of the tangent is 
simply a repitition of the pattern for —} < 0 < §. It 
is sketched in Figure 4.26. 


Example 4.12. Let 6 be any angle. Since sin(@ + 7)= 
—sin@ and cos(@ + z) = —cos@, it follows that 
tan(@ + 2) = tan. Similarly, tan(—@) = — tané. 


i AAA LATA RRR SN 


onsider an ellipse given by the focal points F, 
and F2 and the constant k > Fy Fe. Recall from 


Figure 4.26 


Section 3.1 that & is the sum of the distance from a 
point on the ellipse to F' and the distance from that 
point to Fy. Move the ellipse in the plane in such a 
way that F', and F» lie on the w-axis equidistant from 
the origin. Refer to Figure 4.27. Then the origin is the 
center of the ellipse. The ellipse is now in what we call 
standard position. Note that in this position, there is 
anumber e > 0 such that 


F,=(e,0) and Fy, =(—e,0) 


and k > 2e. We already know from Section 3.1 that 
a point P = (w,y) falls on the ellipse exactly when 
PF, + PF, = k. The concern will now be the precise 
conditions on the coordinates x and y of P that will 
guarantee this. Let a = is So 2a = k > 2e, and hence 
a>e.Ifa =e, then k = 2e. In this case, the ellipse 
consists of the points on the segment F’; F2. (Why?) 


Ne 


F,=(~e, 0) 


Figure 4.27 


Since the ellipse consists of all points P = (x,y) 
such that PF, + PF. = k, the point P = (a, y) is on 
the ellipse precisely if 


lee + (y — 0% + /@ — (—e)? + y — OP = 2a. 


After simplifying, squaring both sides, canceling, 
moving things around, and simplifying once more, this 
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equation is transformed in successive steps to 


J@—eF ++ Veto + He =2a, 
V@—eP +y =2a- Ja+er+y, 


(e—eP +y? = 4a? —4daJ/wterty? 


+(e+eP ty’, 


(oe — e)? = 4a? — 4a/(x +e? + y? + (ate), 


ao? — Qex +e? = 4a? — 4a,/(x + e)? + y? 


+ 7 + 2ex + e?, 


ay/(a +e)? + y? =a" + ex, 
a? ((a +e) + y") = at + 2a7ex + e*a*, 
a*(a? + 2ex +e? + y) = at + 2a7ew + Cx", 
aza? + 2a2ex + a2e? + a®y? = at + 2a%ex + ex, 


2 


2y2 4 g2y2 — at — are’, 


azn? — e*x 


(a2 = e* )ac* te a*y” _— a?(a? = e”), 


Now set b = Va? — e?. Since b* = a* — e’, this last 
equation becomes 67a? + a?y* = a7b*. In the case a = 
é, it was already pointed out that the ellipse consists 
of the points on the segment F\F'2. So we will now 
assume that a > e and hence that b > 0. Dividing 
the equation b?x? + a?y? = a®b* through by a7b* now 
shows that 


2 g 
y 


az | Be 
This is the standard equation of the ellipse. Since b = 
Ja — e7 notice that a > b. Observe that if a = b, then 
this ellipse is a circle with radius a. 

Setting y = 0 gives x” = a*. So the x-intercepts 
are +a. It follows that k = 2a is the length of the 
major axis. Therefore a is equal to the semimajor axis. 
Similarly, the y-intercepts are +b, the length of the 
minor axis is 2b, and b is called the semiminor axis. 

The distance e between the center and either of 
the focal points is called the linear eccentricity of the 


= 1, 
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ellipse. Refer to Figure 4.28. Since the point B = (0, b) 
is on the ellipse, 2BF, = BF, + BFg = k = 2a, 
and hence BF, = a. In the same way, BF: = a. By 
Pythagoras’s theorem, a” = b? + e*. Hence, e? = a? — 
b*. So the linear eccentricity is equal to e = Va? — b?. 
The ratio 


linear eccentricity e 
Ome eee 
semimajor axis a 


is the astronomical eccentricity. Since e < a, itis clear 
that 0 < « < 1. The constant ¢ measures the flatness of 
the ellipse. If ¢ = 0, then e = 0, in which case F’} = F2 
and the ellipse is a circle. If ¢ = 1 then e = a. This is 
the case where the ellipse is the line segment between 
the two focal points. The “general ellipse” has a shape 
between these two extremes. If it is close to being a 
circle, then b is close to a, the eccentricity e is small, 
and « is close to zero. If the ellipse is flat, then b is 
small relative to a, the quantities e and a are close to 
each other, and « is close to 1. 


Example 4.13. Show that the graph of 9x? + 16y? = 
144 is an ellipse. Determine the semimajor and 
semiminor axes, the two eccentricities, the two focal 
points, and the constant k. 


Solution. Divide both sides of the equation by 144 to 
get 


2 2 
y 

—+—=1. 

16° 9 

This is the standard equation of an ellipse. Since a? = 

16 and b* = 9, we get a = 4 and b = 38. The linear 

and astronomical eccentricities are, respectively, e = 

J16—9 = /Vande = Ma = 0.66. The focal points are 


(—/7,0) and (./7,0), and k = 2a = 8. 


With the ellipse placed with the focal points on 
the x-axis and the origin at the center of the segment 
connecting them, its equation—as we have seen—is 
of the form 


Pe Nt 


B=(0, b) 


Figure 4.28 


with a > b. If we line up the ellipse so that the focal 
points are on the y-axis (again with the center of the 
connecting segment at the origin), then the ellipse has 
an equation of exactly the same form, but this time 
with b >a. 


4.6 Cavalieri’s Principle 
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W e begin with an important general principle. 
Kepler made use of it, but it is known today 
as Cavalier’s principle. Bonaventura Cavalieri (1598— 
1644) was a student of Galileo. 

Consider any two regions with areas C and D. 
Place both of them above the x-axis as in Figure 4.29, 
Suppose that for every x, the vertical cross-sectional 
cut through D has the same length as the vertical 
cross-sectional cut through C, that is dy = c, for 
all x. In such a situation it is certainly reasonable to 
conclude that C = D. To reach this conclusion regard 
the two regions as sliced into thin strips. Therefore the 
underlying principle is the same as that of the Method 
of Archimedes. It is equally reasonable to conclude: If 
d, = 2c, for all x, then D = 2C; if dy = 3c, for all x, 
then D = 8C; if d, = $c, for all x, then D = $C, and 
so on. We have now arrived at 
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(x, Yo) 


Figure 4.30 


Figure 4.29 


Cavalieri’s principle: If d,, = kc, for all x and fora 
fixed positive number k, then D = kC. 


Observe, in particular, that if the area C and the 
constant k can both be determined, then the area D 
can be determined. As an application of Cavalieri’s 
principle, we will compute the area of the ellipse 


Figure 4.31 
2 2 
az sob? 
where a > 0, b > 0, and a > b. Consider simultane- yo = Vaz — x. Because (x, y) is on the ellipse, 
ously the graph of the ellipse and that of the circle 
ve’ +y* =a. Let x satisfy —a < x < a and, as shown y" te. ae _ a ~ 3" 
in Figure 4.30, let (x,y) and (a, yo) be the indicated b2 ae 
points on the ellipse and circle, respectively. Since po. ge. 
(a, yo) satisfies x7 + y* = a? and yo > 0, it follows that y= = ACs — x”), 
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and after taking square roots, 
b b 
y = —V a? — x7 = —Yo. 
Y A a? 


Separate the upper semicircles and the upper part of 
the ellipse, as shown in Figure 4.31(a). Notice that we 
just demonstrated that d,, = 2c, for any . Since the 
area of a semicircle of radius a is ma", it follows by 
Cavalieri’s principle that the area of the upper half of 
the ellipse is equal to 4(ja”) = }xab. Therefore, the 
full ellipse with semimajor axis a and semiminor axis 
b has area 


mab. 


Note that Cavalieri’s principle also applies to Fig- 
ure 4.31(b). In particular, the area of the elliptical sec- 
tion has area b times that of the semicircular section. 


Example 4.14. Refer to Figure 4.32. Consider the 
section QPN of the ellipse x + g = 1 and the sector 
PON of the circle x” + y* = 4°. Determine the area 
of the elliptical section in terms of the angle 8. 


Solution. The area of the circular sector P’ON is 
iB-4" = 8B. (See Section 3.2.) Since OP’ = 4, we 
have sin(z — pf) = ap and cos(z — B) = se There- 
fore, the area of the triangle QP’O is QO - QP’ = 
8 cos(z — B)sin(z — f). Adding the area of the trian- 
gle to the area of the sector shows that the area of the 
circular section QP’N is 88 + 8cos(z — B)sin(z — B). 
Since a = 4and b = 3, we find by Cavalieri’s principle 
that the area of the elliptical section QPN is 


: -8[B + cos(z — B)sin(z — B)| 


= 6[6 + cos(x — £)sin(x — p)]. 


Making use of Example 4.11, we can conclude that 
cos(z — £) = cos(B — 2) = — cos and sin(z — f) = 
— sin(fB-—-) = sin p. Therefore the area of the elliptical 
section can be written as 6(8 — sin B - cos B). What 
happens if the angle £ is less than $? Then the area 
of the circular section QP’N is equal to the area 
of the circular sector P’ON minus the area of the 


triangle QOP’. Check that the area of this triangle 
is 8sin B - cos B. So the area of the circular section is 
QP’N is 88—8 sin B-cos B and by another application of 
Cavalieri’s principle, the area of the elliptical section 
QPN is 68 — 6sin Bf - cos £ in this case also. 


et’s now turn to Kepler’s mathematical analysis 
of the orbits of the planets. The starting point is 
Kepler’s first law, which states that every planet is in 
elliptical orbit around the Sun with the Sun at a focal 
point. The discussion that follows retains the essence 
of Kepler’s work; but it is different in notation as well 
as in detail, and it adds more recent information. 
Recall that one astronomical unit (1 AU) was 
defined to be equal to the distance between the 
Earth and the Sun. However, since the Earth’s or- 
bit about the Sun is an ellipse, this distance varies, 
and so more precision is necessary. Let a be the 
semimajor axis of the Earth’s orbit and let e be 
its linear eccentricity. Since the Sun is at a fo- 
cus of the ellipse, we see from Figure 4.28 that 
a +e is the farthest distance from the Earth to 
the Sun and a — e the closest. So the average 
distance 
(ate)+(a—e) 2a _ 
en” ae eats 
is also equal to the semimajor axis. We will now 
define 1 AU to be equal to the semimajor axis of 


Planet Semimajor 


Orbital Data of Planets 


Period of the 


axis in AUs orbit in years 
Mercury 0.3871 0.2408 
Venus 0.7233 0.6152 
Earth 1.0000 1.0000 
Mars 1.5237 1.8809 
Jupiter 5.2028 11.8622 
Saturn 9.5388 29.4577 


4.7 Kepler’s Analysis of the Orbits 


Angle of orbital 


95 


Astronomical plane with that Average speed 

eccentricity of the Earth — in miles/sec 
0.2056 7.00° 29.6 
0.0068 3.39° 21.7 
0.0167 0.00° 18.5 
0.0934 1.85° 15.0 
0.0484 1.31° 8.1 
0.0557 2.49° 6.0 


the Earth’s orbit. The actual value of 1 AU was not 
known with any precision until the latter part of 
the 18° century, when it was shown to be equal to 
93,300,000 miles. This was calculated by use of parallax 
and information about the path that Venus traces 
out across the Sun. A recent determination by the 
Jet Propulsion Laboratory in Pasadena, California, 
is 


1 AU = (499.004784 seconds) x (speed of light) 


— 92,955,807.2 miles. 


It relies on measuring the round-trip travel time of 
radio waves (radar) from the Earth to the Sun. 

Let’s return to Kepler’s great adversary, the 
planet Mars. Tycho Brahe’s observations, as well as 
his own, supplied Kepler with essential quantitative 
information about the orbit. In his Astronomia Nova 
he recorded the farthest distance from Mars to the 
Sun as 1.6678 AU and the closest as 1.8850 AU. Let 
a be the semimajor axis of Mars’s ellipse and let e be 
its linear eccentricity. Refer to Figure 4.28 again and 
observe that a + e = 1.6678 AU and a — e = 1.8850 
AU. So 2a = 3.0528 AU and 2e = 0.2828 AU. Hence 


a = 1.5264 AU and e = 0.1414 AU. The astronomical 


eccentricity of Mars’s orbit is e = * = 0.0926. Kepler 
had precise numerical information about the orbits of 
the other planets as well. 

We will use today’s version of these data. See 
Table 4.2. Only the six planets known at the time of 
Kepler are listed. 

Notice that the astronomical eccentricities are 
small for all the orbits listed. Since an ellipse with 
a small astronomical eccentricity is close to being a 
circle (see Section 4.5), it follows that the orbits of the 
planets are nearly circular. The orbit of Mercury has 
the largest astronomical eccentricity and is the most 


“elliptical.” 


Example 4.15. Let’s continue to look at Mars. Its 
semimajor axis a is approximately 


a = (1.5237)(92,960,000) miles 


= 141.64 million miles. 
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Since the linear eccentricity is e = ea, the semiminor 
axis 6 equals 


b= Va*—e& = Va? — 2a? 
— a1 — (0.0934)2 = av/1 — 0.0087 


= av 0.9913 = 0.9956a. 


So b = (0.9956)(141.64) = 141.02 million miles. Ob- 
serve that the maximum and minimum distances from 
Mars to the Sun are, respectively, 


ate=al+e)=a(1+4+ 0.0934) = 1.0934a 
= (1.0934)(141.64) = 154.87 million miles, 
a—e=a(l—e)=a(l — 0.0934) = 0.9066a 


= (0.9066)(141.64) = 128.41 million miles. 


Example 4.16. The semimajor axis of the Earth is 
a = 1 AU, and its astronomical eccentricity is ¢ = 
0.0167. It follows that the semiminor axis is 


b= Va? — c2a? = V1 — (0.0167) 
= ¥1— 0.0003 = V0.9997 = 0.9998 AU. 


The distance from the Earth to the Sun varies from a 
minimum of 


a—e=a-—ea=1—0.0167 = 0.9333 AU 


to a maximum of a + e = 1.0167 AU. In miles, the 
variation is from about 91.41 million miles to about 
94.51 million miles. 


Examples 4.15 and 4.16 show how close the orbits 
of both the Earth and Mars are to being circles. Note 
that the semimajor and semiminor axes are nearly 
equal in each case. It seems remarkable that Kepler 
was able to conclude that they were not circular. The 
variations in the maximum and minimum distances 
from the Sun are significant, however, especially in the 
case of Mars. Therefore, the issue is not so much the 
fact that the orbits are elliptical, but rather that the 


Sun is off-center at a focus. This is the reason, in ret- 
rospect, why Ptolemy’s off-centered circle simulates 
the Earth’s orbit around the Sun reasonably well (see 
Section 2.5). 

Kepler’s first law, in combination with the data 
of Table 4.2 and the analysis of the ellipse in Section 
4.5, gives a precise picture of the shape of the orbits 
of the planets. Now, however, comes a fundamental 
question: How exactly, does a given planet trace out 
its orbit? In other words, where in its orbit is a planet 
at a given time? 

This question can be reformulated with more pre- 
cision as follows. Refer to Figure 4.33, which depicts 
a planet in orbit around the Sun, S. Suppose that at 
a certain time, which we will designate as t = 0, the 
planet is at the perihelion position N, the position clos- 
est to the Sun. Let P = (a, y) be the position of the 
planet at some later time ¢ (in Earth days, for exam- 
ple). Let r be the distance from S to P, and let a be 
the indicated angle. The problem now is this: can both 
a and r, and therefore the position P of the planet, be 
determined in terms of the elapsed time ¢t? Reflect- 
ing over Kepler’s second law suggests that this should 
be possible. And indeed it is, as we shall now see! 
The key to the answer to this problem is a construc- 
tion that was already employed in the computation of 
the area of the ellipse. Surrounding the elliptical or- 
bit with a circle (which is purely a mathematical tool 
with no physical significance) will allow us to separate 
a difficult problem into manageable components. 


Let’s begin by placing a Cartesian coordinate sys- 
tem in such a way that the ellipse is in standard 
position with the focus S at (e, 0) on the positive a-axis. 
So the equation of the planet’s orbit is 


ce 
b2 
where, as before, a and 6 are the semimajor and 
semiminor axes, respectively. Recall that 6 = 
Jaz — e. Soa > b,b* =a? — e? and e = a? — B?. 

We will now supplement Figure 4.33 as follows. 
Refer to Figure 4.34. Let the coordinates of the point 
P be (x,y) and let X = (x,0) be the point on the x- 


oe? 


ate 


Figure 4.33 


Figure 4.34 


axis directly below P. Now superimpose the circle 
a? + y? = a? of radius a, let Po = (x, yo) be the point 
on the circle directly above P, and let 6 be the angle 
determined by ON and OPp. Finally, let A be the 
aphelion position of the planet’s orbit. Observe that 
this is the position where its distance from the Sun is 
greatest. 

The solution of the problem requires three steps. 
Step 1 expresses both rv and a in terms of the angle £. 
Step 2 produces an equation that links £ to the time ¢. 
Step 3, finally, solves this equation for 6 in terms of t. 
The three steps together determine r and a in terms 
of t. The planet’s position P is then given in terms of 
t, and Kepler’s objective is achieved. 
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Let’s turn to Step 1. Note from Figure 4.34 that 


cos B = $F = =, so that 


x = acos fp. 


Similarly, sinf = “, and hence yo = asin. Since 
y = *yo, as already observed in Section 4.6, 


y = bsin B. 


Applying the Pythagorean theorem to the triangle 
SPX and using the equalities SX = e—«,e? = a? — b? 
and sin” B + cos? 6 = 1, Kepler calculated as follows: 


r=yte—xP 
= b* sin” B + (e — acos fp)” 
= b* sin” B +a* cos” B — 2ae cos B + e 
— (a? — e*) sin” B + a? cos® B — 2ae cos B + e” 
— a? — e sin” B — 2aecosB +e" 
=a+e(1— sin” B) — 2ae cos B 
= a? + e* cos* B — 2ae cos B 
= (a — ecos p)”. 


Since a > e > ecos f, the term a — e cos B is posi- 
tive. Because r is also positive, we can take the square 
root of both sides of the equality r7 = (a — ecos py 
just derived to get r = a — ecos B. Factor out a to get 
r = a(1— £ cos B). Recalling that the astronomical ec- 
centricity is e = £, we see that Kepler has derived the 


equation 
r = a(1 — € cos B) 


Therefore, 7 is now determined in terms of f. 
By Example 4.12 in Section 4.4, 


tana = —tan(—a) = —tan(z — a). 
Another look at the triangle SPX now shows that 


y _ sing 
e—-x acosp—e 


tana = —tan(z —a) = — 
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With the substitution ae = e, this becomes 
bsin p 


t = ————.. 
en a(cos B — €) 


Thus Kepler has determined tana, and hence a, in 
terms of £. Itis important to observe that the formulas 
for both r and tan w are valid for any position of P along 
its orbit. This follows from the basic trig formulas 
of Examples 4.11 and 4.12 of Section 4.4 for each of 
the three cases (P in the second, third, and fourth 
quadrants) that must be checked. Refer to Example 
4.14, where this was done in a related situation. 

Starting with the expression for tana that was 
just determined (and using lots of trigonometry), it is 
possible to derive the equation 


This formula is easier to use because it involves fewer 
computations. It is known as Gauss’s formula. Its dis- 
coverer, the German mathematician-astronomer Carl 
Friedrich Gauss (1777-1855) is considered to be, along 
with Archimedes and Newton, the most famous and 
brilliant of all mathematicians.* Exercises 4F will 
“walk you through” the derivation of this formula. 


Step 2 follows next. Recall that its purpose is to 
connect the angle f with the elapsed time ¢t. We will 
see that this connection is a consequence of Kepler’s 
second law. 

Let A; be the area swept out by the segment 
SP during time t the planet moves from N to P. See 
Figure 4.35. Step 2 begins with the computation of A; 
in terms of £. 

Refer back to Figure 4.34 and note that 


Area section Py) XN 
= Area sector Py9ON — Area AP) XO 


Because PoON is a circular sector with radius a and 
angle f, its areais 5a" B. See Section 3.2. Since the area 
of the right triangle Pp XO is SLYo and yo = asin B, it 


Figure 4.35 


follows that 
1 1 
Area section Pp XN = 5 Bar — ua sin B. 


Refer next to Section 4.6, in particular to Fig- 
ure 4.31(b) and deduce that the elliptical section PXN 
has area b times that of the section PoXN just 
computed. Therefore, 


Area section PXN = ° (5 pa? — sd sin 6) 


1 1 ; 
= 3 bab — gb sin B. 
Now return to A; and observe that 


A; = Area section PXYN— Area APXS 


1 Ee ns 1 
= (5600 — 5vbsin B) = gle — xy 
1 | ae 1 , 
= (500 — 5vbsin —- 3 — x)bsin B 
1 | eee 1 1 
= 5 Bba — 926 sin B = 5 Bab —~ 5eab sin B 


= CO — esin B). 


The quantity A; can be computed in another way. 
As consequence of Kepler’s second law (refer to Sec- 
tion 4.1), the ratio “ is the same for any ¢t. It can 
therefore be evaluated by taking t to be the period 7 


of the orbit of the planet. Since the area of the full el- 


lipse is ab, it follows that 4: = %. So A; = “. By 


setting the two expressions for A; equal to each other, 


(6 - esin p) = %. After a simplification, 


This is a famous equation, known appropriately as 
Kepler’s equation. It provides the link between t and 
B. It should be noted that Kepler’s equation and its 
derivation are valid for any position P of the planet and 
any elapsed time t (even though our argument relies 
on Figures 4.34 and 4.35, which place the planet in the 
first quadrant of its first orbit). Step 2 is now complete. 

The problem that remains is the solution of Ke- 
pler’s equation for 6 in terms of t. This objective of 
Step 3 is taken up in the next section. 


4.8 The Method of Successive 
Approximations 


AAR LANE LE A ES EEE LE RB BE EE A SE NS SESE SN IIE NE PSEC SNS 


IT o solve the equation 6 — esin B = = for Bis not 
easy. To do so, we will use the method of szc- 
cessive approximations. If you have ever determined 
your weight on a scale that has a sliding pointer, then 
you already understand the essence of this method. 
The start is made with an educated guess (an initial 
estimate of your weight), and then an approximation 
step (slide the pointer) is used to successively close in 
on the desired value (your weight). The game “played 
with squares” in Section 3.3 is also an example of the 
method of successive approximations. There the edu- 
cated guess (not so educated, actually) is the choice of 
the black Las a first approximation of the area of the 
square. The approximation step is this: reduce the di- 
mension of L by a factor of four and insert this reduced 
Linto the white square that remains. Applied over and 
over, this procedure homes in on the area of the square. 

We will illustrate the method of successive ap- 
proximations in another context. Suppose that p(«) is 
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a polynomial. For example, take 
p(x) = at + 2x3 — 124 — 1. 
Notice that p(0) = —1 and that 
p(2) = 2442.23 -12.2-1=16416—-24-1=7. 


Since p(0) is negative and p(2) is positive, it follows 
that p(c) = 0 for some number c between 0 and 2. Is 
there a way to determine c? Figure 4.36 illustrates 
how this can be done. 


1. Make an educated guess, say c;, for c. 

2. Use the following approximation step: from a 
point on the x-axis go up to the graph of p(x) and 
down on the tangent to a new point on the z-axis. 


Begin by applying the approximation step to the 
guess c; to get cy; apply the approximation step to 
C2 to get c3; apply it to cs to get c4,... . Continue in 
this way, and observe that the sequence of numbers 
C1, C2, C3, C4,... zeroes in on the root c. This method 
of determining the root of a polynomial is known as 
Newton’s method. It can be made numerically precise 
(Exercise 8K of Chapter 8 describes how this is done), 
but this is not the point now. 


We will now turn to Step 3 in the determination 
of the position of the planet in its orbit after a given 


8 
aS 
> @ -------- ~~ ------ » -------- > ---5 


4 
nN 


Figure 4.36 
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elapsed time t. The task in this final step is to consider 
the time ¢ as given and to solve the equation 


: 2nt 
B —esim B = wim 
for £ in terms of t. A key ingredient in the solution is 
the inequality 


{sing — sin 6| < |g — 4| 


for any two angles ¢g and 6 in radian measure. The va- 
lidity of this inequality ultimately depends on calculus 
(it will be verified in Section 8.7), but it can be made 
plausible as follows. Let (6, sin 6) and (gy, sin g) be any 
two points on the graph of the sine. Figure 4.37 shows 
two such pairs of points. In each case, let v and h be 
the vertical and the horizontal distance between the 
points. Since the graph of the sine is rather flat, it turns 
out that the vertical distance v is less than or equal 
to the horizontal distance h. This is so regardless of 
where the two points are taken on the graph. There- 
fore v < hin all cases. From Section 4.3 we know that 
v = |sing — sin9| and h = |g — 9|. Therefore, 


|sing — sin6| < |g — 6| 
for any 6 and ¢. 


We now solve B—esin B = =f! for B by the method 
of successive approximations. 


1. The first stab at Bis Bp, = ae Since |B — Bi| = 
| p= ant | = |esin B| < e and because the astro- 
nomical eccentricity ¢ = + is small (see Table 4.2), 


6; approximates f. So p, = a is a good educated 


guess. 


2. The approximation step is this: place an angle 
(in radians) into the “blank” of the expression 


a +esin( )to get anew angle (in radians). 


Start by putting 6; = 3 into the blank. This gives 


the new angle fy = = + esin By. Repeating (2) with 


po, we get By = 4 + esin Bo. Doing this again and 


again, we get 64 = 2m + sin Bs, Bs = ont +esin Ba,..., 


and p; = oat + esin B;_1,.... The big question is this: 
Does the sequence of numbers 


Bry Poy. Payson y Pigs ee 


close in on the solution £ of 6 — esinB = 3? This is 
indeed the case. Notice that B = eat +e sin f. It follows 
that 


2nt ; 2nt . 
B- po= (+ +esin ) = (= + esin i) 
= «(sin B — sin f}). 
Therefore, using (1), 


|B — Bz| = el sin B — sin fi| < e|B — Bil < &*. 


In the same way, 
2nt ; 2nt : 
B- p= (= +esin) — (+ +esin po) 
= ée(sin 6 — sin Be), 
so that 


|B — Bs| = el sin B — sin Bp| < e|B — Bal < &”. 


(¢, sin @) 


(@, sin 0) 


(¢, sin @) 


Figure 4.37 


Repeating this computation again and again shows 
that 


|B — Bal <4, |B — Pol <e°,..., |B~Bil <e',..-- 


Since ¢ is small, the powers ¢7, e®, e*,... become pro- 
gressively smaller. Therefore, the distances | — f1|, 
[B — Pal, |B — B3l,... between fi, Be, B3,... and B get 
progressively smaller. So the numbers 1, fz, f3,... 
close in on f as required. Since 0 < e« < 1 for any 
ellipse, this successive approximation process will al- 
ways converge to a solution £. If ¢ is small (and this is 
so for all the planets) it will converge very quickly. 
Let’s consider the case of the Earth. Here 


e = 0.0167, «7 = 0.000279, 


e? = 0,00000467,..., «&® = 2.17 x 107". 


Since |B — Bel < e® < 10-", the sixth approximation 
Be of B is already an extremely good estimate of . 


W e will now compute the position of the Earth 
at vernal equinox and at summer solstice of 
1994 using the method developed in Sections 4.7 and 
4.8. All of the data we use was supplied by the U.S. 
Naval Observatory. We will work with an accuracy of 
four decimal places. The Earth’s orbit is T = 365.2422 
days and the four seasons have the following lengths: 


Spring: 92 days, 18 hours, 20 minutes 
= 92.7639 days. 

Summer: 98, 15 hours, 31 minutes 
= 93.6465 days. 

Autumn: 89 days, 20 hours, 4 minutes 
= 89.8361 days. 

Winter: 88 days, 22 hours, 54 minutes 
= 88.9938 days. 


In 1994, perihelion occurred on January 2 at 5 hours 55 
minutes Greenwich Mean Time (GMT).° This is t = 0. 
Since vernal equinox occurred that year on March 20 
at 20 hours 28 minutes, the elapsed time in days from 
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perihelion to vernal equinox for 1994 was 
tye = 77 days, 14 hours, 33 minutes = 77.6023 days. 


Adding the 92.7639 days of spring to this shows that 
the elapsed time to summer solstice is 


tss = 77.6023 days + 92.7639 days = 170.3662 days. 


Adding the lengths of summer and autumn gives the 
elapsed times to autumnal equinox and winter solstice 
as tae = 265.0132 days and ty, = 354.8493 days, 
respectively. 

To compute the position of the Earth at vernal 
equinox, we will determine r and @ for t = tye = 
77.6023. The strategy has already been laid out. First, 
determine f for t = 77.6028, and then substitute this 
value into the equations 


1 
r=a(l—ecospf) and tan — — ane. 
2 l—-e 2 


So the first step is to solve 6 — esin B = = for £. 
Since t = t,. = 77.6023, 


2nt — 2n(77.6023) _ (6.2882)(77.6023) 
T —- 365.2422 365.2422 


The solution of 6 — esinf = 1.3350 by successive 


approximation proceeds as follows: B; = “ye = 1.3350. 


Successive substitution into aut +esin( ) starting 


with 6; = = gives 


= 1.3350. 


2 
f2 = = + esin By; = 1.3350 + (0.0167)(sin 1.8350) 


= 1.3350 + (0.0167)(0.9723) = 1.8350 + 0.0162 


= 1.3512, 
2nt : ; 
p3 = mi + esin Bo = 1.38350 + (0.0167)(sin 1.8512) 
= 1.3350 + (0.0167)(0.9760) = 1.38850 + 0.0168 


= 1.3518, 
2nt . é 
p= T + esin fz = 1.3350 + (0.0167)(sin 1.3513) 


= 1.3350 + (0.0167)(0.9760) = 1.3350 + 0.0163 
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= 1.3513. 


Since the sequence of betas has stabilized at 1.3518, 
this is the value of 6 within the four decimal accuracy 
with which we are working. The value 6 = 1.8513 
must be placed into the equations 


y=atl—ecosp) and tan 5 — tan — 
to get r and a for the vernal equinox position. Since 
a=1AU, 
r = 1 — (0.0167)(cos 1.3513) 
= 1 — (0.0167)(0.2177) = 1 — 0.0036 
= 0.9964 AU 
and 


a l+e B 
ae Ree le 


1.0167 


= (1.0168)(0.8016) 


= 0.8151. 


Doing an inverse tangent operation with the calcula- 
tor shows that 5 = 0.6839. So a = 1.8678 radians, or 
78.3690°. 

Are our conclusions reasonable? The length of 
the year is about 365.25 days. So during an elapsed 
time of t = 77.6 days from its perihelion position, the 
Earth should trace out roughly wack x 360 = 76.5°. 
Therefore, a ought to be close to 76.5°. Since the Earth 
moves faster near perihelion, it should be somewhat 
more than this. And it is! Consider the fact that a is 
less than 90° and refer back to Figure 4.27. Note that 
r = 0.9964 AU ought to be less than the semimajor 
axis b of the Earth’s orbit. And it is! By Example 4.16, 
b = 0.9998 AU. 

Now on to summer solstice. In this case t = t,, = 
170.3662 days. Solving 6B— «sin B = on for f this time, 
start with 

2nt _ (6.2832)(170.3662) 


B= = 


po 365.2422 See 


Computing as before, we get 


re 2nt cor 
a= 7 tesin By 
= 2.9308 + (0.0167)(sin 2.9308) = 2.9348, 


Oat 
ps 7 + esin By = 2.9342, and 


Ont 
p= - + esin By = 2.9342. 


Therefore, B = 2.9342. 
Substituting 6B = 2.9342 into r = 1 — ecos B gives 
us 


r = 1 — (0.0167)(cos 2.9342) = 1 + (0.0167)(0.9786) 


= 1.0163 AU. 


This is close to the maximum of 1.0167 AU. Since in 
1994 summer solstice occurred on June 21 and aphelion 
on July 5, this is to be expected. This also suggests 
that a should be close to 180°. Substituting B = 2.9342 


into tan § = ,/t* tan §, we get 
a 1.0167 
—— 1.4671),/ ———— = (1. : 
tan 9 (tan 1.4671) 0.9833 (1.0168)(9.690) 


= 9.8528. 
Now § = 84.2047°, so a = 168.4094°. 


Lean back from this book and think about what 
Kepler has achieved. Think about Mars in orbit about 
the Sun. It is over one hundred million miles from 
Earth. It is visible on some clear nights, but only as a 
minuscule point of light. And Kepler has determined 
exactly how it moves!! He did so with an impressive 
combination of careful observations, the formulations 
of the fundamental laws, and very delicate mathemat- 
ics. Incidentally, Kepler’s mathematics can be fed into 
a desktop computer to provide a simulation of the 
motion of the planets in their elliptical orbits.® 


4.10 Postscript 


R ecall that one of the principal goals set out in 
this chapter was the extraction of precise quan- 


titative information about the orbit of a planet from 
Kepler’s first two laws. This has now been accom- 
plished. In sharp contrast with the systems of both 
Ptolemy and Copernicus, only a single theory is re- 
quired. This theory applies not only to every planet, 
but also to comets and asteroids around the Sun. In- 
deed, it applies to Jupiter and its satellites. Analytic 
geometry plays a prominent role, but calculus—in the 
guise of Cavalieri’s principle and the important in- 
equality | sin g — sin 6| < |y — 6|—is present also. Put 
more explicitly, the rigorous justifications of both Cav- 
alieri’s principle and this inequality require—as we 
shall see—the methods of calculus. 

Another important question that Kepler grap- 
pled with, but ultimately did not solve, concerns the 
driving force that keeps a planet in its orbit. Kepler 
realized that the Sun plays a role and suspected that 
such a force diminishes with distance. Indeed, it is a 
consequence of his third law that the average veloci- 
ties of the planets fall off as their distances from the 
Sun increase (see Table 4.2). However, he was unable 
to determine the precise quantitative measure of this 
force. This and related matters remain—as we shall 
see—for Isaac Newton to accomplish. 

A more immediate question concerns a matter as 
yet untouched, namely, the observation of Galileo that 
the rate of increase 


v(te) — vi) 
to —ty 


of the velocity of a falling body is a constant. What 
quantitative information does this fact contain and 
how can it be brought to the surface? This too requires 
the methods of calculus. 

The time is ripe. The Italians Cavalieri and Torri- 
celli; the Frenchmen Descartes, Fermat, Pascal, and 
Robeval; the Dutchman Huygens; the Englishmen 
Willis and Barrow; Gregory from Scotland; and a num- 
ber of other mathematicians have set the stage and 
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have put many of the components into place. It re- 
mains for Newton and Leibniz to add some decisive 
touches but, more importantly, to synthesize special 
cases and examples into a unified theory and into an 
integrated system that can be applied to a wide va- 
riety of mathematical problems: The Differential and 
Integral Calculus. 


Exercises 
4A. Basic Analytic Geometry 


1. Find the distance between the points (1,1) and (4,5), 
and then between (1, —6) and (—1, —8). 

2. Consider the triangle with vertices A = (6,—7), B = 
(11-3) and C = 2;—2): 


i. Show that it is a right triangle by using Pytha- 
gorean theorem. 
ii. Find the area of the triangle. 


3. Show that the points A = (—1,3), B = (8,11), and 
C = (5,15) all lie on the same line by showing that 
AB+BC=AC. 


4. Sketch the graphs of the equations 
Ls: 238 
li. Y= —2 
5. Sketch the graphs of 
i, xy =0 
ti, ly| = 1 
In Exercise 6-8, sketch the given region in the w-y plane. 
6. {(xz,y) | xy < 0} 
7 {(v,y)|0<y <4and 2 < 2} 
8. {(x,y) | |x| <3 and ly| < 2} 
9. Show that the midpoint of the line segment for P, = 
(a1, y1) to Po = (#2, yz) 1s 
v1 +%2 Yit Y2 
Bo ; 
10. Find the midpoint of the line segment joining the given 
points: 


i. (1,3) and (7, 15) 
ii. (—1,6) and (8, —12) 


4B. Circles, Parabolas, and Ellipses 


In Exercises 11-15, identify the graph of the equation. Is it 
a parabola, circle, or ellipse? Sketch the graph in each case. 
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[Hint: For some problems it will be helpful to complete the 


square. ] 

Wl. y= a? 48044 

12. x? +4y* = 16 

13. «= 2y? 

14. (w—3)?+(y+5¥% =7 

15. 9a? + 2y? = 12 

16. Sketch the graphs of the parabolas y = —a” and y = 
x* + 1. Then shade in the region R in the plane given 
by R= {(a,y)|—a? <y <a? 41). 

17. Consider the parabolic section determined by the 
parabola y = 3a” + 6 + 7 and the line y = 8. Let 
P = (a, y) be any point in the plane. What are the con- 
ditions on the coordinates x and y to guarantee that P 
lies in the parabolic section? 

18. Consider the parabola y = x” + 4x + 7 and find the 
coordinates of the lowest point. Cut the parabola with 
the line y = 7 and compute the area of the parabolic 
section obtained. 

19. Determine the directrix and focus of the parabola y = 
Sa? — 2a +5. 

20. Find an equation of a circle that has center (8, —1) and 
radius 5. 

21. Show that the graph of the equation 


22. 


23. 


24, 


25. 


ao” + y? — 4x + 10y +13 =0 
is a circle. Find its center and radius. 


Under what condition on the coefficients a, b, and c 
does the equation v7 + y* +ax+by+c = Orepresent a 
circle? When this condition is satisfied, find the center 
and radius of the circle. 


Find the semimajor axis, the semiminor axis, and the 
linear and astronomical eccentricities of the ellipse 
ee ean 

To draw an ellipse with focal points F, and Fe, 
semimajor axis a and semiminor axis b, proceed as 
follows. Notice that the distance between the focal 
points is 2a — b2. Tie a string into a loop of length 
2a + 2Va* — b*. Take a board, place thumbtacks at Fy 
and F., and put the loop around the tacks. Take a pencil 
and stretch the string taut. Keep the string stretched 
and draw a complete revolution. Explain why this re- 
sults in an ellipse and why it has semimajor axis a and 
semiminor axis b. 


Fix a Cartesian coordinate system. Take a line seg- 
ment of fixed length and let P be a fixed point on it. 


26. 


Slide it around in the plane over all positions with the 
property that one endpoint is always on the x-axis and 
the other on the y-axis. Show that in the process the 
point P describes an ellipse. 


Place a hyperbola in the x-y plane in such a way that 
the focal points F', and F, are on the x-axis and the 
origin is the midpoint of the segment F'; F2. Show that 
the equation of this hyperbola has the form we — e =-1, 
[Hint: Refer to Section 4.5 and follow the development 


of the equation as + y = 1 for the ellipse.] 


4C. Some Geometry and 
Trigonometry 


27. 


28. 


29. 


30. 


31. 


Refer to Figure 4.19 in Section 4.4. Suppose that r = 1 
and s = 0.698. What is the radian measure of 6 and 
what are the coordinates of the point P? 


Suppose that in Figure 4.19 of Section 4.4, 7 = 2 and 
6 = 5 radians. What is the length s of the arc? 


Refer to Figure 4.20 in Section 4.4. Consider the angles 
6 = 17.52 and 6 = ~—21.83. In each case place the 
point Ps, carefully on the unit circle. What are the 
coordinates of the point in each case? 


The trigonometric function secant is defined by sec 6 = 
<i;. Sketch the graph of this function by analyzing the 
graph of the cosine. Refer to Figure 4.25 in Section 4.4. 
Verify the identities sec(@ + 27) = secd, sec(—@) = 
sec 0, sec(6 + 1) = —secé, and the formula sec? 6 = 
tan? 6 +1. 
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32. 


33. 


34. 


Determine the following quantities for the orbit of 
Jupiter: the linear eccentricity, semiminor axis, and 
the greatest and least distances from the Sun. Do so 
first in AUs and then convert to miles. (Use the data 
of Table 4.2.) 


Use the data in Table 4.2 to verify Kepler’s third law 
for Mars, Jupiter, and Saturn. Why are all these ratios 
equal to 1? 


Consider a planet (or a comet) in elliptical orbit around 
the Sun S, as pictured in Figure 4.38. We already know 
that its speed is greater when it is nearer the Sun than 
when it is farther away. Can we say more? Observe 
the planet from P to P’ and then again from A to A’. 
In the figure, are PP’ has the perihelion position as its 
midpoint, and are AA’ has the aphelion position as its 
midpoint. Suppose that both arcs are relatively small 
and regard the regions PSP’ and ASA’ to be sectors 


of a circle. Notice that their radii are a — e anda +e, 
respectively where a is the semimajor axis and e the 
linear eccentricity of the ellipse. 


i. Use the formula for the area of a circular sec- 
tor (from Section 3.2) to show that the areas 
of the two sectors are 5(a — e)(arcPP’) and 
5(a + e)(arcAA’), respectively. 

ii. Suppose that the time it takes the body to travel 
from P to P’ is the same as that from A to A’. 
Let vp be the average velocity of the body from 
P to P’ and let vag be its average velocity from A 
to A’. Show that ov = G2 What is this ratio for 
the Earth? For Saturn? 


apk 1elion 


Figure 4.38 


35. Do the analysis of Section 4.9 with the data from 1995. 
In that year perihelion occurred on January 4 at 11 
hours 5 minutes GMT, and vernal equinox was on 
March 21 at 2 hours 14 minutes. Refer to the text for 
the lengths of the seasons. 


i. Determine t,, and tgs. 
ii. Determine £ for tye. 
iii. Substitute into the formulas r = a(1 — ecos B) 


and tan § = ,/ be tan E to compute r in AUs and 


a in radians. (Note that a = 1, since the Earth is 
being considered.) 
iv. Repeat steps (ii) and (iii) for fs. 


36. Suppose « = 0 in the analysis of Sections 4.7 and 
4.8. Explain why the following are true: the ellipse 
and the circle in Figure 4.34 coincide, S = O,a = 
Bor =o, and. B-= amt Is successive approximation 
needed? 
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4E. The Orbit of Halley’s Comet 


In 1705, Edmund Halley, an astronomer and a contem- 
porary of Isaac Newton, published calculations about the 
orbits of the comets.” He noted that properties of the or- 
bits of the bright comets of 1531, 1607, and 1682 were so 
similar that the three comets could well be the same. This 
was later verified, and the comet was named in Halley’s 
honor. The elliptical orbit of Halley’s comet has an aver- 
age period of 76 years. (In fact, the period varies from 
74 to 78 years due to irregularities caused by the grav- 
itational attraction of Jupiter and Saturn.) The last time 
Halley (we will refer to the comet simply as Halley, as con- 
fusion with the astronomer is unlikely) was near the Earth 
was in 1986. The minimal distance of Halley from the Sun, 
i.e., the distance at perihelion, is known to be d = 0.59 
AU. The unit of distance throughout Exercises 37-39 is the 
AU. 

Let a and b be the semimajor and semiminor axes of 
Halley’s elliptical orbit and draw the ellipse on an x-y plane 


such that the equation is e + ¥ = 1. See Figure 4.39. The 
Sun S is at a focal point. 


37. Use Kepler’s third law with Halley and the Earth to 
compute a in AUs. Use the fact that d = 0.59 AU to 
compute the linear eccentricity e of Halley’s orbit and 
the semiminor axis b. What is Halley’s astronomical 
eccentricity «? What is the greatest distance from 
Halley to the Sun? Refer to Exercise 34ii and compute 
the ratio of the velocities for Halley. 


Figure 4.40 is an enlargement of Halley’s orbit near the 
Sun S. (Why is S = (e,0)?) It also shows the orbit of the 
Earth. For Exercises 38 and 39 the Earth’s orbit is taken 
to be a circle of radius 1 AU and center the Sun S. In the 
figure it is assumed that the orbits of Halley and the Earth 
lie in the same plane. The points H; and Hz are the points 
of intersection of the two orbits, and x is their common 
#-coordinate. 


38. Determine an equation of the Earth’s circular orbit. 
Show that the x-coordinate of the points of intersection 
Ay, and Ho is x = ses Determine the numerical 
values of the x- and y-coordinates of the points H; 
and H». Does Figure 4.40 give an accurate picture 
of Halley’s path inside the Earth’s orbit? [Hints: In 
reference to the equation of the ellipse, it is better 
to work with the parameters a, b, e, ete., rather than 
their numerical values. Use the identity e? = a? — b?. 
Since ota = e + £ > a, note that # = ata is not 
possible. ] 
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39. 


40. 


41. 
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Halley's ellipse 


Figure 4.39 


Earth's circular orbit 


path of Halley of radius 1AU 


Figure 4.40 


Consider Figure 4.34 in Section 4.7 in the context of 
Halley’s orbit and take P = H,. What is 7 equal to? 
Use the formulas of Sections 4.7 and 4.8 to compute 
f and t (in years). For how many days will Halley be 
inside the Earth’s orbit? 


Consider the successive approximation method in ref- 
erence to computing an angle f for Halley’s orbit. Give 
an estimate for the number of iterations necessary to 
do so with an accuracy of 0.0002. [Hint: Keep squaring 
€ with a ealeulator.] - 


Use the method of Exercise 24 to make a sketch of the 
elliptical orbit of Halley’s comet on a “legal” size sheet 
of paper. (Use the scale 1 AU = 3 inch.) Use the data 
from Table 4.2 of Section 4.7 and give indication in your 
sketch of the location of the orbits of the planets (draw 
them as circles or parts thereof). 


4F. More Trigonometry and Gauss’s 
Formula 


Verify Gauss’s equation tan $ 


= / + tan § with the 


following sequence of steps: 


42. 


43. 


Start with the equation tana = at ; that was al- 


ready established. Square both sides; add 1 to both 
sides; take common denominators; and use the identi- 
ties a? = b? +e2, sin? B+cos? B = 1, tan? B+1 = sec? B, 


een ia 
and seca = <,,, to get 


a: 
(a — ecos Bp)” 
Because a — ecosf is always positive (why?) and 
acos B —e = «—eand cosa have the same sign (study 
Figure 4.34 in Section 4.7 and the graph of the cosine 
carefully), conclude that 
pr ee ss ZS 

a—ecosp 
Since e = =, you now get 
1—ecosB 


Take 6 = g in the formula 
cos(y + 6) = (cos g)(cos #) — (sin g)(sin 6) 


to get cos2y = cos* y — sin” y. Deduce the formulas 
2.cos* g = 1+ cos2y and 2 sin” y = 1 — cos 2g. 


44. Deduce that 


pee 1—cosa l1+e1-—cosf 


2 1+cosa 1—¢1+cosf 


l+e 2 B 
= t ae 
l—-e« oy. 2 


and therefore that tan $ = ,/ }** tan E. 


4G. A Study of Kepler’s Formulas 


45. Redraw Figure 4.34 of Section 4.7, this time with 
P in the third quadrant instead of the first. Study 
the derivations of the formulas r = a(1 — «cos ), 

tana = wae 5 and 6 — esinp = 2m of Section 4.7 

and adapt them to this situation. [Hint: Use the trig 

formulas of Examples 11 and 12, and refer to Example 


14.] 

46. Consider Figure 4.34 with P as shown in the first 
quadrant, but suppose that the planet is in its second 
orbit at time t. Explain why the formulas referred to 
in Exercise 45 are valid in this case also. 


Notes 


l“Without the concepts, methods and results 
found and developed by previous generations right 
down to Greek antiquity, one cannot understand ei- 
ther the aims or the achievements of mathematics in 
the last fifty years.” Thus wrote Hermann Weyl (1885- 
1955), one of the leading mathematicians of the 20th 
century. 


2The word oval comes from the Latin word ovum, 
meaning egg. The “lengthwise” cross-section of most 
eggs is a curve that is “rounder” at one end and “more 
pointed” at the other. Such a curve is what Kepler 
had in mind. Aphelion and perihelion are the positions 
at which a planet or comet (in this case Mars) are, 
respectively farthest and closest to the Sun. 


3For the details about this and other experiments 
of Galileo, see Stillman Drake, Galileo: Pioneer Sci- 
entist, University of Toronto Press, Toronto, 1990. It 
appears that Galileo did not measure g explicitly. Af- 
ter Galileo’s time, g was generally thought to be about 
24 ft/sec?. Later, in the 17" century, the Dutch sci- 
entist Huygens measured g to be the equivalent of 
32.18 ft/sec”, or 9.8 meters/second’. This is in close 
agreement with today’s value. 

4A teacher who apparently wanted to punish 


Gauss (a schoolboy of age 10) and his classmates for 
some misdeed told the class to add up the first 100 
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positive integers. Gauss, to the astonishment of the 
teacher, had the answer in seconds. Here is how he 
did it: 
1+ 2+ 384.---+ 99+ 100 
100+ 99+ 98+---+ 24 1 


1014+ 101+ 101+---+101+101 


He had added the first 100 integers twice, in pairs, 
and gotten 101 - 100 = 10, 100. So half this number, or 
5,050, is the answer. 


5TIn 1884 a conference of nations in Washington 
D.C. declared the meridian through Greenwich, Eng- 
land, to be the prime meridian, i.e., the line of 0° 
longitude. Greenwich had been the seat of an astro- 
nomical observatory since Newton’s time. The time of 
day in Greenwich is known as Greenwich Mean Time 
(GMT). 

6See the link A Computer Model of Elliptical 
Orbits (Generated with Kepler’s Equations) on the 
web site http://www.nd.edu:80/ hahn/part1.html 


“Comets contain matter left over from the for- 
mation of the solar system. They are studied by as- 
tronomers, among other reasons, for the information 
that they reveal about this formation process. 


a 
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The factual understanding of our physical reality 
necessarily involves the clarification of numerical rela- 
tionships. For example, Galileo’s efforts to understand 
the path of a projectile require answers to questions 
such as: How high will it go? How far away will it 
strike the ground? What will its velocity be at the 
point of impact? Can its parabolic trajectory be calcu- 
lated? An initial response to Galileo’s questions is this: 
Information about the tangent lines to the path gives 
information about the path itself. Figure 5.1 illustrates 
this. For instance, the tangent at the initial point A 
provides the initial direction of the projectile, and the 
tangent at the terminal point C gives the angle of im- 
pact. At the point B, where the tangent is horizontal, 
the projectile reaches its highest elevation. The first 
concern of calculus is the study of tangent lines and 
the information that they provide about the curve. 


Figure 5.1 


The second concern of calculus is the analy- 
sis of large sums of small numbers. An example is 
Archimedes’s procedure for computing the area of the 
parabolic section by adding the areas of more and more 
triangles that are progressively smaller and smaller. 
(Refer to Section 3.4.) The principle of Cavalieri (see 
Section 4.6) is based, at least implicitly, on similar con- 
siderations. Consider a curve from A to B and a line 
segment L (as shown in Figure 5.2). The area between 
the curve and the segment can be computed to any de- 
gree of accuracy as follows: Place rectangles as shown 
and notice that their areas, when added together, ap- 


proximate the area in question. To achieve a very high 
degree of accuracy, just take a huge number of such 
rectangles. Since each rectangle is very thin, its area 
is some very small number. Therefore, the area be- 
tween the curve and the segment can be computed by 
an addition of lots of numbers, all very small. 


L 


Figure 5.2 


Now comes a surprise. The two basic concerns 
of calculus, as they have just been described, are 
closely related to each other. Namely, the relationship 
between a curve and its tangent line provides an 
effective strategy for the addition of a large number 
of very small terms. 

Recall at this point the important lesson of an- 
alytic geometry, that numerical relationships can be 
interpreted and studied as graphs and hence in the 
context of curves. To understand the importance of 
this connection to the current discussion, consider the 
following: The calculation of the greatest tension in 
the cable of a suspension bridge or the maximum pres- 
sure generated by the explosion that propels a shell in 
a gun barrel both reduce to the determination of the 
highest point on a curve. And the ability to gain cer- 
tain quantitative insights into the nature of gravity, or 
the energy generated by a force, is the ability to add 
the areas of a large array of very small numbers. 

The points just made can be combined and sum- 
marized as follows. The domain of calculus is the 
quantitative study of certain properties of curves. 
It is therefore a discipline that concerns itself with 


the analysis of basic numerical relationships and con- 
sequently with quantitative aspects of much of the 
physical world around us. 

Leibniz and Newton succeeded in creating calcu- 
lus by building their insights, as well as those of their 
contemporaries and predecessors, into a general the- 
ory of curves and applications of that theory. This 
chapter will begin with a focus on the work of Leibniz.! 

Gottfried Wilhelm Leibniz (1646-1716) was born 
in Leipzig, in the German state of Saxony. After ob- 
taining a doctor of laws degree from the University 
of Nuremberg in 1667, he accepted a diplomatic post. 
In 1672 he was sent on a mission to Paris. Its purpose 
was to deflect the growing threat of France to the 

German states by attempting to persuade the govern- 
ment of Louis XIV to occupy Egypt. The rationale was 
that this would allow a strengthened, united Chris- 
tian Europe to control the Eastern trade routes and 
repel the attacks of the Turkish Empire against East- 
ern Europe. This scheme failed, and a French attack 
on the German states soon followed. Leibniz’s stay in 
Paris proved to be most fortuitous for mathematics, 
however. 

In Paris, Leibniz came into contact with a number 
of brilliant scholars. A brief diplomatic journey early 
in 1673 brought him to London, where he met lead- 
ing English scientists. The death of his patron ended 
his career as a diplomat, but he remained in Paris 
and resumed his earlier interests in mathematics with 
great intensity. Under the guidance of Christiaan 
Huygens (1629-1695), the Dutch mathematician and 
physicist, he studied Huygens’s analysis of the pen- 
dulum, the Géométrie of Descartes, the work of Isaac 
Barrow (1630-1677), who was Newton’s professor at 
Cambridge, and the Geometria Indivisibilibus and 
Exercitationes Sex* of Cavalieri. Leibniz mastered all 
of this, and more, very quickly. In the period from 1673 
to 1676, he laid the foundations of calculus. 

Unable to secure permanent employment in Paris, 
Leibniz reluctantly accepted the post of librarian and 
councilor to a German duke. In the service of the duke 
and his successors, he undertook a remarkable variety 
of tasks. He worked on a hydraulic press, on gears and 
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steering devices for carriages, on water pumps driven 
by windmills, and he proposed a process for the de- 
salinization of water. He speculated about the origins 
and the age of the Earth. His Meditationes de Cog- 
nitione, Veritate, et Ideis (Reflections on Knowledge, 
Truth, and Ideas) and Discours de Métaphysique (Dis- 
course on Metaphysics) developed his philosophy. For 
Leibniz the world was infinite from both the qual- 
itative and quantitative perspective; the number of 
substantial units, or monads, in the smallest particle 
was as boundless as the entire universe. Summarizing 
his philosophical thinking, he wrote, “It is as if God 
had wanted to create the universe in as many differ- 
ent ways as there are souls, or as if he created as many 
microcosms which are identical in their deepest foun- 
dations, but which are manifold in their appearance. 
This in a few words is my entire philosophy.” 


5.1 Straight Lines 


AALAND 


efore considering Leibniz’s mathematics, we 

first turn to the quantitative analysis of lines. 
Lines are automatically assumed to be straight. A line 
that is not straight is called a curve. We will be working 


with a plane that is equipped with an «-y coordinate 
system. 


Consider the equation 2x — 38y — 4 = 0. It can 
be rewritten in many equivalent ways, for example, 
2x4 —3y = 4, or 38y = 2~—4, ory = za S If the values 
x =aand y = 5b satisfy one of these equations, they 
satisfy all of them. Therefore, all of these equations 
have the same graph. We will work with 


2,4 
a 3 
Ife = 5, theny = Y-—% = § = 2.Soa = 5 and 


y = 2 satisfy the equation, and the point (5, 2) is on 
the graph. In the same way, (4, 5), (8, =), (2,0), , —5), 
(0, —3), (2, —8), and so on, are all on the graph. Plot 
these points, and observe that all fall on the single line 
pictured in Figure 5.3. Call this line L. Move along 
L from left to right and notice—compare the points 
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Figure 5.3 


Pi= (%}, Yy) 
Figure 5.4 
(2,0) and (5,2) for example—that for every 3 units of of the positive y-axis. So there is an increase of S 
increase in the direction of the positive x axis, there units in the y-coordinate for every increase of 1 unit 


is a corresponding increase of 2 units in the direction in the x-coordinate. So the number 7 measures the 


pitch, or steepness, of the line. It is called the slope of 
the line and is often denoted by m. In the case under 
consideration now, m = §. 

The slope m can be determined as follows: Con- 
sider any two points on L, say, (5,2) and (2,0); form 
the difference 2 — 0 = 2 between the y-coordinate of 
the first point and the y-coordinate of the second; form 
the difference 5 — 2 = 3 between the x-coordinate of 
the first point and the x-coordinate of the second; and 
letm = : be the ratio of the two differences. Any two 
distinct points P; = (a1, yi) and Pz = (#2, ye) on the 
line can be used to compute the slope. This is a conse- 
quence of the basic property of similar triangles. Refer 
to Figure 5.4 and notice that the right triangle with 
hypotenuse given by (5,2) and (2,0) is similar to the 
right triangle with hypotenuse P,P. It follows that 
the ratios of the lengths of the vertical over the hori- 
zontal legs of the two triangles are equal. So 2 is to3 
aS Y2 — Y1 1S tO Xg — %, OY 


2 ye 


~ 3 we — ay 
Again, the slope of a line is the ratio of the change in 
y over the corresponding change in «. 

It should be clear that two nonvertical lines are 
parallel precisely if they have the same slope. Figure 
5.5 shows several lines and their slopes. Notice that 
a line with a positive slope slants upward from left 
to right and that a line with a negative slope slants 
downward, again from left to right. Notice also that 
the steepest lines are the ones for which the absolute 
value of the slope is largest, and that a horizontal line 
has slope zero. Consider a line with slope m # 0. It is 
not very hard to verify that the line perpendicular to 
it has slope — =. Which pairs of lines in Figure 5.5 are 
perpendicular? 


Example 5.1. Sketch the graph of the equation 
ba + 3y = 15 and determine its slope. 


Solution. It suffices to find two points on the line and 
to draw the line through both. It is easiest to find the 
intercepts. Substituting y = 0 into the equation, we 
get 54 = 15. So x = 3, and (3,0) is on the graph. 
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m=-3 T m=3 
m= | m= 
1 ! 
m=-3 m= 3 
pep $$ + + +--+ > x 
Figure 5.5 


Figure 5.6 


Substituting x = 0, we see that (0,5) is on the graph. 
The graph is shown in Figure 5.6. Using these two 
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points to compute the slope, we get 
6-90) 5 


~ (0-3) 8 
So a change of +3 in x results in a change of —5 in y. 
Equivalently, a change of 1 unit in x produces a change 


of —2 units in y. Again, see Figure 5.6. 


Consider the equation 2x+10 = 0 or, equivalently, 
x = —5. The points (x, y) that satisfy it are precisely 
the points (—5, y), where y can be anything. Notice, 
therefore, that the graph of the equation « = —5 is 
the vertical line through (—5,0). For any two points 
P, = (#1, y1) and Pz = (2, yz) on this line, 71 = we = 5, 
so the ratio oe is meaningless. This line has no slope. 
For the same reason, no vertical line has a slope. 


Suppose that L is a nonvertical line. Select any 
two distinct points P; = (x, y1) and Pz = (xe, yg) on 
L. As before, its slope ism = 2-*'. A look at Figure 
5.7 shows that a point P = («,y) is on L precisely if 
the segment P,P is parallel to L. So P = (x,y) is on 
L precisely if the slope of the segment PP is equal to 
m. Since the slope of P,P is mar , the point P = (a, y) 


is on L precisely if —“ = m. This equation can be 
Uv, 


P, = (x), yy) 


rewritten in the form 
¥ — Yi = Ma — 2). 


Observe that it is also satisfied when x = a, and y = 
y1. Therefore, it is an equation of the given line L. An 
equation of a line arranged in this way is said to be in 
point-slope form. 


Example 5.2. Find an equation of the line through 
(1, —7) with slope —3. 


Solution. Using the point-slope form of the equation 


with m = —3, x, = 1, and y; = —7, we get 


1 
7=—-(«%-1). 
y+ 5 ) 
This, as well as 2y + 14 = -—~%+ lorx+2y+138 =0, 


are equations of the given line. 


Example 5.3. Find an equation of the line through 
the points (—1, 2), and (8, —4). 


Solution. The slope of the line is 


me tc? 3 
ee a 


P,= (x5, yp) 


Figure 5.7 


Using the point-slope form with x; = —1 and y; = 2, 
we obtain 


3 
—2=--= 1). 
y 5 +1) 
This equation can be rewritten as 3x” + 2y = 1. 


Suppose a nonvertical line has slope m and y- 
intercept b. This means that it intersects the y-axis at 
the point (0, 6). Taking «; = 0 and y; = b, the point- 
slope form of the equation of the line is y—b = m(a—0). 
Therefore, an equation of the line with slope m and 
y-intercept 0 is 


y=me« +t b. 


An equation of a line arranged in this way is said to be 
in slope-intercept form. Ifa line is horizontal, its slope 
is m = 0. So the equation of such a line has the form 
y = b, where b is the y-intercept. 


Take any equation of the form Ax + By + C = 0, 
where A, B, and C are constants. If A = B = 0, 
then C = 0. Disregard this case, and suppose that 
either A # 0 or B ¥ 0. Suppose that B 4 0. Then 
Ax + By + C = 0 is equivalent to y = —9ax — §. 
A look at the point-slope form shows that this is an 
equation of the line with slope -} and y-intercept 
—{. If B = 0, then A ¥ 0. Now the equation is 
Ax + C = 0 or, equivalently, « = —£. As in the case 
x” = —5, this is an equation of the vertical line through 
(—§, 0). Therefore, the graph of any equation of the 
form Av+By+C is aline (unless A = B = C = 0). Any 
such equation is therefore called a linear equation. 


Lines are important in the analysis of the hyper- 
bola, the one conic section we have not as yet had a 
closer look at. (Refer to Sections 4.3 and 4.5.) Take 
any hyperbola and move it in such a way that its focal 
points (see Section 3.1) lie on the x-axis with the ori- 
gin at the midpoint of the segment that joins the focal 
points. Doing what was done in Section 4.5 for the el- 
lipse, it can be verified that such a hyperbola has an 
equation of the form 


2 


a Bo 
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with a > 0 and b > 0. To find the x-intercepts, set 
y = 0 and obtain 2? = a? and x = ta. If x = 0, 
then y* = —b?. But this is impossible, so there is no 
y-intercept. In fact, since 

ie 5 

az a 1+ _ a 1, 
a? > a? and so |v] = Vx? > a. Therefore, x > a or 
x < —a. This means that the hyperbola consists of two 
separate parts, one to the left of the line x = —a and 
the other to the right of the line x = a. What else is 
going on? 

Since a _ ¥ = 1, it follows that ¥ = we —-l= 
= Se, So y? = Ee — a”) and, taking square roots, 
y = +2./x? — a®. Observe that if x? is large relative 
to a”, then the effect of a? can be discounted and 
y = +4./2? — a? is approximately equal to +2 Va? = 
+? |x|. Consider a point (x, y) on the hyperbola with x 
large and positive. If y > 0, then, by the observation 
just made, y ~ be, so that the point is close to the line 
Y= bay, Ify < 0, then in the same way, the point is close 
to the line y = —4a, This analysis can be continued 
and refined to show that the graph of the hyperbola 
Ss — ¥ = 1 has the general form shown in Figure 5.8. 
Notice that ifa point (x, y) is on the portion of the curve 
above the w-axis, then y > 0, so that y = by a? — a. 
If (x, y) lies below that x-axis, then y = -4 x — at. 


By interchanging the roles of x and y we get the 
equation 


This also represents a hyperbola. Its graph is obtained 
by rotating that of Figure 5.8 by 90°. 


Example 5.4. Sketch the curve 4x? — 4y? = 8. 


Solution. Dividing both sides by 8, we obtain 


ope y" 


(JD2  (/2)2 


Letting a = V2 and b = V2, we see that this 
equation has the form discussed earlier. So its graph 
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Figure 5.8 


(a) 


(1, 1) 


ca & —1) 


(b) 


Figure 5.9 


is the hyperbola obtained by taking a = b = V2 in 
Figure 5.8. It is sketched in Figure 5.9(a). Rotating 
this hyperbola by 45° gives the hyperbola in Figure 
5.9(b). It is the graph of the equation xy = 1. 


An equation of the form 
Ax” + Buy + Cy* + Dx + Ey + F =0 


where A, B, C, D, HE, and F are constants with at 
least one of A, B, or C not zero, is called a quadratic 


equation. Observe that the hyperbolas of this section, 
the parabolas of Section 4.3, and the ellipses of Section 
4.5 are all given by quadratic equations. Proceeding in 
the other direction, it can be shown that the graph of 
a quadratic equation is either a parabola, an ellipse, a 
hyperbola (all rotated and shifted in any possible way), 
or a pair of lines (for example, xy = 0), or a point (for 
example, «? + y* = 0), or it has no points at all (for 
example, 7? + 1 = 0). 


St 


Mp 


(a) 
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Figure 5.10 


Now that we know a few things about lines, we 
can turn to tangent lines and the work of Leibniz. 


eibniz’s first publication of his work on calculus is 

the article Nova methodus pro maximis et min- 
mis, itemque tangentibus ... calculi genus (“A new 
method for maxima and minima as well as tangents, 
which is impeded neither by fractional nor by irra- 
tional quantities, and a remarkable type of calculus 
for this”), which appeared in 1684. It presents a new 
notation, introduces the term “calculus differentialis,” 
contains the general rules of differentiation ... and 
is nearly impossible to read. Even Leibniz’s friends, 
the brothers Bernoulli (famous mathematicians them- 
selves), commented that this article is “an enigma 
rather than an explication.” We advisedly turn instead 
to a later manuscript. In it, Leibniz provides details 
and corrections of his earlier exposition. The discus- 
sion of the work of Leibniz that follows in this and 
subsequent sections is a much-expanded version of his 
original manuscripts. It also adds concepts and nota- 
tional elements that were not introduced until later. 
These serve to clarify some of the remaining “enig- 
mas.” However, the essence of Leibniz’s contributions 
are retained. 


Let a curve in the z-y plane be given. Regard it as 
the graph of some equation in x and y. Fix a point P on 


the curve and consider the tangent line to the curve 
at P. Assume that it is not vertical and let mp be its 
slope. See Figure 5.10(a). Now take some other point 
Q # P on the curve. While keeping P fixed, push Q 
towards P. Refer to Figure 5.10(b) and notice that as 
Q closes in on P, the line through P and Q closes in on 
the tangent line at P. So as Q is pushed to P, the slope 
of the line through P and Q homes in on the slope mp 
of the tangent. 

Let’s have a more algebraic look at what is going 
on. Let x and y be the coordinates of P and let x’ and 
y’ be the coordinates of Q. Let Av = wv — wand Ay = 
y' — y be the differences between the x-coordinates 
and y-coordinates of P and Q. So the coordinates of Q 
are x’ = x+Axvandy’ = y+ Ay. Again draw the line 
through P and Q and observe that the slope of this line 
is equal to the ratio 


(y+ Ay)—y _ Ay 
(e+tAx)—-a Aa’ 


Again, keeping P fixed push Q towards P. Observe 
from Figure 5.11 that pushing Q to P is the same 
thing as pushing Az to zero. Therefore, when Ax is 
pushed to zero, the slope ou of the line through P and 
Q closes in on the slope of the tangent. Rewritten in 
limit notation, what we have observed is 

lim Ay = Mp. 

Ax>0 Ax 

Notice that Leibniz cannot simply set Ax = 0, for 

then (see Figure 5.11) Ay is also equal to zero. Thus 
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QO = (x + Ax, y+ Ay) rs 


Figure 5.11 


0 


xt would be 5, which is not defined, i.e., it does not 


make sense. 


Leibniz turns to the parabola to illustrate his 
method. He takes y = Az”, where A is any constant. 
Let’s be more specific and consider y = x”. Instead of 
a general point P = (x,y) on the parabola, let’s take 
P = (8,9). Now Q = (8 + Az,9 + Ay). Since Q is on 
the graph, 


9+ Ay =(84+ Ax) = 37 +2-3Ax + (Ax). 


Subtracting 9 from both sides gives us Ay = 
6Ax + (Ax)*, and after dividing both sides by Aw, we 
get 


Ay 
— =6+ Az. 
Ax ” 


By pushing Az to zero, 
A 
lim —2 =6 
Ar>0 Ax 


Therefore, the slope of the tangent line to the graph 
of y = x” at the point P = (3,9) is 6. So in this case 
mp = 6. See Figure 5.12. 

Now let P = (x,y) be any point on the parabola 
y = «x. Since 


Q = (a+ Aau,y + Ay) 


is on the graph, y + Ay = («+ Ax)*. We continue in 
Leibniz’s own words (in English translation): 


Figure 5.12 


Then, since y = x”, by the same law, we have 
y + Ay = (a+ Au)? = a? + 2aAu + (Ax): 


and taking away the y from the one side and 
the x” from the other, we have left 
Ay 


— =2r4+ Ax. 
Ax ‘i 


Make use of modern limit notation and observe that 
Leibniz can now conclude that 
A 

lim 2% = lim (2a + Ax) = 2a. 

Az>0 Ax Ax—0 
So the slope of the tangent line at any point P = (a, y) 
on the parabola y = «7 is mp = 2x. Taking « = 3, we 
get the point P = (3,9) and mp = 6 (as we already 
saw). 


Example 5.5. Find the slope mp of the tangent line 
of the parabola y = a” at the point P = (—4, 16). 


Solution. The slope of the tangent at any point (a, y) 
is 2% for any x. Since « = —4, it follows that mp = 
2.(—4) = —8 at P = (—4, 16). 


Leibniz next turns to the graph of the equation 
y = Ax’ where A is a constant. As before, P = (x, Yy) 
is a fixed point and Q = (« + Axz,y + Ay) any other 
point on the graph. Another look at Figure 5.11 will 
let you visualize what is going on. Since both P and Q 


5.2 Tangent Lines to Curves 119 


are on the graph, y = Ax and 
y+ Ay = A(a + Ax)? 


= h (2 4+ 8a2 Aa + 3a(Aa)? + (Ax)") 


After subtracting y = Ax? from both sides, he gets 
Ay = 3Ax* Ax + 3Aa(Ax)* + A(Aa)?, Dividing both 
sides by Ax, he has 


st = 3Aa? +3aAAx + A(Ax). 


Pushing Ax to zero, Leibniz can conclude that 


A 
lim —% = im (3Ax” 4+ 80AAg + A(Aa)*) — 3Ax?. 
Ar>0 Av Ax—0 


He has shown that the slope of the tangent line to 
the curve y = Ax? at any point P = (a, y) is equal to 
mp = 3Ax”. 


Example 5.6. Consider the curve y = x? and the 
point P = (2,8) on it. Taking A = 1 and x = 2in 
the discussion just completed, we see that the slope 
of the tangent at P is mp = 3 - 2” = 12. Notice that 
the equation of the tangent is y — 8 = 12(x — 2), or 
y = 12x — 16. 


What happens when Leibniz’s method is applied 
toa line? Let’s take y = 5x +1. See Figure 5.18. Since 
P and Q both satisfy this equation, we get 


1 1 1 
y+ Ay=5@+ Aa)+1= sAr+ ort, 


and hence Ay = $Aw. So 54 = 3. Pushing Az to zero 
. A 1 : 
has no effect on 5 and therefore lim ee —, This 
Ax>0 AX 2 


confirms the obvious: The tangent at any point P on 
the line is the line itself, and it has slope 3. 


Consider the parabola x = y* next. As before, 
fix a point P = (#,y) on the parabola and let Q = 
(x + Ax, y + Ay) be any other point on it. Since the 
coordinates of Q satisfy the equation of the parabola, 


a+ Aw = (y+ Ay = y? + 2yAy + (Ay). 
Since P does also, 


Aw = 2yAy + (Ay)* = Ay(2y + Ay) 
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by subtracting and factoring. Recall that the focus is 
on M = ree Push Az to zero and refer to Figure 
5.11. As Q approaches P, the quantity Ay goes to zero. 
It follows, therefore, that the slope of the tangent to 


the parabola at P = (x, y) is 


A 
mp = lim ad = = 
Ac>0 Av  2y 


Example 5.7. What is the slope of the tangent of the 
parabola « = y* at P = (8, V3)? What is the slope of 
the tangent at the origin? 


Solution. Since y = V3 it follows from the formula 
just established that mp = me The origin is the point 


P = (0,0). When y = 0, the formula mp = + does 
not make sense. This is explained by the fact that the 
tangent to the parabola x = y? at the origin is vertical. 
So this tangent has no slope. Confirm this by sketching 


a graph of x = y”. 


Q=(x+ Ax, y+ Ay) 


Figure 5.13 


Finally, consider the circle x? + y* = 5%. Once 
more, let P = (a, y) be a fixed point on the circle and 
let Q = (w+ Ax, y+ Ay) be another point on the circle. 
Since Q is on the circle, (w+ Aa)? + (y+ Ay)? = 5°, so 


a + QrAu + (Ax) + y* + 2yAy + (Ay)* = 25. 


Since a? + y* = 5*, we get that 
2QeAx + (Ax)® + 2yAy + (Ay)? = 0. 


After collecting the Ay terms on the left and the Ax 
terms on the right and factoring, we see that 


Ay(2y + Ay) = —Ax(2a + Ax). 


We need to concentrate on the ratio 

Ay 2u + Ax 

Av 2y+Ay’ 
Now push Az to zero. Refer back to Figure 5.11 once 
more. Since Q goes to P, note that Ay goes to zero. So 
it follows that the slope of the tangent to the circle at 
the point P = (a, y) is 


= li een EG ee ee 
NOES Fe Ax 2y y 


Example 5.8. Observe that the slope of the tangent 


to the circle x” + y? = 5” at the point P = (3,4) is —3. 
What is the problem at the points (5, 0) and (—5, 0)? 


3.3 Areas and Differentials 


IAN 


n a manuscript written in October 1675, Leibniz 

considers a coordinate system and a curve C, as 
shown in Figure 5.14(a). He places a few points on the 
x-axis between a and 8), starting with a and ending 
with b. He denotes a typical one of these points by 
x and lets dx be the distance between it and the 
next point. Consider any two successive points that 
Leibniz has placed on the axis. Let «x be the first one; 
notice that the second one is x + dw. Let y be the y- 
coordinate of the point on C that lies above x. Draw the 
rectangle determined by x and x + dw, along with the 
point (x, y). This rectangle is shown in Figure 5.14(b). 
Observe that its area is y - dw. Figure 5.14(c) shows all 
of the rectangles that are obtained in this way from 
the points that Leibniz has selected. Observe that 
these rectangles, when taken together, fill out—in an 
approximate way—the region under the curve C over 
the interval from a to b. 


(x, y) 


(a) 


Kk 
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(c) 


Figure 5.14 


Let’s have a look at some very specific examples 
of what Leibniz had in mind. 


Example 5.9. Consider the area under the line y = 
ea + 1 and over the interval from 1 to 5. Insert the 
points 


1<1.7<26<33<388<44<5 


between 1 and 5. The Bae point is « = 1, so the 


corresponding yisy = £-1+1= 33 the first dv = 
1.7-1=0.7= Fyandthe first dua 3.5 = B= TB. 


The sebone pointisx = 1.7= a , so the corresponding 
yisy = 5 a i ptl= ap) nesecond dz 20 1 
0.9 = 3, sad the second y- dx = 2.2 = 3. The 
third point is 7 = 2.6 = 6 so the corresponding y is 


y= 5°39 +1 = fps the third dar — 3.3 — 2.6 = 0.7 = i 


and the third y-dx = 2 - 4 = 31. The fourth point is 


aa 3.3 = 8 so the corresponding y is y=%-84+1= 


8. the out dx = 3.8-—3.38 = 0.5 = a and the — 


13 
y-dx = ®.3 = 22. The fifth point is v = 3.8 = aS 


the corresponding y is y = 2 +1l= 7 ; the rae te = 
44—3.8 =0.6= io» and the fifth y- dx = 2 io = iso: 

The sixth point isvw = 4.4 = “ so the boreceponding, y 
isy = - e+ = 2; the sixth da = - 5-44 = 0.6 = an 
and the sixth y- dx = 2-4 = 15° All the points 
have been dealt with and the process is complete. The 
sum of all the rectangular areas y - dx that the points 


1 < 1.7 < 2.6 <3.3 <3.8 < 4.4 < 5 determine is 
175 288 287 240 318 354 © 1662 
150° 150° 150 150 150 150 ~~ 150 

What is the actual area under the line between 1 
and 5? If = —3, then y = 2(-$)+1=-l+1= 
0, and so the line y = za + 1 crosses the w-axis at 


= 11.08. 
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Figure 5.15 


Figure 5.16 


me —3, as shown in Figure 5.15. So the actual area is 
the difference between two triangles: a larger triangle 
with base 5+ 3 = #, height 2-5+1 = #, and 
area 5 - @. 3 = 1; and a smaller triangle with base 

5 5 _ 25 
The actual area is the difference, 4 — 2 = 4t = 12. 


So 11.08 is an approximation, but only a rough one. 


Example 5.10. Next let’s look at the parabola y = x” 
over the interval 0 < # < 1, as pictured in Figure 5.16. 
Consider the points 


0<0.1<03<05<08 <1 


between 0 and 1. The first point is « = 0, so the 
corresponding y is 0; the first da is 0.1 — 0 = 0.1, and 
the first y - dw = (0)(0.1) = 0. The second point is « = 
0.1, so the corresponding y is (0.1)* = 0.01; the second 
dx = 0.2, and y - dx = (0.01)(0.2) = 0.002. The third 
point is z = 0.8, so the corresponding y is (0.3)? = 0.09; 
the third dz is 0.2, and y - dx = (0.09)(0.2) = 0.018. 
The fourth point is x = 0.5, so the corresponding y 
is (0.5)? = 0.25; the fourth dx is 0.8, and y- dx = 
(0.25)(0.3) = 0.075. The fifth point is « = 0.8, so the 
corresponding y is (0.8)? = 0.64; the fifth dz is 1—0.8 = 
0.2, and y - dx = (0.64)(0.2) = 0.128. The sum of all the 
y - dx is equal to 


0 + 0.002 + 0.018 + 0.075 + 0.128 = 0.223. 


How good is this approximation of the area under the 
parabola from 0 to 1? The actual area can be computed 
as follows. The area of the triangle determined by the 
points (—1,1), (1,1), and the origin, has base 2 and 
height 1. So its area is 1 and hence by Archimedes’s 
theorem, the area of the parabolic sector cut by the 
segment from (—1,1) to (1,1) is $-1 = 4. It follows 
that the area under the parabola from —1 to 1 is - So 
the area under the parabola from 0 to 1 is } © 0.333. 


In Example 5.9, Leibniz’s method provided the 
approximation 11.08 for an area that is actually 12. 


Since HS = 1% = 0.08, this approximation is off 


by about 8%. In the case of Example 5.10, note that 
0388— 0.223 ~ O11 


333 «933 © 0.33. So this error is a substantial 
33%. Is there a flaw in Leibniz’s method? No. The 
problem was simply that not enough rectangles were 
taken! For example, if many more points than just 
0.1 < 0.3 < 0.5 < 0.8 are inserted between 0 and 1, 
then much more satisfactory approximations can be 
achieved for the area of the parabolic region. 

Return to Figure 5.14 and to Leibniz’s discussion. 
Suppose now that there are lots of points between a 
and 6 on the x-axis and that they are all packed very 
tightly together. Think big here, as Archimedes did 
when he considered the universe packed with grains 
of sand. These points will give rise to a huge number 
of very thin rectangles under the curve. These rec- 
tangles, one next to the other, will together fill out the 
area under the curve C. Figure 5.17 illustrates this 
for the portion of the parabola that is considered in 
Example 5.10. Now, the sum of the areas of the rect- 
angles will, for all practical purposes, be numerically 
equal to the area under the parabola, in the same way 
that, say, 0.33333333 is “equal” to 4 

After various experiments with notation, Leib- 
niz finally uses an elongated S (the Latin word for 
Sum is Summa) and writes fydx to denote’ the 
sum of all the y - dx determined by the very tightly 
packed set of points between a and b. In 1822, the 
French mathematician Fourier inserted a and b into 
the notation—to indicate that the terms run from « = 
ato « = b. He thus wrote this sum as 


/ y dex. 
b 


This is the modern notation, and we will make use of 
it here. 


Example 5.11. Return to Figure 5.15 and the area 
under the line y = ea + 1 over the interval from 1 to 
5. This time, insert the points 


1 < 1.0001 < 1.0002 < 1.0003 <... 


< 4.9997 < 4.9998 < 4.9999 < 5 
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Figure 5.17 


between 1 and 5. The first x is 1, the second is 1.0001 = 
1+ sto the third is 1.0002 = 1 + ,,2;, the fourth is 


x = 1.0008 = 1+ T0000?" .., and the last is x = 4.9999 = 
1+3.9999 = =1 + 39999 Therefore, the typical x has the 


10,000" 
form 1+ 10,000 
tens of thousands of points have been packed between 
1 and 5.) Since y = ea + 1, it follows that the typical 
y -dxis 


2 i 1 
eS E (1+ saco0a ) +) yo-qo0" 


This can be rewritten as follows: 


dx = : es i 2 
4° & = 70,000 || 3 10,000 ' 2 


* 70,000 son +5) 


ee Bec 1 
~ 15,000 \2 ° 10,000 


=~ 
15,000 | * 70 ws) 


1 
~ 15 x 108 
By substituting 7 = 0,1,2,...,39,999 into this expres- 
sion and adding everything, we see that the sum of all 
the y - dx is equal to 


- (25,000 + 2). 


. (25,000 + 25,001 + 25,002 + --- + 64,999). 


1.5 x 108 
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The terms inside the parentheses can be added by the 
technique of Gauss the schoolboy (see Note 4 at the 
end of Chapter 4), as follows: 


25,000 + 25,001 + 25,002 + + 64,998 + 64,999 
64,999 + 64,998 + 64,997 + --- + 25,001 + 25,000 


89,999 + 89,999 + 89,999 + + 89,999 + 89,999 


Recall that i ranges from 0 to 39,999; therefore, each 
line in the preceding addition has 40,000 terms. It 
follows that twice 


25,000 + 25,001 + 25,002 + --- + 64,999 
is equal to (40,000)(89,999) = 35.9996 x 108. So 
25,000 + 25,001 +25,002+---+64,999 = 17.9998 x 10°. 


Inserting this into the earlier expression for the sum 
of all the y - dx, we get 


ESET , ae (17.9998 x 108) = 


with four-decimal accuracy. Refer back to Example 5.9 
for the fact that the area under the line y = ea +lover 
the interval from 1 to 5 is 12. So we now have what we 
wanted: A good approximation of the area under the 
curve. The equation 


= 11.9999 


17.9998 
1.5 


kK 


5 5 2 
| ydx = | & =f 1) die = 11.9999 = 12 
1 1 


summarizes what was done in Leibniz’s notation. 


b 
It is important to think of the symbol / y dx 


as more than just a number equal to the area under 
the curve. Include in your thinking the summation 
process—ofa very large number of very small terms— 
that produces this number. This way of thinking about 
area will soon have important consequences. 

The formula 


(x) 


where c is a positive constant, is obtained by factor- 
ing out a c from each term ydz of the sum on the 
left. As the following example shows, this equation is 
Cavalieri’s principle expressed in Leibniz’s notation. 


Example 5.12. Consider the circle ?+y? = 5*. Solve 
for y to get y = +25 — x. Taking the positive value 
for y gives the equation y = /25 — «? for the upper 
half of this circle. See Figure 5.18(a). It follows that 
ie ydx = oe /25 — «* dx is equal to the area under 
the upper half of the circle. Since the radius is 5, we 
get f°, V25 — 2% da = 1x5? = 2. 


Now consider the ellipse z “f+ e = 1. Solving for y 


gives us is —— - = tS, or y? = 2 (6? — x”). Take 
y = 25% — x and note that the graph of this equation 
is the upper half of the ellipse. (See Figure 5.18(b).) 


So ‘Pe 2/25 — x? dw is the area under the upper half 


(b) 


Figure 5.18 


of the ellipse. By formula («) above, 


5 2 2 5 
/ BV 25 — “dx = =| Vv 25 — x? dx 
= —5 
_ 2 250 
#5 2 
Therefore, the area of the full ellipse is 2(57) = 10z. 
This is a result that was achieved in Section 4.6 by use 
of Cavalieri’s principle. 


= Or: 


5.4 The Fundamental Theorem of 
Calculus 


\ X J\e turn next to a publication of Leibniz* from 
1693. In it, Leibniz discusses a problem posed 


to him by a Parisian scholar: 


Claude Perrault ... who has ... distinguished 
himself with his studies in mechanics and ar- 
chitecture has presented to me the following 
problem. He had presented it to many others 
before me and openly admitted that he had 
not as yet been successful in solving it him- 
self. A weight is placed on a horizontal plane. 
One end, say B, of a piece of string or small 
chain AB is attached to the weight. When the 


Figure 5.19 
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other end A of the string is moved along the 
fixed straight line AA’ in the plane, so that 
the string AB lies in the plane for the duration 
of the motion, the weight is pulled along, and 
describes a curve BB’. The problem concerns 
the determination of this curve. [See Figure 
5.19.] Perrault instead made use (as an illus- 
tration) of a pocketwatch with silver housing 
B, which he pulled across the table with the 
attached chain AB by leading the end A along 
a straight line AA’. In the process the low- 
est point of the housing (the midpoint of the 
bottom) described the curve BB’. I observed 
this curve with some care (I had been occupy- 
ing myself primarily with the consideration 
of tangents) and immediately made the rele- 
vant remark that the string always touches 
the curve tangentially, e.g., the straight line 
A” B" is the tangent of the curve BB’ at B".... 
I saw, therefore, that the question reduced to 
the following: To find a curve satisfying the 
condition that the section of the tangent AB 
between the axis AA’ and the curve BB’ is 
equal to a fixed constant. And it was not diffi- 
cult for me to figure out that the description of 
this curve could be reduced to the quadrature 
of the hyperbola. 
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dx 


P=(x, y) 


p= dx 


dy 


Figure 5.20 


Since quadrature, or “squaring,” refers to the 
determination of area. Leibniz has made reference 
to a fundamental relationship between and slopes of 
tangent lines and areas under curves. It is the purpose 
of the remainder of his article to bring this connection 
to light. We will describe the essence of what Leibniz 
does. 

Let a curve be given and let P = (a, y) be a point 
on the curve. Consider the tangent to the curve at P 
and let mp be its slope; refer to Figure 5.20. Let dx 
be any length and form the triangle shown. As in the 
earlier discussion about areas, dx is often considered 
to be small. Observe that wu = mp, so that 


dy = mp - dx. 


Leibniz calls dx the differential of « and the related 
quantity dy = mp - dx the differential of y. He calls 
the triangle formed by the segments of lengths dx and 
dy and the tangent the characteristic triangle. For 
example, in the case of the parabola y = «”, the slope of 
the tangentis mp = 2x,sothat dy = 2x-dz. Inthe case 


of the curve y = x° the slope of the tangent is mp = 
3a” and dy = 3a” - dx. The construction pictured in 
Figure 5.20 will provide Leibniz with the link between 
areas under curves and slopes of tangent lines. 

Leibniz considers a system of Cartesian coordi- 
nates and fixes a curve C above an interval from a to 
6 on the x-axis. He now assumes that he has another 
curve A with the following property for all points « 
between a and b: 


The slope mp of the tangent at the point P on 
A lying above z is equal to the y-coordinate of 
the point on C lying above x. 


Figure 5.21 illustrates the connection between C and 
A: For any number w between a and b, let P and Q 
be the points on A and C respectively, both with first 
coordinate x. Then the slope mp of the tangent to A 
at P is equal to the second coordinate of the point Q 
on C. So 
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Figure 5.21 


Next Leibniz takes any dx and places a character- 
istic triangle with sides dx and dy at the point P on A; 
see Figure 5.22. Observe that dy = mp and therefore, 
that 

dy _ 
(rem 
He then places a rectangle under the curve C, as 


shown (in black) in Figure 5.23. Since y = Es observe 


y. 


that the area y - dx of the rectangle is equal to the 
length dy of the vertical leg of the triangle at P. 
(How, you ask, is this equality possible, given that the 
rectangle is large and the segment tiny?) 

Now pack lots of points between a and b. These 
determine, exactly as described in Section 5.3, many 
very thin rectangles under the curve C. As we just 
saw, the area y - dx of each rectangle is numerically 
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Figure 5.22 


equal to the length of the corresponding segment dy. 
It is now plausible for Leibniz to conclude that the sum 
of the areas y - dx of all of the rectangles under C is 
equal to the sum of the lengths of all of the segments 
dy from c to d; see Figure 5.24. So Leibniz has shown 
that the area under C above the interval from a to b 
is equal to d — c. In his notation, 


b 
i ydx=d—c. 


This formula is known as the Fundamental Theorem 
of Calculus. 


Let’s consider a specific example to illustrate what 
Leibniz has accomplished. 


Example 5.13. Consider the parabola y = «7 over 
the interval 0 < x < 1. Thisis the curve C. Recall from 
Section 5.2 that the slope of the tangent of y = Ax® 
at any point P = (z, y) is equal to mp = 8Ax*. Taking 
A = i, we see that mp = «”. Therefore, the graph of 
ee sae? has the property that the slope of the tangent 
mp at x is equal to the y-coordinate of the point on C 
at 2. In other words, the graph of y = zw? satisfies 
what is required of the curve A. Since the point on A 
corresponding to x = 0 is (0, 0) and that corresponding 


tow = lis(], +), the roles of the points (a, c) and (0, d) 
are now played by (0,0) and (1, +). It follows that the 
area under y = 2” over the interval 0 < x < lis 
d—c = 5-0 = §. Notice that the discussion that 
follows Example 5.10 has already confirmed this. 


eibniz’s analysis of the area under a curve implic- 

itly required that for a given x there is at most 
one point on the curve above that x. Refer to Figure 
5.14(b) and notice that if there were more than one 
such point, the entire matter would be ambiguous. In 
terms of the equation of the curve, the requirement 
is that for a given «, there is at most one y with the 
property that the pair (a, y) satisfies the equation. This 
condition is met by the equation y = x”. For example, 
the only point (#, y) on this graph with x = 2 is (2,4), 
since y = 2? = 4. Similarly, when x = 3, y must be 
equal to 3? = 9, and so on. A similar thing is true for 
the equations y = x’, or y = /x, or y = i, or y = 5. 
In each of these cases, we see that for a given x, there 
is at most one y that satisfies the equation. So a given 


x determines a single y. This property is the essen- 
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Figure 5.23 


tial element in the concept of a function. Leibniz used 
the notion of a function only in the context of quan- 
tities related to curves. The more definitive concept 
presented next was not established until later. 

A function is a rule that assigns exactly one real 
number to each number from a set of real numbers. 
Such a rule is often given by an algebraic expression. 
The rule f(~) = 3%—7 is an example of a function. Note 
that f(2) = 3-2-7 =-—land f(4) =3-4-—7=5.So0 


f assigns —1 to the number 2, and 5 to the number 4, 
and 3x —7 to atypical real number «. Functions of the 
form f(x) = 3x — 7, g(x”) = — 5a +6, or more generally, 
h(x) = mx+b, where m and bare constants, are called 
linear functions. Functions of the form f(x) = 6, or 
g(a) = —7, or h(x) = b, with b any constant, are called 
constant functions. 

The graph of a function f is the set of all points 
(x, y) in the Cartesian plane that satisfy the equation 
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Figure 5.24 


y = fix). So the graphs of the linear functions f(x) = 
3% — 7, g(x”) = — $a + 6, and h(x) = mx + b are the 
graphs of the equations y = 38% — 7, y = — 5a + 6, and 
y = mx + b, respectively. Observe that they are all 
lines. . 


Example 5.14. (a) The rule f that assigns the num- 
ber x to any x is the function fz) = 2. This 
rule is defined, i.e., makes sense, for all 2. For ex- 


ample, f(2) = 4, f(8) = 9, and f(—2) = 4. So 
the points (2,4), (8,9), and (—2,4) are all on the 
graph. 

(b) The rule f(x) = /x = #2 isa function. Observe 
that f(0) = 0, f@) = 1, 3) = V3, and ff4) = 2. So 
the points O = (0,0), (1,1), (8, V3), and (4,2) are on 
the graph. This function is defined only for « > 0. For 
example, f(—2) = /—2 is not defined, i.e., it does not 
make sense. 


| flx) =x? 


Tose 
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fix) = Vx 


g(a) =x!8 


Figure 5.25 


(c) The rule f(x) = 2° is a function. It is defined for 
all x. Note that (1, 1), (—1, —1), and (—2, —8) are on the 
graph. 

(d) The rule g(x) = </x = 3 is a function defined 
for all «. Check that (—1, —1), (8,2), and (—27, —3) are 
on its graph. 

(e) The rule g given by g(~) = 1 ane 
is a function. It is defined for all « except x = 


—1 


0. The points (1,1), (2,5), and (5,2) are on the 
graph. 
(f) The rule h(x) = 4 — a is a function defined 


for all x 4 0. Since h(2) = 4 h(-1) = 1, and h(8) = i, 
the points (2, $), (-1, 1), and (8, 3) are on the graph. 


The graphs of the functions considered in (a)-(f) 
are sketched in Figure 5.25, 
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Figure 5.26 


The functions fia) = x, g(a) = —x* + 8a — 4, 
and, in general h(w) = Ax? + Bu + C, where A 4 0, 
are called quadratic functions. Their graphs are the 
graphs of the equations y = x”, y = —x” + 38a —4, and 
y = Ax*+Ba+C, respectively. Note that the graph of 
any quadratic function is a parabola. (Refer to Section 
4.3.) 


Consider the equation y? = x. The pairs of num- 
bers x = 4,y = 2anda = 4,y = —2 are both solutions, 
so this equation does not determine y uniquely in 
terms of x. In general, for a given x > 0, both y = /x 


and y = —./x are solutions. Similarly, in reference 
to the equation y* = x, for a given x, both y = x 
or y = —« are solutions. Again, for a given z, there 


are two possibilities for y. Therefore neither equation 
defines a function of w. 


A look at the graph of an equation in x and y makes 
this more explicit. Ifany vertical line crosses the graph 
at most once, then the equation defines a function of 
x. But if at least one vertical line crosses the graph 
twice or more, then it does not define a function of a. 
A comparison of the graphs of Figure 5.25 with those 
of Figure 5.26 illustrates the point. 


The function concept clarifies the topics of this 
chapter. We will now incorporate it into our discussion 
and use it to reformulate some of the matters that 


were already developed. We begin with another look 
at the computation of the slope of a tangent line. 


A. The Derivative. Let f be a function and fix a 
point P = (a, y) on its graph. Since y = f(x), it follows 
that P = (w, f(x)). Suppose the graph has a nonvertical 
tangent at P. Since P is the only point on the graph 
with this «-coordinate, we will designate the slope 
of the tangent by m, instead of mp as was done in 
Section 5.2. Now let Q = (a, y) be some other point 
on the graph; then y = f(x). Set x —«w = Aw and 
y—y = Ay. Note that x = «+ Aw and y = f(x) = 
fle+ Ax). So Q = (w+ Ax, ftw + Ax)). See Figure 5.27. 
Observe that the slope of the line through P and Q 
is 


fla + Ax) —flx) 
Ax ; 


Since Ay = y—y = flix + Ax) — f(x), this is the 
ratio 24 that was studied in Section 5.2. When Ax 
is pushed to zero, the slope of this line closes in on 
the slope m, of the tangent to the graph at P = 
(x, f(x)). In the notation of limits, this can be expressed 


as 


je OI 
Ar—>0 AX 


Now consider the rule that assigns the number 
m, to a given number «x. This rule defines a function 
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P= (x, f(x) 


QO = (x+ Ax, f(x + Axr)) 


Figure 5.27 


Figure 5.28 


called the derivative of f, denoted by f’. To repeat, f’ 
is the function given by the rule 


T-@) = Mz, 


where m, is the slope of the tangent to the graph of 
f at the point (x, f(~)). See Figure 5.28. Once more, 
the derivative of the function f is also a function. Its 
rule f’ is derived from the rule of f in the manner just 
described. 


Suppose that f is a linear function. Then it has 
the form f(x) = mx + b, with m and 6 constants. Its 
graph is a line with slope m. Take any point (a, y) on 
the graph. The tangent to the line is the line itself, so 
it follows that m, = m. Therefore, f(x) = m for all x. 
Suppose that m = 0. Then f(x) = b, and f’(x) = 0 for 


all x. So the derivative of any constant function is the 
zero function. 


Example 5.15. The derivative of f(x) = 5a +1is 
oe) = 5. The derivative of f(x) = —3” + 6 is f’(w) = 
—3. If g(x) = 5, then g’(x) = 0. 

What are the derivatives of the functions of 
Examples 5.14(a)-14(f)? 


Example 5.16. (a) Consider f(x) = x”. Since 


fla + Ax) — flx) — (w+ Ax}? — a? 
Ax 7 Ax 


7 a + 2eAa + (Any — x? 
a Ax 


_ 2eda+ (Ax)? _ Ax(2x + Ax) 
7 Ax a Ax 


= 2x¢+ Ax, 


it follows that 


20: 


iy qa. Me + Aw) — fle) _ 
POS an, Ax - 
(b) Let y = fix) = /x = x2. We will not compute 

HX org, DOE OHI) 
fi —, as 
will probably encounter difficulties) but instead refer 


to Section 5.2. By squaring both sides, we get y” = «. 
The graph of f(z) = /x = «x? is the upper half of the 
graph of the parabolax = y”; see Figure 5.26(a). It was 


directly (try it and you 
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shown in Section 5.2, using Leibniz’s tangent method, 
that the slope of the tangent to this parabola at any 
point P = (a, y) is mp = or If the point P is on the 


1 


graph of f, then y = «2 and hence m, = mp = 3a7?. 
Therefore, f’(a) = ha-2. 

(c) Let ftw) = x. It was shown in Section 5.2, using 
Leibniz’s tangent method, that the slope of the tangent 
tothe curve y = x? at any point P = (a, y)ismp = 32°. 
It follows that f’(x) = 3x”. This derivative can also be 
established by proceeding as in (a). See Exercise 10. 

(d) The derivative of g(a) = x3 is g'(w) = 4x75, 
This is best shown by applying Leibniz’s tangent 
method to the equation y? = x. See Exercise 8. 

(e) The derivative of g(#) = «1 is g(x) = -4 = 
—(x~*), This can be done as in (a) or with Leibniz’s 
tangent method. See Exercise 7. 

(f) The derivative of h(w) = 4 = «7? is h'(@) = 
—24, = —2x-*. Do this by computing the limit h’(«) = 

lim he + Ax) — h(x) 


directly. See Exercise 11. 
Ax—>0 Ax 


Example 5.17. What is the slope of the tangent to the 
graph of fix) = /x = 22 at the point (2, /2)? This is 
computed by substituting x = 2 into f’(a) = hor}. So 
it is f’(2) = a: — aE What about the slope of the 
tangent to the graph of h(a) = = at (—1, 1)? This slope 
is computed by evaluating h(a) = —2a7? at x = -1. 
Hence it is h’(—1) = (—2)(—1) = 2. 


The notation “ of Section 5.4 is also used to denote 
the derivative ofa function. Soify = «#?, then ay = 8x". 
Andify = 4, then # = —2x-%. 


Leibniz develops many of the basic properties 
of the derivative. We will turn to these in detail in 
Chapter 8. A few examples will do for now. Consider 
the function f(z) = 5./x = 5x2. The derivative of f 
is equal to 5 times the derivative of the function y = 
Jz. So by Example 5.16(b), f(x) = 5 (32°8) = sb. 
The point is that when computing the derivative of a 
function, constants can be factored out first. Another 
basic property asserts that the derivative of the sum 


(or difference) of two functions is equal to the sum (or 
difference) of their derivatives. 


Example 5.18. Using Example 5.16, we see that 
the derivative of y = 4 + a? + 4a is equal to 
a — (-2)4 + 3a?+4. In a similar way, if f(x) = 
2x” — 2 — 7, then f(x) = 4e +55. 

B. Antiderivatives. Let bea function. A function 
F that has the property that the derivative F” is equal 
to f is called an antiderivative of f. 


Example 5.19. Let F(x) = «? and recall that F’(«) = 
2x. Therefore F(x) is an antiderivative of f(«) = 2a. 
Note that G(w) = $w? is an antiderivative of g(x) = x. 
Similarly, if F(a) = x +2251, then F’(a) = 1 — 2254, = 
ee Therefore, F(a) = w+225} is an antiderivative 


2 
of flw) = ==", 


Let’s consider the situation of a function h that has 
the property that h’(a) = 0 for all x. This means that 
the slope of the tangent at any point P on the graph 
is zero. So all tangents are horizontal. If the graph 
were to curve upward or downward at any point P, 
the tangent line would either rise or fall; see Figure 
5.29. Since this does not happen, the only possibility 
is that the graph is a horizontal line. Because every 
horizontal line has the form y = C for some constant 
C, it follows that h(x) = C for all x. In words, a function 
whose derivative is zero must be a constant function. 

There is an important consequence of this. Sup- 
pose that y = F(x) and y .= G(x) are both 
antiderivatives of the same function f(x). Since 


F(a) =ftx) and G'()=fia), 
it follows that the derivative of G(a) — F(x) is equal to 
G'(«) — F’(w) = 0. 


Therefore, by the fact just pointed out, G(«) — F(x) is 
equal to a constant C; so 


G(v) = F(a) + C. 


Suppose that one antiderivative of a function f is 
known. We have shown that any other antiderivative 


P mp <9O 
Mp > 0 P 


a aaa 


Figure 5.29 


of f can obtained by adding a constant to the known 
antiderivative. 


Let’s return to the Fundamental Theorem of Cal- 
culus of Section 5.4. Let f be a function. Restrict x to lie 
in an interval a < x < band suppose that y = f(x) > 0 
for all such x. As in Section 5.3, pack lots of points 
into the interval from a to b and form the products 
y -dx« = fix) - dx. Recall that 


[ vae = [ rere 


is the sum of all these products. 

Suppose that the function F is an antiderivative of 
f.So F’(«w) = f(x) for all x. Let A be the graph of F and 
let P = (a, y) be any point on A. Since F’(x) = mp is 
the slope of the tangent to A at the point P, notice that 


F'(e) = tip. =f): 


Therefore, the graph A of F fulfills the requirements of 
Leibniz’s development of the Fundamental Theorem 
of Calculus. Refer back to Figure 5.21. Because (a, c) 
and (b,d) are on the graph A of F, it follows that 
F(a) = cand F(6b) = d. The equality ) ydx =d—cof 
Section 5.4 can therefore be rewritten 


b 
/ fl) du = F(b) — F(a) 


In summary, this equality means this: To evaluate 
a sum of the form / . fix) dx, find an antiderivative 
F of f and compute the difference F(b) — F(a). The 
expression /, : fix) dx is called the definite integral of 
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the function f from a to b. It is now customary to use 
the notation F(w)|” for the difference F(b) — F(a). 


5.6 Some Applications 
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W e continue with a glimpse at some applications 

of the derivative. Consider a function f and its 
graph. Have a look at Figure 5.30 and consider a high 
point on the graph (the “top of a peak”). If ¢; is the x- 
coordinate of such a point, then the y-coordinate /(c}) 
is larger than f(x) for any x near c,. Observe that the 
slope f’(c;) of the tangent is zero. In the same way, 
if co is the x-coordinate of a low point on the graph 
(the “bottom of a valley”), then the y-coordinate f(c2) 
is smaller than f(x) for any x near cz. Here too, f’(cz) 
is zero. This suggests that the solution of a problem 
that calls for the determination of a maximum or 
minimum value ofa function should focus on the values 
of x at which the derivative is equal to zero. We will 
illustrate this by considering two problems of the type 
considered early in the 17 century. 


fey) =0 


Figure 5.30 


A. Finding Maximum and Minimum Values. 
Consider a segment that is cut into two pieces as 
shown in Figure 5.31. 
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Xx 


Figure 5.31 


Example 5.20. Suppose that the total length of the 
segment is 1200 units. How is the segment to be cut 
so that the product of the lengths of the two pieces is 
as large as possible? 


Solution. If x is the length of one of the pieces, then 
the other has length 1200 — «. The product of the 
lengths is given by the function f(z) = x(1200 — #) = 
1200x — x”. The question is: What is the largest value 
of this function? Since f’(a) = 1200 — 2x, we see that 
f'(«) = 0 when « = 600. Because the graph of f is 
a parabola that opens downward, it follows that the 
product f(x) = «(1200 — x) is largest when « = 600. 
Since 1200 — 600 = 600, the length of the other piece 
is also 600 units. 


Example 5.21. Suppose that the product of the 
lengths of the two pieces in Example 5.20 is specified 
to be 225. What is the shortest segment for which this 
is possible? 


Solution. Let y be the length of the entire segment. 
Given that one piece has length x, the second piece has 
length y — x. The product of the lengths is (y — «)a” = 
225. Therefore, yx — x* = 225. So ya = a? + 225, 
and hence y = «+ ae We need to find the minimum 
value of f(x) = «+ 2251, By Example 5.16(e) and the 
properties of derivatives, fw) = 1— 2254 = 20s 
In order for this to be equal to zero, the numerator 
av” — 225 must be zero. This happens when « = +15. 
Since x is length, « = 15, and f(5) = 15+ 3 = 
15+15 = 30. Experiment with other lengths and 
observe that 30 is the smallest possible length of the 


segment. 


We conclude our discussion of the calculus of Leib- 
niz by showing that the summation process that gives 
rise to the definite integral can be applied to problems 


other than the computation of area. We will illustrate 
this by computing volumes and lengths of curves. 


B. Volumes. Begin with the fact that the volume 
of a cylinder is equal to the area of the base times the 
height. So if the height is h and the circular base has 
radius 7, then the volume is zr7h; see Figure 5.82. 


Figure 5.32 


Now consider a semicircle of radius 7 and place 
a coordinate system as shown in Figure 5.33. As we 
have already done a number of times, pump the in- 
terval from 0 to 2r full of points, and consider the 
corresponding thin rectangles under the circle. A typ- 
ical one is shown. It is placed at x, itis y units high, and 
it has thickness dx. Rotate the semicircular region one 
complete revolution about the x-axis and note that it 
sweeps out a sphere S of radius r. The thin rectangle 
sweeps out a thin cylindrical disc of radius y and thick- 
ness (height) dx. The circular base of this thin cylinder 
has area zy” and its volume is my*d«. Since the point 
(x, y) satisfies («—r)?+y? = r”, observe that y* = 7? — 
(a—r)* = 2re—a*. So the volume of the thin cylinder is 


my" dx = (2rrx — ma") da. 


Do this for all the rectangles from 0 to 2r. Since all 
of the thin rectangles together fill out the semicircular 
region, it follows that the sum of the volumes of all 
the corresponding thin cylinders is the volume of the 
entire solid of revolution, i.e., the volume of the sphere 
S of radius r. It is now important to observe that this 


0 ; : 
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(x—rr+y=r 


2r 


Figure 5.33 


sum, namely, the sum of all the terms (2ara — ma”) da, 
is precisely a sum of the type considered in Section 
5.3. Therefore, 


2r 
Volume of S = / (Qnra — 1x") da 
0 


2r 
—7}] (2re—2«*)dx. 
0 
Refer to the end of the previous section for the fact 
that this sum can be evaluated as follows: Ify = G(x) is 
an antiderivative of the function g(a) = 2ra — a, then 


2r 
Yi i (2ra — a?) dx = [G@|t"| = n[G(2r) — G(0)]. 
0 


Because the function rx? is an antiderivative of 2ra, 
and zw? is an antiderivative of «7, it follows that G() = 


re” — 4° is an antiderivative of g(a) = 2rx—«”. Since 


Figure 5.34 


G(2r) — GO) = r2r)? — 32r)°, 


2r 


Volume ofS=x | (2rxa —«*)dzx 
0 


13.3 
=n (nan? = 327] = Anr® — ar 


3 
= <7’. 
3 


Leibniz’s summation method combined with the Fun- 
damental Theorem of Calculus has shown the volume 
of a sphere S of radius r to be $27”. 


Using this basic argument, many volumes of rev- 
olution can be computed. Let f be a function that 
satisfies f(z) > 0 for all x between a and b on the x-axis. 
A typical situation is sketched in Figure 5.34. Pro- 
ceed exactly as in the situation of the semicircle. The 
interval from a to b is packed with points, and these 
determine thin rectangles under the curve. A typical 
one is shown. It is placed at x, it has height f(x) and 
thickness dx. Now rotate the region bounded by the 
graph, the x-axis, and the lines x = a and x = 6 for 
one complete revolution about the «x-axis. The volume 
of the resulting solid is obtained by adding the vol- 
umes of all of the thin cylindrical discs determined by 
the rotation of the rectangles. The typical disc shown 
has circular area z - (f(x))* and height da, so it has vol- 
ume zi - (f(x))? - dx. Since the volume V of the solid is 
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the sum of all of the volumes of these discs, it is given 
by 


b 
V= / m(fia))* dx 


Notice that this definite integral is also equal to the 
area under the graph of the function a(flx))* from a 
to b. 


fix) = Vx. 


Figure 5.85 


Example 5.22. Revolve the region shown in Figure 
5.35 one complete revolution about the x-axis and 
compute the volume V of the solid thus obtained. Sub- 
stituting ftw) = /x into the formula just developed, 


we find that 
b 4 4 
V= / m(fia))* dae = | n/a) dx = x [ x dae. 
a 0 0 


Since G(x) = sa is an antiderivative of g(a) = a, it 
follows that V = G(a)|) = G(4) — G0) = 3-4? =8. 


C. Lengths of Curves. The definite integral can 
also be applied to the computation of the lengths of 
curves. This is done as follows. Let f be a function, and 
let P = (a,c) and Q = (0, d) be two points on its graph; 
see Figure 5.36. Here is the strategy for computing 
the length L of the curve between the points P and Q. 

Again pump the interval from a to b full of points, 
packing them tightly together. Take a typical point 
x and let « + dx be the very next one. Let (x, y) be 
the point on the graph above «, and use a segment 
of length dx to construct a characteristic triangle at 
(x, y). Figure 5.37 shows what is happening under a mi- 
croscope. Notice that the slope of the tangent at (a, y) 
is ee In particular, f’(7) = a By the Pythagorean 
theorem, the length of the hypotenuse of the charac- 
teristic triangle is (dx)? + (dy). Factoring out (da), 
we get 


_ dy\” 
Jax)? + dy? = || 1 i (2) aw? 


Figure 5.36 


2 
ae se (4) dx = ,/1+ (f'(x))? de. 


Since dx is extremely small, the hypotenuse of the 
triangle is for all computational purposes equal to the 
length of the portion of the graph of f(x) inside the 
triangle. The length L of the curve from P to Q is the 
sum of the lengths of all of these ares as x ranges from 
a to b. Thus, the length Z is given as the sum of all 
of the terms ,/1 + (f’(a))? dw as x ranges from a to b. 
Since this sum is of the type considered in Section 5.8, 
we conclude that 


b 
L= y 1+ (f(x)? dx 


By the Fundamental Theorem of Calculus, L can now 
be determined by finding an antiderivative G of the 


function g(a) = /1+(f’(«))? and evaluating L = 
G(b) — Ga). 


tangent line 


Figure 5.37 


Let’s apply our formula to the simplest case: the 
length of a line segment. 


Example 5.23. Consider the function f(x) = 2” — 3 
with the points P = (—1,—5) and Q = (5,7) on its 
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graph, as pictured in Figure 5.38. We already know 
that the distance between P and Q is 


J(—1 — 5)? + (-5 — 7) = /36 + 144 — V180 = 6V5. 


Let’s see whether definite integrals provide the same 
result. Since f’(a) = 2,a = —1, and b = 5, 


b 5 5 
: J1+Grw@pdr = [ Vi+2de = | V5 dx. 
a 4 1 


Because G(x) = /5x is an antiderivative of /5, 


5 
/ V5 dx = G(5) — G(-1) = 5V5 — (-1I)vV5 = 6V5, 
= 
as expected. 


Example 5.24. Consider the circle x7 + y* = 5 
of radius 5 and with center the origin. Since y = 
+./52 — x”, any point (#, y) on the upper half of the 
circle satisfies y = /5* — x?. It follows that the graph 
of the function fix) = /5* — «? is the upper half of 
the circle. See Figure 5.39. Consider the points P and 
Q on the circle with x-coordinates —3/2 2 and 3/2, 
respectively. What is the length L of the ireilar are 
from P to Q? By the formula oe developed, 


Ls [ Jr pwrde= f J1t (f(x)? de. 


Recall from the discussion preceding Example 5.8 
of Section 5.2 that the slope of Me tangent line to 
this circle at any point (x,y) is —= — follows that 


ra) = ~ eae So g (@)y = ae and hence 


1+(¢ as = +e — a eee 
3/2 
ps aa ; BO .-f g V2 a — x 


This definite integral is not easy to evaluate. We 
can, however, compute the length of are PQ directly. 
Look again at Figure 5.39 and consider the angle 
determined by the segment OQ and the positive «- 
v2 VB 


axis. The cosine of this angle is 2;- = +, so the 


angle is 7. By symmetry, the angle determined by 


the segment OP and the negative x-axis is also 7. It 
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follows that POQ = §. It is now clear that are PQ 
is precisely one quarter of the circle of radius 5; so its 
length is $ - 27 -5 = 377. We have verified that 


2 5 
— / ——— dy = — 7. 
ee Jf 52 — 2 2 
Notice that this definite integral is also equal to the 


area under the graph of the function ES from —3 V2 


to 3/2. 


(5,7) 


fi) = 2x -3 


Figure 5.38 


We have discussed three applications of definite 
integrals, namely, the computation of areas, volumes 
of revolution, and lengths of arcs. At least in princi- 
ple, these can all be solved by using the Fundamental 
Theorem of Calculus. A variety of problems of math- 
ematics and physics can be solved in this way. A 
word of caution is in order, however; the required 
antiderivatives are not always easily determined. 


5.7 Postscript 


SSINSEANRNANNSEEN ANNAN ae EC BF hh PW BM MM Mo 


T he difference between the approaches of Leib- 
niz (and also Newton as we will see in the next 


Figure 5.39 


chapter) and those of Archimedes should now be clear: 
Archimedes developed ingenious methods (many of 
which contain the elements of what is now called cal- 
culus) to solve specific problems. His computation of 
the area ofa parabolic section is a case in point. Leibniz 
and Newton, on the other hand, put together a general 
theory that is applicable to a wide range of problems. 
It must be pointed out that their achievements in- 
corporated the work of many of their predecessors, 
among them Descartes, Cavalieri, and Kepler. 

The description of Leibniz’s work given in this 
chapter has retained the essence of his arguments, 
but it incorporates clarifications and improvements 
that came later. Functions, as already indicated, are 
implicit rather than explicit in Leibniz’s work. They 
began to move to a central position in mathematics in 
the 1740s with Leonhard Euler. For Euler, a function 
was an “analytical expression composed in any way” 
from « and from “numbers or constant quantities.” 
Later, in the work of Lagrange, the slope, in the role 
of the derivative, was treated as a function, and the 
notation f’(«) was first used. The notion of the limit, 
which D’Alembert emphasized in the 1750s, and the 
notation tim first used by Cauchy in the 1820s, 
both added clarity. 

Leibniz’s fame as a philosopher and scientist 
spread throughout Europe. He was in correspondence 


with most of the important European scholars of the 
day. He was named to the French Academy of Sci- 


ences, and the Habsburg emperor bestowed on him 
the title of baron. But Leibniz’s last years were un- 
happy ones. His long dispute over the priority of the 
creation of the calculus with Newton and his English 
colleagues became increasingly bitter. When the son 
of his patron became King George I of England in 1714 
and moved his court to London, Leibniz remained be- 
hind in Hanover in isolation. His work was neither 
understood nor appreciated. He suffered increasingly 
from illness and died in 1716. 


Exercises 
5A. Lines and Their Equations 


1. What is the slope of the line determined by the points 
(2, —3) and (—6, 2). Write an equation for this line. 


2. Write an equation for the line with slope —3 and 
y-intercept 4. 


3. Write an equation for the line that has slope and has 
the point (8, —2) on its graph. 


4. What are the slope and y-intercept of the line that has 
equation 2x + Ty +2=0? 


5B. Computing Slopes of Tangents 


Go through Leibniz’s tangent method (“push Az to zero”) to 
compute the slope mp of the tangent to the given curve at 
the given point P. 


5. The parabola y = x” at the point P = (2,4). 
6. The curve y = x” at the point P = (2,8). 

7. The hyperbola y = + at any point P = (a,y). 
8 


The curve x = y°® at any point P = (a,y). [Hint: 
What happens to SU Ay when Aw is pushed to zero? 
Refer to Figure 5.11 in Section 5.2 and the surrounding 
discussion. ] 


9. The ellipse S + ie =latP=(,y). [Ifyou get mp = 


-£ a you are right. ] 


5C. Derivatives 
10. Let fix) = x. Determine f(x) by evaluating 


lim tC Sea a amet @) 
Ax—>0 Ax 
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11. Consider h(a) = +. Show that h(a) = = by eval- 
: ~ het Ax) — h(x) 
uating § lim —————__— 


; Ax—>0 Ax 
denominators and cancel.] 


. [Hint: Take common 


12. Usethe derivative formulas already developed to com- 
pute the slopes of the tangents to the graphs of the 
following functions at the given points. 


i. f(x) =2x° at (—2, —8). 
ii, g(x) = X/x at (—3, /—8). 
iii. fiw) = 4 at (—},-8). 
iv. f(x) = 5 at (—2, i: 
13. By using facts from the text, compute the derivatives 
of each of the following functions: 


i. f(x) = ~10. 

ii, y=4e4+7. 
iii, f(x) = Tx? — 5x +2. 

iv. y = 23/x+x0°. 

ve. ot) = 3 + 3x — 6. 

vi. fix) = 20? + 8a +4- 5. 

14. Consider the parabolic section determined by the 

parabola y = —a? + 8a and the x-axis. 


i. Determine the point on the parabola with the 
property that the slope of the tangent line is zero. 

ii. Use Archimedes’s theorem (not calculus) to 
compute the area of the parabolic section. 


5D. Definite Integrals 


15. Consider the graph of the equation y = I over the 
interval from 2 to 4. Insert the points 


2< 2.3 <2.5<2.9<3.4<3.6 <4 
and compute the sum of all of the rectangles y - du. 
16. Consider the graph of the equation y = /x over the 
interval from 0 to 2. Insert the points 
2 7 11 16 
9 
and compute the sum of all of the rectangles y - dx. 


What is the actual value of the area under the graph 
of y = J/x from x = 0 tow = 2? 


17. Explain with a diagram the full meaning of fe a” da 
and fy” /x dx. 
t x 


18. Draw a graph of the hyperbola e ~ & = 1. Then 


graph the equation y = 2 / (x? — 52) and explain the 
full meaning of 7° 4 /x? — 5? de. 


0<55 <2 
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5E. The Tractrix 


19. Recall Perrault’s problem from the beginning of Sec- 
tion 5.4. Tiea weight B to the end ofastring and place it 
and the weight on a horizontal Cartesian plane. Stretch 
the string along the positive «-axis so that one end is 
at the origin O and the other end, where B is tied, is at 
(a,0). So a is the length of the string. Now move the 
end of the string (the one at the origin) up the positive 
y-axis. The curve that B traces out in the process is 
called a tractrix. Let (x, y) represent a typical position 
of the weight B. See Figure 5.40. Leibniz observed that 
the string is tangent to the curve at (x, y). Study the 
figure and express the slope m,, of the tangent to the 
curve at the point (x, y) as a function of x. Suppose that 
the tractrix is the graph of a function y = f(x). What 
equation must the derivative of this function satisfy? 


Figure 5.40 


20. Use the results of Exercise 19 to express as a definite 
integral the length of the tractrix from the point (a, 0) 
to some other point (c, d). 


5F. Maximum and Minimum Values 


In Exercises 21 and 22 make use of Figure 5.31. 


21. If the segment is 1200 units long and the product of 
the squares of the lengths of the two pieces is to be as 
large as possible, how long should the two pieces be? 


22. 


23. 


24, 


25. 


The product of the lengths of the two pieces is specified 
to be 300. What is the shortest segment with which 
this can be done? 


Find the dimensions of the rectangle of largest area 
whose perimeter is 1000 cm. 


Find that point on the parabola y = x* + 1 that is 
closest to the point (8, 1). [Hints: Find that point on the 
parabola such that the square of its distance to (3, 1) is 
minimal. Also, recall that if a is a root of a polynomial, 
then x — a divides it.] 


Consider the triangular region determined by the 
graph of the line y = 3 — «a. Inscribe a rectangle as 
shown in Figure 5.41. When both the triangle and the 
rectangle are revolved one complete revolution about 
the x-axis, a cone and an inscribed cylinder result. 
Determine the largest volume this cylinder can have. 


Figure 5.41 


5G. Areas and Definite Integrals 


26. 


27. 


Use the Fundamental Theorem of Calculus to evaluate 
the definite integrals 


3 —2 1 12 
i ac da, / —; de, and Ja da. 
0 -§ & 3 
Sketch the areas that you have determined. 


The equation of the circle with radius 2 and centered 
at the origin is x? + y? = 4. Why is y = V4—2? an 
equation whose graph is the upper semicircle only? 
Evaluate the definite integral 


2 
/ V4 —27 dx 
0 


28. 


29. 


30. 


en 


Figure 5.42 


after drawing a picture of the area that it rep- 
resents. Let a be a positive number and evaluate 
fo. Va? — x? da in the same way. 


Evaluate the definite integral te 3/52 — a2 da by 
making use of the area of an appropriate circle. 


Let a and b be positive numbers. Use Exercise 27 and 
a basic property of the definite integral to evaluate 
fo 2a? —2? dx. What area does this definite integral 
represent? 

The graph in Figure 5.42 is that of the parabola y = poe" 
over the interval from 0 to 4. 


i. Determine the slope of the segment from O to 
P= 4, 5). Determine the coordinates of the 


(A, r) 


Figure 5.43 
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point Q with the property that the tangent to the 
curve at Q is parallel to OP. 

ii. Determine first the slope and then the equation 
of the line perpendicular to OP that goes through 
the point Q. 

iii. Consider the triangle OQP. Taking OP as the 
base, determine its height. What is the area of 
the triangle OQP? 

iv. Use Archimedes’s theorem for the area of a 
parabolic segment to determine the area under 
the parabola from x = 0 to x = 4. 

v. Verify this answer by using the Fundamental 
Theorem of Calculus. 


5H. Definite Integrals as Areas, 
Volumes, and Lengths of Curves 


31. 


32. 


33. 


34. 


Use the Fundamental Theorem of Calculus to com- 
pute the volume of a cone of height h and base 
of radius r. [Hint: Rotate the triangular region in 
Figure 5.43.] 


Determine the volume of the solid obtained by rotating 
the region above the z-axis and under the graph of the 
function y = /x, 0 < x < 3, one complete revolution 
about the x-axis. 


Show that the length of the parabolic are on the 
parabola y = x? from the point (2,4) to the point 
(5,25) is equal to the area under the upper half of the 
hyperbola y” — 4x? = 1 from « = 2 tow = 5. 


Consider the upper half of the ellipse a + f 2c) in 
Figure 5.44. Express as definite integrals: 


i. The area of the upper half of the ellipse. 
ii. The volume of the solid obtained by rotating it 
one revolution about the x-axis. 
iii. The length of the arc from (1, 3 V6) to (3, ®). 


Figure 5.44 


144 


35. 


51. 
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Figure 5.45 


Don’t forget to put in the limits of integration, but do 
not evaluate the integrals. In case (iii) use the fact from 
Exercise 9 that the slope of the tangent to the ellipse 
at any point (a, y) is -§2, Integral (iii) is a so-called 
“elliptic integral.” It is difficult to solve. 

Consider the hyperbola f — e =). 

i. Use Leibniz’s tangent method to evaluate the 
slope mp at any point P = (x,y), y # 0, on the 
hyperbola. 

ii. Find a function whose graph is precisely the 
upper half of the hyperbola. Determine the 
derivative of this function. 

iii. Express as a definite integral (do not evaluate) 
the area under the upper half of this hyperbola 
and over the interval from 3 to 7. 

iv. Express as a definite integral (do not evaluate) 
the volume of the solid obtained by rotating the 
region of (iii) one complete revolution about the 
x-axis. 

v. Express as a definite integral (do not evaluate) 
the length of the hyperbolic are from the point 
(4, 3/7) to the point (7, 5/40). 


Theorems of Pappus of 


Alexandria 


Pappus of Alexandria (ca 300 A.D) was the last of the 


great Greek mathematicians. Theorems A and B that follow 
are named after him. Let S be either a curved segment 
in the plane or a region in the plane. In either case, think 
of S as made of a very thin homogeneous material. The 
centroid of S is its center of mass. For example, if the are 
is a complete circle, the centroid is the center of the circle. 


The centroid of the region inside the circle is also the center 
of the circle. 


A. 


36. 


37. 


If an arc that lies in a plane is revolved one complete 
revolution about an axis that lies in the plane but does 
not cross the arc, then the area of the surface that is 
formed is equal to the product of the length of the arc 
and the length of the path traced by the centroid of the 
arc. (To see what is going on, refer to the semicircular 
arc in Figure 5.45. The axis lies on the diameter of the 
circle. If the semicircular arc is allowed to rotate one 
complete revolution about this axis, the surface that is 
formed is a sphere. The centroid C of the are will trace 
out a circle.) 

If a region lying in a plane is revolved one complete 
revolution about an axis that lies in the plane but does 
not intersect the region, then the volume of the solid 
that is formed is equal to the product of the area of 
the region and the length of the path traced out by its 
centroid. (Again refer to Figure 5.45. The centroid of 
the circular disc on the right lies at the center C of the 
circle. Ifthe disc is rotated one revolution about the axis, 
the volume formed is that of a donut. This is a “perfect” 
donut whose cross-sections are circles. The centroid C 
will trace out a circle.) 


Use Pappus’s theorem A to determine the area of the 
surface of a donut, given that the radius of its inner 
circle is r and that of its outer circle is R. (See Figure 
5.46.) 


Use Pappus’s theorem A to determine the centroid of 
a semicircular arc. [Hint: Use the fact that the surface 
area of a sphere of radius r is 4zr”.] 


© 
GG 


Figure 5.46 


38. Use Pappus’s theorem B to determine the centroid 
of a semicircular region. [Hint: Use the fact that the 
volume of a sphere of radius r is arr] 


Notes 


‘Historians of science recognized long ago that 
Leibniz and Newton invented the calculus indepen- 
dently. Newton did so in the years 1665 and 1666 but 
did not publish his findings until much later. Leibniz 
made his initial discoveries later, in the 1670s, but was 
first to publish them. Why did we start with Leibniz’s 
version of the calculus instead of Newton’s? Because 
this tactic provided an early opportunity to introduce 
Leibniz’s superior notation. This is the notation that 
prevailed and is in essence the notation used today. 


2Just so there is no misunderstanding, this title 
translates to Six Exercises. 


?Like perhaps no other mathematician before 
him, Leibniz realized the fundamental importance of 
notation: “With the notation one has to consider the 
fact that it should be convenient as regards the process 
of invention. This is especially the case if it expresses 
the innermost nature of the thing with economy. In 
this way, the effort involved in the thought process 
is minimized in a wonderful way.” To this end, he en- 
gaged in notational “experiments.” For instance, he 
had originally written for dx and used omn. (from 
the Latin omnes, meaning “all”) to denote f{. You 
will appreciate the importance of notation, if you try 
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to multiply two large numbers written in Greek or 
Roman numerals. 


4The development of the Fundamental Theorem 
of Calculus is based on Leibniz’s article in the journal 
Acta Eruditorum in 1693, as translated into Ger- 
man (from the Latin) by Gerhard Kowalewski. See 
pages 24-34 of Band 162 of Oswalds Klassiker der 
Exakten Wissenschaften, Verlag von Wilhelm Engel- 
mann, Leipzig, 1906. (The excerpts in English were 
provided by the author.) Other descriptions of Leib- 
niz’s work have made use of discussions in J. M. Child, 
The Early Mathematical Manuscripts of Leibniz, The 
Open Court Publishing Company, Chicago, London, 
1920; and J. E. Hofmann, Leibniz in Paris 1672-1676, 
Cambridge University Press, Cambridge, 1974. 
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Isaac Newton (1642-1727) was born on Christmas day 
in Lincolnshire, England, the son of a farmer. He was 
educated at local schools and was a determined and 
successful student, but there was little to suggest 
that this quiet boy had exceptional promise. Since he 
had little inclination to be a farmer, his mother at 
last agreed with the schoolmaster to let him go off to 
the university. He passed his entrance examinations 
for Trinity College in Cambridge and began his stud- 
ies there in 1661. He studied under Barrow and read 
Kepler’s Optics, Euclid’s Elements (which he at first 
found disappointingly simple), and works of Descartes 
and Galileo. In 1665, Newton took his degree of B.A. 
without any apparent distinction. Later in the year 
when the plague began to rage in London, Cambridge 
was closed as a precaution and he was forced to re- 
turn to his birthplace in the country. Pondering alone 
with intense concentration, the twenty-three-year-old 
Newton hit upon the initial formulations of the ideas 
that would change many of the fundamental concepts 
of “natural philosophy,” as science was referred to at 
that time. “I keep the subject of my inquiry constantly 
before me, and wait till the first dawning opens gradu- 
ally, by little and little, into a full clear light,” he wrote 
later. He had penetrating ideas about the nature of 
light, about the mathematical methods of a calculus 
of “fluents and fluxions,” and about the motion of the 
heavenly bodies. “All this,” he would write in his old 
age, “was in the two plague years of 1665 and 1666, for 
in those days I was in the prime of my age of invention, 
and minded mathematics and philosophy more than at 
any other time since.” He became convinced that the 
motion of the planets around the Sun, as well as that 
of the Moon around the Earth, obeys the same physi- 
cal laws as moving objects on Earth. A famous legend 
finds him meditating under an apple tree when, at the 
very moment that he heard the thud of a fallen apple, 
he was struck by the realization that the force that 
pulled the apple to Earth is one and the same as that 
which keeps the Moon in orbit around the Earth and 
from flying off into space. 

Newton returned to Cambridge in 1667 and be- 
came absorbed with investigations into the nature of 


light. In experiments with prisms, he separated ordi- 
nary “white” light into its spectrum of colors from red 
to violet. The telescopes of the time relied on the prin- 
ciple of refraction. Lenses of appropriate shapes and 
configurations can be used to bend and redirect light 
rays in a way as to produce an enlarged image. (We 
will study the basic principles involved in Chapter 9.) 
However, the edges of a lense also act like prisms. 
As components of a refracting telescope, they create 
spectra of colors on the fringes of the field of vision that 
interfere with the image. Newton solved this prob- 
lem by constructing a telescope in which the principal 
lens is replaced by a concave mirror, which redirects 
light by reflection rather than refraction. Newton’s 
reflecting telescope had another advantage: it pro- 
duced an image nine times larger than those of earlier 
refracting telescopes that were four times longer. 
The description of the new telescope that was 
published by the Royal Society of London for the 
Promotion of Natural Knowledge generated such in- 
terest that Newton became famous overnight. The 
Royal Society was founded in 1660, and it was given a 
royal charter two years later. It counted the scientist 
Robert Hooke (1635-1703), the famous architect and 
mathematician Christopher Wren (1632-1723), and 
the astronomer Edmund Halley (1656-1742) among 
its members. It would play an important role through- 
out Newton’s scientific life. In 1672, the Royal Society 
published Newton’s first scientific work, which de- 
scribed his experiments on the nature of light. This 
article was very favorably received, but there was 
some criticism by Hooke and Huygens. Newton re- 
garded these objections as deliberate efforts to annoy 
him: he published only very reluctantly thereafter. 


n 1669 Newton first informed his colleagues about 

his mathematical discoveries by circulating the 
manuscript De Analysi per Aequationes Numero Ter- 
minorum Infinitas. It would not be published until 
1711. Newton’s teacher, Barrow, was so impressed 


by the vast abilities displayed in the “The Analysis 
by Means of Equations with an Infinite Number of 
Terms” that he resigned his professorship at Cam- 
bridge and arranged for Newton to succeed him. We 
shall now take a look at the study of areas under 
curves that the De Analysi undertakes. An early En- 
glish translation! of this work (recall that the scientific 
language of the 17° century was Latin) begins as 
follows: 


The General Method which I had devised 
some considerable time ago for measuring 
the quantity of curves by an infinite se- 
ries of terms you have, in the following, 
rather briefly explained than narrowly de- 
monstrated. 

To the base AB of some curve AD let the coor- 
dinate BD be perpendicular [see Figure 6.1] 
and let AB be called x and BD y. Let again... 
Newton next lets c be any constant, » and m 

integers, and he formulates his RULE I: 


Ifca* = y then will gn equal the area 
ABD. 
D 
A B 


Figure 6.1 


Without actually saying so, he assumes that c > 0, 
as well as m > 0 and n > 0. We will continue to 
follow Newton’s argument closely, but we will use the 
language of functions, which clarifies what is going on. 
(Newton did not use functions explicitly.) 
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Denote the rational number “ by r. So “" = 


ue +1=y7r+1. Now consider the function 
Tesco 


Recall that #” = x7 is equal to */z” = (wv), ie, it 
is the nth root of the mth power of x. Equivalently, 
a” = an is (2/a)™ = (ar), the mth power of the nth 
root of x. The functions 


fla) = Ba? = 3./x, fiw) = 6x, 
fla) = 95, fla) = 4a, and ftw) = 7x? 


are specific examples of the type of function that 
Newton is considering. 

The general shape of the graph of f(x) = ca” 
depends on r. If r < 1, then the graph is the shaped 
like the one sketched by Newton; see Figure 6.2. The 
function flv) = 302 = 3/2 is an example. If r = 1, 
then the graph of f(x) = cw is the line through the 
origin with slope c. See Figure 6.3(a). Finally, if 7 > 1, 
then the general shape of the graph of f(~) = cx” is 
shown in Figure 6.3(b). The function f(r) = 4a” is a 
specific example. Recall from Section 4.3 that its graph 
is a parabola. 


foyaext_r<l 


Figure 6.2 


Focus on any function of the form fix) = cv”. We 
will assume with Newton that x > 0. Let A(x) be the 
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fody=cx’7,r>1 


(b) 


Figure 6.3 


area under the graph from 0 to x. This is the area 
function for the function f. Newton’s first rule can now 
be restated as follows: 


RULE I. If f(x) = cx’, then its area function is A(x) = 


c gr tl. 


r+ 


Example 6.1. Consider the function f(x) = 3x2 = 
3./x. Since r = 5 and c = 3, the area function is 
3 Z 
A(w) = eae — 3. oy? = Qy?, 


3 
5 3 


Taking x = 5, for example, we find that the area under 
the graph of f(x) = 3x2 from 0 to 5 is A(5) = 2-52 = 
2(11.18) = 22.36. 


Example 6.2. Let f(x) = 47. Nowr = 2 andc = 4. 
So the area function is A(x) = 500°, For instance, the 
area under the graph of f(z) = 4a from 0 to 6 is 
A(6) = § - 6? = $(216) = 288. 


Let’s now turn to Newton’s proof, or verifica- 
tion, of his first rule. Figure 6.4(a) accompanies his 
argument. Newton “prepares” the proof by first 
considering a special case: 


Preparation for demonstrating the first rule. 
Let then AD6 be any curve whose base AB = 
x, the perpendicular ordinate BD = y, and 


the area ABD = z, as at the beginning. Like- 
wise put BB = o, BK = v; and the rectangle 
BBHK (ov) equal to the space BBSD. There- 
fore itis AB = x +0, and Ads = z+ 0v; which 
things being premised, assume any relation 
betwixt « and z that you please... 


This is the beginning of Newton’s “preparation.” 
We will follow Newton’s argument closely. Consider 
a curve C as shown in Figure 6.4(b). Let x be any 
number on the horizontal axis with x > 0 and let 
D = («,y) be the corresponding point on C. In the 
discussion that follows, « and D are held fixed. As 
before, let A(~) be the area under C from 0 to x. Now 
let Ax be a positive number and consider the point 
«x + Ax. Note that Newton’s z has been replaced by 
A(x) and his o by Aw. These are the only changes in 
his original argument (other than the verbal aspects). 
Draw vertical lines through both x and x + Az. Place 
the segment HK parallel to the horizontal axis; now 
raise it until the precise point is reached at which the 
area of the indicated rectangle is equal to the area 
under C from « to x+ Az. Let v be the y-coordinate of 
the point of intersection of HK and C. So vis the height 
of this rectangle. This is illustrated in Figure 6.4(b). 

Continuing the preparation for his proof, Newton 
now assumes that the area under C from 0 to xis given 


(a) 
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Figure 6.4 


by A(@w) = 2293 (for any « > 0) and asks the following 
questions: Does this assumption determine the curve 
C? If so, exactly what curve is it? His answers follow. 

He observes that the area under the curve from 
0 to x + Aw is equal to A(w) + Aw - v. Given his 
assumption about the area function, on the other hand, 
this area is also equal to A(w + Ax) = 2 (a + An)3. So 


A(v) + Aw-v = A(x + Ax) = aC + An)? 


Squaring both sides, he gets 
(A(x)? + 2A(x)- An-v+ (Ax) - v 
4 


= g@+ Ax)? 


4 
= 5 («* + Ba? Aw + 3a0(Aw)? + (Ax)*) 


4 4 4 4 
= 5st + gu Aw ae gran a g (Ae. 


Since (A(x))? = ae he obtains 

Bc. 4 2,4 3 
2A(x)-Axv-v+(Ax)*-v% = 3” Ax+ gMAn) ae 9 (A) 
by canceling. Dividing both sides by Ax gives him 


4 4 4 
2A(x)-v+ An: = a a gue + 5 (Ae) 


Newton can now push Ax to zero on both sides. In the 
process, observe in Figure 6.4(b) that v closes in on y, 
and therefore that 


2A(x)y = a 


Since A(x) = 253, it follows that Soty = 32", So 
2 
y= es Therefore, the w- and y-coordinates of the 


92 
typical point D = (a, y) on the curve C satisfy the 
equation y = a2. It follows that C is the graph of the 
function f(x) = ve. 


Newton’s “preparation” has accomplished the fol- 
lowing: He started with a curve C with area function 
given by A(x) = Bop and showed that C is the graph 
of the function f(x) = #2. He could thus conclude that 
the area function A(x) for the graph of f(7) = v2 is 
A(x) = 2303 . This is precisely the assertion of his first 
rule for the case c = landr = 5. 

Newton goes on to prove RULE I in its general 
form using the identical strategy. Instead of following 
Newton’s argument directly, we will dissect it into 
its two main components. The first of these concerns 
derivatives. 


Let f be any function given by a rule of the form 
f(x) = kx’, where k is any constant and s is any 
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:Q=(x + Ax, y + Ay) 


~«—— x+Ax 


Figure 6.5 


positive rational number. Newton needs to determine 
the derivative of f. He proceeds in the same way as 
Leibniz does in Section 5.2. (To be fair, he discovered 
this procedure before Leibniz.) He fixes any point 
P = (x,y) on the graph of f; takes another point 
Q = («7+ Ax,y + Ay) on the graph; pushes Q to P 
and evaluates jim, x = mp. This is the slope of the 
tangent to the graph at P = (x,y). Therefore f’(x) = 
mp. See Figure 6.5. 

Let’s carry out the details. Put s = ™ with m and 
n positive integers. Then the graph of f is the graph 
of the equation y = kxv*. By raising both sides to the 
nth power, y” = k” x". Because Q = (x7 + Au, y + Ay) 
is on the graph, 


(y+ Ay)” =k"(a+ Ax)”. 
To multiply the n factors 


(y+ Ay)" = (y + Ayly + Ay)--- (y+ Ay) 


out, both the y and Ay from any one group must be 
multiplied by the y and Ay from each of the other 
groups. The product y- y---y = y” is one term that 
arises in this way. Fixing any Ay and multiplying it 
by the y from each of the other n — 1 groups gives the 
product y”~! Ay. Since n different Ay’s can be picked 


to do this, "+! Ay will occur 7 times. The result of the 
multiplication will therefore be 


(y + Ay)” = y” + ny” Ay +... more terms. 


Notice that each of these additional terms must con- 
tain at least two factors of Ay (because the terms that 
contain no or one Ay are already accounted for). Do- 
ing the same thing with (# + Aw)”, Newton arrives at 
an equation of the form 


y” + ny" Ay + terms with (Ay)* as factor = 
k” (a + ma” !Aw + terms with (Ax) as factor). 


Because P = (x,y) is on the graph, y” = kx. 
Therefore, after a subtraction, 


ny” ‘Ay + terms with (Ay) as factor = 
ie (me Aw + terms with (Ax)* as factor) , 
Now divide both sides of this equation by Az to get 


A . A 
mp + terms with Ay - x as factor = 


k” (ma + terms with Ax as factor) : 


Finally, push Aw to zero. Since Ay also goes to 0 in 
the process (see Figure 6.5), all terms with Ay - x! as 


A 
factor go to zero, and because jim Snip =f), 
it follows that 
(x) ny" *f'(«) = km}, 


Recalling that y = ka , we get by simple algebra that 
yt = hoy ed <2 k?-lym- tt = k"—ly eo " ; 
By substituting this for y”~! in equation (*«) above, we 

obtain 


nk” aaa f(a) = kmail. 
After canceling, we have nx - «7 cs f(a) = km. Since 
m™ — s, we get na’ f(x) = km. So 


1 : 
mH ksa®}, 
4 —s§ 


Marecg es 
f(a) = k— 


Therefore, Newton has shown that 
The derivative of f(x) = kx’ is f(x) = ksx*}. 


We will see later that this formula is valid for any 
rational number s, not only positive s. Taking & = 1, 
the formula asserts that the derivative of the function 
fix) = « is f(a) = sa!. Turn to Section 5.5A and 
observe that all of the cases of Example 5.16 follow 
from this fact. 


Example 6.3. (a) Let f(x) = 3a!°. Then f(a) = 
300°. (b) If g(w) = 2x75 — 43, then g/(z) = 
—10x-4 — Bek, 

The second component in Newton’s verification of 
his RULE [is the Fundamental Theorem of Calculus. 


We already studied Leibniz’s proof of this theorem in 
Section 5.4. We will describe Newton’s proof next. 


6.2 The Fundamental Theorem of 
Calculus (Again) 


‘SERENE ERNE ANNE EPSP Ee aS SRO ORONO 


C onsider any function f that satisfies fix) = 0 
for all x. For any x > 0, let A(x) be the area 
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under the graph from 0 to x. As was done earlier in 
Figure 6.4(b), let « > 0 be any number and Ax any 
distance, and construct the rectangle of height v in 
such a way that its area is equal to the area under the 
graph from x tox+ Az. Refer to Figure 6.6 and observe 
that 


Ata + Ax) = A(x) + 0 Ax. 
Therefore, A(vw + Ax) — A(x) = v Ax, and hence 
A(x + Ax) — A(x) = 
Ax ae 
Keeping x fixed, push Aw to zero, and observe that v 
gets pushed to f(x) in the process. Thus 
. Ae + Ax) — A(x) 
im 
Ax—0 Ax 
The left side is the derivative A’(x) of A(x). So New- 
ton’s argument has shown that the derivative A'(x) of 


the area function A(x) is the original function f(a). Put 
another way: 


= Fe). 


The area function A of a function f is an 
antiderivative of f. 


What are the consequences of this fact? Refer to 
Figure 6.7 and observe that the area under the graph 
of f from a to 6 is equal to the area under the graph 
from 0 to b minus the area under the graph from 0 to 
a. So the area under the graph of f from a to bis equal 
to A(b) — A(a). Recalling that Leibniz had written this 
area as - fix) dx, we see that 


b 
: f(x) dx = A(b) — A(a). 


Now let F be any antiderivative of f. Recall 
from Section 5.5B that any two antiderivatives of the 
same function differ only by a constant. Thus, F(a) = 
A(w) + C. So F(b) — F(a) = (A(b) + C) — (A(a) + C) = 
A(b) — A(a). It follows that 


b 
/ fle) da = F(«)|’ = F(b) — F@). 
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(x, flx)) 


Figure 6.6 


Figure 6.7 


This is the Fundamental Theorem of Calculus already 
discussed in Chapter 5. 


Newton’s RULE I (slightly reformulated) is now 
easy. Let F(a”) = earth By the differentiation 
rule of Section 6.1, F’(”) = mi’ + 1a" = cx". So 
F(x) = io is an antiderivative of the function cx”. 


Therefore, by the Fundamental Theorem of Calculus: 


Example 6.4. The area under the graph of f(x) = 5x? 
from « = 1 to x = 4is equal to 


4 Rat oe 36 5 
[50 de = 20! 
( 4 


3 
= 4? —J4 = §.47 — — = 318-., 
4 4 4 4 


Newton calls a function simple if it is of the form 
Six) = cx", where c > 0 and r > 0. The theory he has 
developed allows him to find the area under the graph 
of a simple function. He next turns his attention to the 
area problem for functions obtained by adding terms 
of the form cx” and he formulates his RULE II: 


If the value of y be made up of several such 
terms, the Area likewise shall be made up of 
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Figure 6.8 


the Areas which result from every one of the 
terms. 


What he means is this. Let f(x) = cx” and g(a) = 
da*® be simple functions, and let C and D be their 
respective graphs. Then the area under the graph of 
the function y = cx” + dx* from a to b is equal to the 
sum of the area under C from a to 0 plus the area 
under D from a to b. This is illustrated in Figure 6.8, 
where the graph of y = cx” + dx* is the upper curve 
in the diagram on the right. The area underneath it is 
obtained by adding the shaded area (area under C) to 
the area under D. 

In a more precise way, this addition rule is a con- 
sequence of the Fundamental Theorem of Calculus. 
Let f and g be functions with graphs above the x-axis. 
Let F and G be antiderivatives of f and g respectively. 
Then the areas under the respective graphs from a to 
b are given by 


b 
/ fix) dx = F(b) — F(a) 
and 
b 
/ g(a) dx = G(b) — Gta). 


By the sum rule for derivatives, (F(a) + G(@)y = 
Fw) + Gia) = f(x) + g(x). So F(x) + G(x) is an 


antiderivative of fx) + g(a). It follows that 


b 
| (flee) + gl) da = (F(b) + G(b)) — (F(a) — Gla) 


= (F(b) — F(a)) + (Gb) — G(a)) 


b b 
— | fix) da + | g(x) dx. 


Therefore, Newton’s second rule can be reformu- 
lated as follows: 


RULE II. 


b b b 
i (fla) + g(x)) da = f(x) ae + | g(x) da. 


Example 6.5. Determine the area under the graph of 
y = 4x? + 2x2 from 0 to 3. 


Solution. Using RULE II in combination with 
RULE I, we get 


3 ; 3 3 
/ (42° + 2u? ) dx = | Ax® dix + i 2x2 dx 
0 0 0 


4 A 4 4 
— —33 + 3) — 36+ —(15.59 
5 4. = + 5 ) 


= 36 + 12.47 = 48.47. 
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6.3 Computing Definite Integrals _ 


Ty aving dealt with simple functions and sums of 
H simple functions, the De Analysi turns to the 
problem of determining areas under more complicated 
curves. Newton begins this discussion as follows: 


But if the value of y, or any of its terms 
be more compounded than the foregoing, it 
must be reduced into more simple terms; by 
performing the operation in letters, after the 
same manner as arithmeticians divide in dec- 
imal numbers, extract the square root, or 
resolve affected equations; and afterwards by 
the preceeding rules you will discover the 
Superficies of the curve sought. 


What Newton has in mind is the reduction of the 
area problem for complicated functions to that for 
simple functions. But how? Consider, for example, the 
function f(«) = i: Here the “operation in letters” is 
polynomial division. Dividing 1+ into 1, Newton gets 


1 

1+2]1 
subtract —- 1+ 27 
— %& 


after the first step, and 


subtract —> — Xv — 2 
— 92 


after the second. Continuing in this way, 


l_av+a7— 43+ a4 


l+a[1_ 


1+2 
— x 
—¢— 42 
ey 
xe? + 3 
ee) 
gd = a8 
4 
t+ x5 


45 


This division process can be continued indefinitely. 
If |x| < 1, the successive remainders 


—a, a7, —x* ct, —o°,..., +07)... 


become smaller and smaller, so that ea is approxi- 
mated by 1— «+a? — a? +a+—a>+.... The more 
terms that are included, the smaller the +2’, and the 
better the approximation. This is similar to the way 
that the sum 1+ 14 (4)° + (4)° + (2)' +... approxi- 
mates ; more and more accurately as more and more 
terms are added in. Refer to Section 3.3. 

For example, let « = 0.50. Then > = ;& = 3. 
Working with four-decimal accuracy (for instance) we 
get the following pyramid: 


1—x = 1.000—0.5000 = 0.5000 
1-x-+a? = 0.5000+0.2500 = 0.7500 
1—a+a7—x? = 0.7500—0.1250 = 0.6250 
1—a+e"—a?+a4 = 0,6250-+0.0625 = 0.6875 
l—ata*?—28 +a4—2° = 0.6875—0.0313 = 0.6562 


l—w+e?—a% +a4~a > +a° = 0.6562+0.0156 — 0.6718 


1l—av+a7—2? +42 +2°-27? = 0.6718—0.0078 = 0.6640 
l—a+e?—a? +a4—2°+a°—x7 +48 = 0.6640+0.0089 — 0.6679 
l—-wta?—a? +a4—a5 +4527 +25—a — 0.6679—0.0020 = 0.6659 


l—a+a?—a3+e4—a5 +4°—27 +2529 +4! — 0.6659-+0.0010 = 0.6669 


Observe that the numbers running down the pyra- 
mid on the right close in on iS = 2 = 0.6666... 
as asserted. For a positive number «x smaller than 
0.5 = s the terms +7’ will get smaller faster, and the 


convergence of 


1 
1+2 


4 


l—-v+e?—a +at—o? +... to 


will be more rapid. Take 7 = 5, for example. It fol- 
lows from the pyramid that ih is approximated by 
the polynomial 1 — « + 2? — a? + «+ — ° to within 
0.6667 — 0.6562 = 0.0105 over the entire interval from 
0 to 5. 

Newton has therefore arrived at an approxima- 
tion 


1 1 

4 1 

[ de~ f° -2 +a? —a? +04 —2°)de. 
9 1+2 0 

The definite integral on the right is easily evaluated 

by Newton’s earlier analysis. In particular, taking 

antiderivatives term by term shows that 


1 I us 
F(x) =” — —2" 8 
(x) =x 5% + 3% 1 F 


is an antiderivative of 1 — « + #? — #° + a4 — 2°. 


Therefore, by the Fundamental Theorem of Calculus, 


1 1 

oY 1 

[pare Pact ata tat-d)ae 
0 1+x 0 


=F (})- FO =F (3) 

2 3 4 5 6 
21) SAG) ey a as 
~ 0.5 ~ 0.125 + 0.042 — 0.016 + 0.007 — 0.008 


= 0.405. 


If greater accuracy is required, we can use more 
terms in the approximation for and carry more 
decimals. Take, for instance, 


1 
1+« 


l—-wta® a taot—e® t+ of — oe +08 —2? +2), 
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Continuing the pattern of the preceeding computation 
for five more steps, we get 


1 
a | 
[ dx 
o l+2 


ge ee ge el 
SD BRO PB NST WP ALN. * 
Round off at the sixth decimal place and show that this 


sum is equal to 


0.500000 — 0.125000 + 0.041667 — 0.015625 


+ 0.006250 — 0.002604 + 0.001116 — 0.000488 
+ 0.000217 — 0.000098 + 0.000044 


= 0.405479. 


To evaluate Ke a dx with an accuracy of up to, 
say, four decimal places, use the following rule of 
thumb. Keep computing (and adding and subtracting 
terms) until the term is reached that is zero when 
rounded to four-decimal places. The approximation 
obtained at this point should be accurate up to four 
decimal places. In this example, the term that rounds 
to zero is 0.000044. So the approximation 0.405479 
should be accurate up to four decimals. This is cor- 
rect since the value of the integral ke in dx up to 
six-decimal-place accuracy is 0.405465. (The determi- 
nation of the precise value of this integral makes use 
of logarithms and will be discussed in Chapter 10.) A 
word of caution is in order. This rule of thumb is not al- 
ways accurate; this is due to the phenomenon known 
as roundoff error. 


Observe that Re i; dx represents the area under 
the graph of f(x) = ae between « = 0 and x = 5. See 
Figure 6.9. So up to four-decimal accuracy, this area is 
equal to 0.4055. 


Newton also derives the approximation 


J1+2e2=—(1+2): 


1 
~1+(#)e+/ 


DO netre 
~~ 
8 

ho 

+ 
a 
W NIH 
ee 

ree 
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(EGS) 


, 


for any positive integer 7. Recall that 
ib=7-(@—1)-@—2)---8-2-1 


for any integer i > 0. So 38! = 3-2-1= 6,5! = 
5-4-3-2-1 = 120; and so on. Computing the first few 
terms shows that 


af 1 1 5 
l+uwr 1+ 52-52" ea apae +. 
This approximation works for any x with |x| < 1. 
Again, the inclusion of more terms increases the 
accuracy. 

To get a feeling for the validity of this approxi- 
mation for /1+ 4 let’s cone the first five terms, 
1+ 5a — ia" + 4a — 2.07. If Newton is right, then 
the square 


Lee ee es ae 
gg Pg = ao6 


1 1 1, 5,4 
(Ub 50-50 + 76” - 53"") 
of this polynomial should be a quantity “close to” 1+2. 
Carry out this product as follows: Multiply the 1 on 
the top by all the terms on the bottom, then the 5a on 
the top by all the terms on the bottom, and so on. This 
results in 


I4+30— 3a? + ia — peat 
tyethiet-Hethbe" hike 
— fe Has Hat he bbe 
+e ie beh bhet abe 
e pat — peat + ae ge Bs 16” "+ Barppe 


After adding terms column by column and computing 
the coefficients, this becomes 


eae = phi TS NO ays, SE 
256° * 1024" ~ 2048” * 16,384 


A moment’s thought reveals that for —1 < # < 1, the 
largest value of 


4s, Mig 10 7, 2 
256 " 1024" 2048" «16,384 


occurs when « = ~1. This value is SS+2ets012) _ 
aR = 0.075. So over the interval —1 < x <1, 
ie? 1 5. g\" 
1 we ie | oe ae ees. 
<r ( note tage 3a") 


to within 0.075. Taking square roots, gives 


vVl+a~ ipa en 
nie see 16 128 


As already remarked, approximations such as this can 
be made as accurate as required by adding on more 
terms. 


Figure 6.10 


Example 6.6. Compute the length of the arc of the 
parabola y = 5a” from (0,0) to (1, 3). Let fl) = $a; 
then f’(«) = and (f'(a))? = 2. See Figure 6.10. The 
length of the arc is provided by the definite integral 
in Section 5.6C: 


[ iv ewra = [ ireer 


How can we compute it? Replacing x by «? in the 
approximation 


1 ] ] 5 
[1 A ae i yee ade aaa ea 
+ 4 ti? 3” + 16” 193" 


provides the approximation 
7 te. 1 5 
J a ph CO us Cohn aig Ge Ba OPN 
+ x ge ae T 7¢7 198” 
Taking antiderivatives term by term shows that 


1 1 1 5 
Fle) — 3 tts, tor 8g 
Set ee aa” tae” > Tipe” 


D8 


is an antiderivative of 1 + 5a" = iat af iu — pax? 


Therefore, 


1 
i Vl+a% dx 
0 


; 1 1 1 5 
by ip te TOs. 8 
‘ ( oe 3” + 76” i283” da 
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1 


_ 1 3 1 5 1 7 5 9 


0 
re ee ee: 
~~ "6 40° 112 1152 


= 1+ 0.1667 — 0.0250 + 0.0089 — 0.0043 


= 1.1466. 


Again, this approximation can be made accurate to 
any desired decimal place by continuing the pattern 
and taking enough terms. 


In addition to the approximations 


1 : 
—_ we l—yta?—g? tate... 
14+ 


and 


1 4, 1. 5 
J1 oe ee ne, ee, , Se, OO 
Sea ge ge ge ee 


Newton also developed the trigonometric approxima- 
tions 


SU og eg gy 
and 
se a 
COS X% ~ at a 6 


Such “infinite” polynomials are called power series in 
modern mathematics.? Power series have remained in 
a central position in mathematics ever since Newton 
first made use of them. 

We have given an illustration of Newton’s power 
series method for computing definite integrals. Defi- 
nite integrals can represent areas, volumes, lengths of 
ares, indeed—as we will see in subsequent chapters— 
they can represent many other physical quantities as 
well. Newton, therefore, produced a powerful method 
of calculation that is applicable to a large variety of 
mathematical problems. 
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6.4 Moving Points 


SINNER NERA SAA ARAL ENE 


n 1671 Newton gave a second, more extensive, 
I exposition of his ideas in the treatise Methodus 
Fluxionum et Series Infinitarum (Method of Fluxions 
and Infinite Series). It would not be published until 
1736. After discussing the role of power series as a 
tool for computing areas under curves, Newton goes 
on to say 


So much for computational methods of which 
in the sequel I shall make frequent use. It 
now remains, in illustration of this analytic 
art, to deliver some typical problems and such 
especially as the nature of curves represent. 
But first of all I would observe that difficulties 
of this sort may all be reduced to these two 
problems alone, which I may be permitted to 
propose with regard to the space traversed 
by any local motion however accelerated or 
retarded: 


(1) Given the length of the space continu- 
ously (that is at every time), to find the 
speed of motion at any time proposed. 


(2) Given the speed of motion continuously, 
to find the length of the space described 
at any time proposed. 


What is Newton saying here? Consider a point 
or a particle moving in the Cartesian plane. Take a 
stopwatch and let it start at time t = 0. After any time 
t > Oit will have some position in the plane. Let the «- 
coordinate of this position be w(t) and the y-coordinate 
y(t). Both x(t) and y(@) are functions of t. Newton calls 
such functions flwents. The position of the point and 
hence the coordinates x(t) and y(t) will vary with t. 
Figure 6.11 shows a typical situation. At (a(t), y(t) the 
point will have a certain velocity in the x-direction and 
also in the y-direction. Newton calls these velocities 
the fluxions of x(t) and y(t). These velocities are also 
functions of ¢. The two problems that Newton has 
singled out are these: 


(1) Given that the position of the point is known at 
any time, determine its velocity at any time. For 
example, given that the function x(t) is known 
explicitly, determine the function that gives the 
velocity in the x-direction. 

(2) Given that the velocity of the point is known 
at any time, determine its position at any time. 
For example, given the function that describes 
the velocity in the y-direction, determine the 
function y(t). 


The primary objective of Newton’s abstract dis- 
cussion is the development of the mathematics that 
underlies the phenomenon of motion. This is precisely 
what is necessary for a fundamental understanding of 
the basic observations of Galileo that we discussed in 
Section 4.2. Newton’s mathematics of motion will be 
the focus of the rest of the chapter. In reference to 
Figure 6.11, observe that if the functions a(t) and y(t) 
are both understood, then the motion of the point is 
understood. The mathematics of motion in the plane 
therefore reduces to the situation of a point moving 
along a coordinatized line. 

Suppose a point is moving along a coordinatized 
line. Begin to observe it at time t = 0. Denote its 
coordinate at any time t > 0 by p(t). Note that p is 
a function of time t. It is the position function of the 
point. (See Figure 6.12.) The position p(0) is the initial 
position of the point. The units of distance and time 
can be miles and hours, meters and seconds, etc., as 
required in a specific problem. 


Example 6.7. Suppose that p is given explicitly by 
p(t) = t. So the position of the point at time t = 0 is 
p(O) = 0; at time t = 1, it is p(1) = 1; at time t = 2, it 
is p(2) = 2, and so on. Next suppose that the position 
function is p(t) = t?. Then p() = 0, p(1) = 1, p(2) = 
4, and so forth. The motion of the point is shown in 
Figure 6.13(a) in the first case and in Figure 6.13(b) 
in the second. In each case, the location of the point is 
listed above the axis and the time at which the point 
is at a given location is indicated below the axis. 
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(x(1), y(t) 


Figure 6.11 


p(0) 


p(t) 


a tte 


Figure 6.12 


0 l 


>>e>>>>>>e> > — 


t=0 t=1 t=2 
(b) 


Figure 6.13 


Example 6.8. Suppose that p(t) = t? — 4t + 3. Be- 
fore considering the motion of a point with position 
function p, we will investigate the graph of p (with 
horizontal axis the t-axis). Note that the graph is a 
parabola that opens upward. The derivative p'(f) = 
2t — 4is 0 when t = 2. Since p(2) = 4-—8+38 = —1, it 
follows that the parabola has a horizontal tangent at 
(2, -1). This point is at the bottom of the parabola, so 
the smallest value that p(t) can have is —1 and it oc- 
curs when t = 2. Since ¢? — 4+ 3 = (t — 1(t — 3), 
it follows that p(t) = 0 precisely when t 1 or 
t = 3. The graph of p is sketched in Figure 6.14. 
Be aware of the fact that it is the graph of the po- 


sition function; it is not the trajectory of the moving 
point. 


We now turn to a point that moves on a horizontal 
axis with position given by 


pt) = — 4t+ 3 =(t- Dt -38) 


at any time t > 0. Since p(0) = 3, the point is at 3 
on the axis at t = 0. Since p(t) decreases initially (the 
graph in Figure 6.14 falls), the point moves to the left 
from this position and reaches the point 0 at ¢ = 1 and 
the point —1 at ¢ = 2. There it stops, changes direction 
(the graph begins to rise), and at ¢ = 3 it is back at 0. 
At t = 4it is at 3 and continues moving to the right. 
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The motion of the point is described schematically in 
Figure 6.15. The points singled out on the axis are —1, 
0, and 3. 


p(t)=t—4t+3 
(0, 3) 


(2, -1) 


Figure 6.14 


Figure 6.15 


Let’s return to the general case of a point moving 
on a coordinatized axis. Fix some instant t; > 0. Let 
an additional amount of time At elapse and consider 
t; + At. We will denote the time interval from ft, to 
ty) + At by [t1,¢, + At]. We have 


p(t) = the position at time ft, 
p(t; + At) = the position at time t; + At 


p(t; + At) — p(t) = the change in position over the 
time interval [¢,, 4; + At] 


= the net distance (possibly 
negative) covered by the point 
in the time interval [¢,,¢; + At] 


p(t, + At) — p(t) 
At 


= the net distance covered divided 


by the time it took to cover that 
distance 


= the average velocity during the 
time interval [t;, ¢; + At] 


Example 6.9. Return to the point with position func- 
tion p(t) = # —4¢+3 = (t — 1)\(¢t — 38) fort > 0. To 
make things more concrete, suppose that distance is 
measured in inches and time in seconds. Take t; = 1 
second. Now the point is exactly one second into its 
trip. Let another At = 3 seconds elapse. Sot, + At = 4 
seconds. Since p(t; + At) — p(t) = p(4)—p(1) = 3-0 = 
3, the point has covered a net distance of 3 inches in 
these 3 seconds. Because 


pi + AD — pli) — p@)—pd) _ 8-0 
At 7 3 ae 


the point has an average velocity of 1 inch per second 
over the time interval [¢;, t; + At] = [1,4]. Next take 
At = 2. Now t; + At = 8, and 

p+ AD —plh) _ p@B)—pAl) _ 0-0 


At 2 = pgsiz 


The net distance covered by the point is zero and it 
has an average velocity of zero. With At = 1, we have 
ty + At = 2, and the average velocity of 


p@)—pd) _ -1-0 
1 as | 
The minus sign indicates that the point has moved in 
the negative direction (from p(1) = 0 to p(2) = —1) 
over the time interval [t,,¢, + At] = [1,2]. 


i be 


= —1 inches per second. 


For any moving point, consider the ratio 


p(ty + At) — p(t) 
At 


for progressively smaller elapsed times At. This is the 
average velocity of the point computed over smaller 
and smaller time frames [t;,t; + At] near t;. (See 
Figure 6.16.) In the process, Pinta) closes in on 
a number called the velocity at the instant t1; it is 
denoted by v(t). This is the rate at which the position 
changes at the instant t,. It is obtained by pushing 


P(t,) p(t; + At) 
hy At 
p(t) p(t, + At) 
ty At 
P(t)) p(t; + At) 
——_+-_+———- 
ty At 
P(ty) 
ty 
p(ty) 
ty 
Figure 6.16 


At to zero and observing what happens to the ratio 
MG+Ad- PO) Therefore 
At : ) 


p(t, + At) — p(t) 

At 
The velocity v(0) at t = 0 is called the initial velocity 
of the point. It is possible for At to be negative. This 
means that t; + At occurs before ¢t, and that the time 
interval in question is [¢, + At, t]. 


v(ty) = lim 
At>0 


Example 6.10. Let’s see what happens when this is 
done with t; = 1 second for the point with position 
p(t) = # —4¢+3 = ¢—1)¢ — 3) fort => 0. Taking 


At = 5, ay g++) Gy We get 
ee ee: 
: ~ 274787" 64 


The successive average velocities are 


n(n) _@-1)-0-9)-0 (9, 


= ~— 1.5 inches per second, 


hole 
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= — 1.75 inches per second, 


p(2)-pa) (2-1)-(2-8)-0 15) 
‘er Sa a 


— 1.88 inches per second,..., 


r(B)-rm _ (8-1) (B-)-0 a an) 


II 


z\~ 


1 
8 
= — 1.98 inches per second. 
Continuing to push At to zero, we see that 


At) — pl At —2)—0 
i= Tie p(l + At) — pd) sabi At ) 
At—0 At At-+0 At 


lim (At — 2) = —2 inches per second. 
At 


Again, the minus sign means that the point is moving 
in the negative direction at time t; = 1. Look again at 
Figure 6.15. 


Refer back to Section 5.5A and observe that the 
limit 
a pty + At) — p(t) 


li 
At>0 At 


has three different meanings simultaneously: 


(1) Itisthe velocity v(t) at time ft; ofthe point whose 
position function is p; 

(2) It is the value p’(t,) of the derivative of the 
position function p; 

(3) Itis the slope of the tangent line of the graph of 
the function p at the point (¢,, p(t). 


To repeat, if p is the position function of a moving 
point, then its derivative 
_ pty + At) — p(t) 
isl — 
es baa At 

is the velocity v(t,) of the point at time t;. Changing 
notation from ¢; to t, we see that p’(t) is the velocity 
v(t) of the point at any time t. If v(t) is positive, then 
the point is moving to the right at time t, and if v(#) is 
negative, the point is moving to the left at time t. The 
speed of the point at time ¢ is the absolute value |v()| 
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of the velocity. Note that velocity is the combination of 
speed and direction. The concepts velocity and speed 
are often used interchangeably in this book when the 
direction of the motion is clear from the context. 


Example 6.11. The point in Example 6.10 has a ve- 
locity of v(t) = p’(t) = 2t — 4 = 2(¢t — 2) and a speed 
of |2t — 4| at any time t. Since v(t) is negative for 
0 <t <2, the point moves to the left during this time; 
since v(2) = 0, the point stops at t = 2; and since 
u(t) is positive for t > 2, it moves to the right for any 
such t. Compare this analysis with the information in 
Figure 6.15. When ¢t = 1, the point’s velocity is —2 
inches per second (as already observed) and its speed 
is |— 2| = 2 inches per second. 


Let’s see whether the definition of the velocity 
as the derivative of the position function agrees with 
what we know about velocity intuitively. Consider a 
point moving on the line and let its position be p(t) 
at any time t > 0. Suppose that after some time ty, 
when its position is p(¢,), it continues with the constant 
velocity p’(t,). This means that p’(t) = p’(t) for any 
t > t;. So for t > t,, the graph of p(t) has constant 
slope p’(t,). Since the graph of p(t) goes through the 
point (t, p(t,)), we find from the point-slope form of 
the equation of a line that 


p(t) — p(t) = p(t) — ty), 
or 
p(t) = pti) + p(t) — t1), 


for t > t,. For an elapsed time At after ¢,, the point 
will have moved a distance of 


p(t; + At) — p(tr) 
= p(t) + p'(ti)(i + At) — ti) — ph) 
=p) At 


But since distance = velocity x time when velocity 
is constant, this is exactly what we would expect. 
Figure 6.17 shows what is going on from the point of 
view of the graph of the position function p. 


Figure 6.17 


Now let’s focus on the velocity function v(t) of a 
point moving on a coordinatized axis. See Figure 6.12. 
Fix some instant t; > 0. Let an additional amount of 
time At elapse and consider ¢; + At. Then 


v(t) = the velocity at time t, 
u(t; + At) = the velocity at time t; + At 


v(t; + At) — v(t,) = the change in velocity over the 
time interval [t,, ¢; + At] 


u(t + At) — v(t) 


AG = the average change in velocity 


per unit time over [t), t; + At] 


= the average acceleration 
over [t1, 4; + Af] 


Consider the average acceleration ““+40—") 


over the time interval [t,,t, + At] for progressively 
smaller elapsed times At. In the process, the ratio 
Maar wh) closes in on the number called the acceler- 
ation at the instant t,. It is denoted by a(t,) and is the 
rate at which the velocity is changing at the instant ¢,. 
In mathematical shorthand, the acceleration at time 


ty is 
u(t} + At) — v(t1) 
At 

Changing notation from ¢t; to t, we find that a(£) is 
the derivative vu’(t) of the velocity function v(é). Since 
u(t) = p’(t), a(f) is the derivative of p’(t). This second 
derivative of p is denoted p’(t). So a(t) = p’(t). What 
units is acceleration measured in? For example, if 
distance is given in inches and time in seconds, then ve- 
locity is given in inches per second, and acceleration in 
(inches per second) per second, or inches per second’. 


a(t;) = lim 
At—0 


Example 6.12. Let’s have one more look at the point 
with position function p(t) = ¢t? — 4t + 8. Since v(t) = 
2t — 4, the point’s acceleration is a(t) = v’(t) = 2. 
Suppose that the point is a particle of mass m. By one 
of Newton’s laws of motion, an acceleration a on a body 
of mass m is the consequence of the action of a force F’. 
The connection between the force and the acceleration 
is given by the famous equation F' = ma. So the force 
on this particle is F' = 2m. It is positive and hence 
“pushes” the particle in the positive direction. The 
motion of the particle has the following interpretation. 
It starts at time ¢ = 0 at p(0) = 8 with an initial 
velocity of (0) = —4. So it begins by moving to the 
left. Since the force acts to the right, the particle must 
slow down. It eventually comes to a halt. Since v(2) = 
0, this happens at time t = 2. From this time onward, 
the force accelerates the particle to the right. Check 
this against Figure 6.15. 


We have analyzed the motion of a point on a line 
and observed how its position function determines 
both its velocity and acceleration. We will now see that 
this reasoning can be reversed. Given the acceleration 
of a point, it is possible to determine first its velocity 
and then its position. This will make important use ofa 
fact from Section 5.5B: If two functions have the same 
derivative, then one of them is equal to the other plus 
a constant. In particular, if the derivative of a function 
is always zero, the function is a constant. 


Example 6.13. Let a point move on an axis with 
acceleration a(f) = v(t) = p’() = 0 for all t => 0. By 


6.4 Moving Points 165 


the fact just referred to, this means that v(t) = C, for 
some constant C. So v(t) = C = v(0). Notice that the 
derivatives of both v(0) - ¢ and the position function 
are equal to v(0). Therefore, p(t) = v(0)t + D for some 
constant D. Taking t = 0 shows that D = p(0) is the 
initial position of the point. The position function is 
now explicitly given by 


p(t) = v(O)t + p(0). 


Example 6.14. Suppose a point moves along an axis 
with constant acceleration a(t) = v(t) = p’"(O) =k 
for all t > 0. Observe that v(t) and kt both have the 
derivative k. It follows that v(t) = kt+C. Setting t = 0, 
we see that C = v(0) is the initial velocity; hence 


v(t) = kt + v(0). 
Since the derivative of $¢? + v(0)t is equal to 
kt + v(0) = v(0), 


it follows that Ke +v(0)t and the position function p(¢) 
have the same derivative. Hence p(t) = $t?+v(0)t+D. 
Plugging in t = 0 shows that D = p(0) is the initial 
position of the point. So the position function is equal to 


pit) = SP + v(0Vt + pO), 


If the initial position is p(0) = 0 and the initial velocity 
v(0) = 0, then p(t) = et, In this case, the constant 
acceleration k produces a displacement of ae in the 
time interval [0, ¢]. 


When a point moves on the x-axis, we will denote 
its position function by x(@). The initial position is «(0); 
the velocity function is v(@) = «'(¢) and the acceleration 
is a(t) = v'(t) = w(t). If it moves along the y-axis, its 
position function will be written y(#); its initial position 
is y(0) and its velocity and acceleration are v(t) = y'(@) 
and a(t) = v(t) = y“(0), respectively. 


Suppose an object is in vertical free fall near the 
Earth’s surface. Place a y-axis along the path of the fall 
with the origin at ground level. Let y() be the position 
of the object at any time t > 0. The initial position 
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of the object is y(0) and its initial velocity is v(0). 
See Figure 6.18. Recall from Chapter 4.2 that Galileo 
discovered that if the object has velocity v() at time t 
and velocity v(t+ A?) at a later time t+ A, then the ratio 


u(t + At) — v(t) 7 u(t + At) — v(t) 
G4tAD=t ~~ At 


is equal to the same constant C regardless of the time 
t of the first observation and the elapsed time At. 
Therefore, this ratio remains fixed at C when At is 
pushed to zero. It follows that for an object in free fall, 
the acceleration a(t) at any time ¢t > 0 is given by 


a(t) = v'(t) = jim. me ape = 


C. 
Since the acceleration is in the negative y-direction, 
the constant Cis negative. Nowadays, the constant C 
is written as —g, and g is known to be equal to 32.17 
feet/second?, or 9.80 meters/second’. The force F' that 
produces the acceleration of —g on the falling object is 
known as the force of gravity. By Newton’s law, F = 
—mg, so that F depends on the mass m of the object. 
On the other hand, as Galileo observed, the constant 
g is the same regardless of the mass of the object. 
Since the acceleration a(t) = —g is a constant, the 
velocity and position functions of the objects are 


v(t) = —gt+v(0) and y(t) = -2? + v(0)t + yO). 


This follows from Example 6.14 by replacing k by —g 
and p(t) by y(t). 


Example 6.15. Suppose Galileo had actually 
dropped a cannonball from the leaning tower of Pisa. 
Measure distance in feet and time in seconds. Assume 
that the initial velocity of the cannonball was v(0) = 0 
and, since the tower is 177 feet high, that the initial 
position was y(0) = 177. Therefore, 


y(t) = -3? 4177, 


Suppose the cannonball hit the ground at the instant 
ty. So y(t) = O and $t? = 177. Since g = 32 feet/sec’, 


it follows that t? = 3%, and t, = ,/ Bt = 3.3 seconds. 


Figure 6.18 


The velocity of the cannonball at impact was v(t) = 
—gt, + v(0) = —82(38.3) = —106 feet per second. 


6.5 The Trajectory of a Projectile 


AAAS 


W e will now turn to the analysis of the trajectory 
of a projectile, which applies in principle to any 
object that is thrown and hence to projectiles fired by 
guns and cannons. The basic understanding is that the 
projectile is “left to its own devices” after being given 


an initial velocity at launch. In other words, it is not 
subject to any propelling forces thereafter. 


RASS EATS SR 


Set up a coordinate system as shown in Fig- 
ure 6.19. The projectile starts its motion at time t = 0, 
when its initial position is the point (0, yo). It has an 
initial velocity that is represented by the arrow in the 


y(t) Bhd Md des Cacslst cecach Peek Pa Pet Jo WY cali ik Udi has ro 


x(t) 
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Figure 6.19 


diagram. Such arrows are called vectors. The length 
of the vector is equal to the initial speed vo of the pro- 
jectile. The direction of the vector with respect to the 
horizontal is known as the angle of elevation or an- 
gle of departure. It is given by the angle go, where 


0 < 9 < 5. 


y‘(0) 


x"(0) 


Figure 6.20 


For any t > 0, the coordinates x(t) and y(t) are the 
perpendicular projections of the position of the pro- 
jectile onto the «- and y-axes respectively. Note that 
x(0) = 0 and y(0) = yo. By the analysis of Section 6.4, 
x(t) is the velocity of the projectile in the x-direction 
and y’(t) is the velocity in the y-direction. So x’(0) and 
y' (0) are the initial velocities in the w- and y-directions. 
Together they determine the initial velocity vector by 
the parallelogram law. Place a horizontal vector of 
length x’(0) and a vertical vector of length y’(0) “tail to 
tail” as shown in Figure 6.20. The initial velocity vec- 
tor is the diagonal of the parallelogram (in this case it 
is arectangle) that results. The length of this diagonal 
is the initial speed vo of the projectile. 

Refer to Figure 6.20 again and observe that 


COS Yo = =) and sin go = a Therefore, 


x'(0) = vpcosgo and y'(0) = vo sing. 
The only force on the projectile during its flight is 


gravity. It acts in the negative y-direction. In partic- 
ular, the force in the x-direction is zero. Therefore, 
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by Newton’s law F' = ma, the acceleration in the w- 
direction is also zero. Thus x(t) = 0. Observe that 
Example 6.18 applies to the projection of the projectile 
onto the x-axis with C = vp cos dp. Thus 


a(t) = v9 cosgo and x(t) = (v9 COS Go)t. (6a) 


Because gravity produces an acceleration of —g in the 
y-direction, y(t) = —g. Since y'(0) = vosingo and 
y(0) = Yo, we find by the discussion at the end of 
Section 6.4 that 


y(t) = —gt + vo sing o and 
(6b) 


y(t) = -3? + (vo Sin go)t + Yo 


a(t) 
Ve COS Yo? 


By the second equation of (6a), t = so = 


fr. By a substitution into the expression for y(¢) 
g SOP” FO 


in (6b), we get 
V0 sin 0 


a(t) + Yo 
Vo COS Yo 


—9g 2 
t) = —._—*—__(a(#))" + 
UO = Fa ogy OO 


= —, 7 (a)? + (tan go)e(6) + yo. 
2u9 COS* Yo 
Observe, therefore, that the position (x(0), y(t)) of the 
projectile at any time ¢ satisfies the following equation: 


Ue (seat) 7 + (tan go)x + Yo (6c) 
2Up COS* Yo 


By Section 4.3, this is the equation of a parabola. 
Therefore, the trajectory of the projectile is a parabo- 
la, indeed, a very specific parabola determined by the 
constants vo, Yo, and go. 


What is the maximal height reached by the projec- 
tile? This maximum occurs at the instant at which the 
vertical component of the velocity is zero, i.e., at the in- 
stant t; at which y’(t,) = 0. By the first equation of (6b), 
0 = y'(t)) = —gt; + vo Sin Go, or ty = oS ee Inserting 


this t; into the second equation of (6b) shows that 


Yij= = Si + (vp SiN Go)ti + Yo 


1 2:2 ee 
— —vosin + —v, sin + Yo. 
2g 9 P0 g° go + Yo 


Therefore the maximal height attained by the projec- 
tile is 

+ 2 sin’ yo + (6d) 
2g 9 0+ Yo- 

For the rest of our discussion we will assume 
that the terrain is flat and the x-axis lies along the 
ground. At what time and how far downrange will the 
projectile hit the ground? Impact occurs precisely at 
the time timp for which y(timp) = 0. Refer to the second 
equation of (6b) and observe that the time of impact 
can be found by solving 


— 3 imp) + (vp Sin Go )timp + Yo = 0 


for timp. By the quadratic formula and the fact that 
timp = 0, 


Vo Sin go + ./V% sin” vo + 2gyo 


g 


timp = (6e) 
The range of the projectile is the horizontal distance 
from the initial position of the projectile to the point 
of impact. So the range is equal to the x-coordinate R 
of the projectile at the time of impact timp. It follows 
from (6a) that 


i= ax(timp) = (vo cos po timp 


Wa son 
= eo £o)(COS Go) 


UV . 
+ av (cos? yo)v5(sin* yo) + 2gyo(cos? yo). 


The trigonometric formula sin2go = 2Ssin g COS Go 
(see Exercises 2C) now provides the following expres- 


sion for the range: 


0 a vo [% 2 
R = — sin(2go) + —,/ © sin”(2¢0) + 2gyo cos? go. 
2g g\ 4 


(6f) 


What angle gv gives the maximal range, i.e., the 
largest possible R? Suppose yo = 0. A look at the 
expression in (6f) in this case shows that RF is maximal 
when sin(2¢p) is largest. Since 0 < go < §, it follows 
that 0 < 2g < x. The largest value of sin(2¢9) in this 
interval is 1, and it occurs for 2g) = 3, i.e., for go = 7. 


So if yo = 0 the maximal range is 


vou fue ue 
Rea o = ue Pe (6g) 
29 gV4 2% 2% g 


If yo 4 0, then yo = *% does not provide the greatest 
range R. However, the determination of the angle 
go that does so is beyond our current mathematical 
firepower. 


The velocity of the projectile at any time ¢ is 
determined by the velocities «’(t) and y’'(t), by the 
parallelogram law (Figure 6.20), and the equations 
(6a) and (6b). Therefore, its speed at any time ¢ is 


Ve’)? + YO? 


— A ; cos? go + g*t® — 2(gvo sin go)t + Or sin” go. 


3 22 2 + 2 
Since v2 cos? yp +? sin” yo = v2(cos” go +sin” vo) = V%, 
this is equal to 


(03 + G22 — 2g(vo sin yo)t. (6h) 


The speed at impact is obtained by plugging the mo- 
ment of impact timp into this formula. How can the 
angle of impact be determined? See Exercise 20. 


A look at equations (6a)—-(6h) shows that the initial 
conditions yo, Yo, and gp and the constant g deter- 
mine everything about the motion. We conclude our 
discussion by illustrating the theory with a look at a 
numerical example. 
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Newton tosses an apple in the direction of his 
younger colleague, the astronomer Edmund Halley. 
When the apple leaves his hand, it is 3 feet above the 
ground, has an initial velocity of 25 feet per second, 
and has an angle of departure of 45°. The ground is 
level and Halley stands 18 feet away. Is he in a position 
to catch it? (See Figure 6.21.) 


Figure 6.21 


We assume that the toss occurs at time ¢ = 0. The 
question that has to be asked is this: how high will 
the apple be when it reaches the spot where Halley 
is standing? This is a question about y(t) or, more 
precisely, about the value of y(¢) at the time t when the 
apple reaches that spot. If we can determine the time 
when this occurs, then the use of the second formula in 
(6b) will provide the answer. But how do we get t? We 
know that vp = 25 feet per second and gp = 45°. We 
also know that we are looking for ¢ such that w(t) = 18. 
So by (6a), 


2 
18 = x(t) = (v0 cos go)t = (25 cos 45°)t = 25, 


and we get? 
,_182 182 v2_ 18 
35s 252 2 25 


= 1.02 seconds. 


2 ~ (0.72)(1.41) 


Plugging t = 1.02, g = 32, yo = 3, and gw = 45° into 
y(t) = —$t? + (vo sin go)t + yo, gives us 


y(1.02) + — 16(1.02)" + (25 sin 45°)(1.02) +8 
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2 
— 16(1.04) + 251.02) +3 


2 


g 


— 16(1.04) + 25(0.71)(1.02) + 8 


¢ 


— 16.65 + 18.03 + 3 = 4.39 feet. 


So the apple will be about 43 feet above the ground 
when it gets to Halley. Alas, Halley ducks! How far 
behind him will the apple land? With what velocity 
will it hit the ground? Since the angle of departure is 
dy = 45°, formula (6f) can be used to determine where 
the apple will hit the ground: 


ve uy [UR 25? 25 [252 
R= %+4— 2 = 82)(8 
aor 4 +940 = Gy + a5) | + (82)(8) 


=~ 9.77 + 0.78(/ 156.25 + 96) © 9.77 + 0.78(15.88) 


~ 9.77 + 12.41 © 22.17 feet. 


Since Halley stands 18 feet from Newton, the apple 
lands a little over 4 feet behind Halley. The time of 
impact is given by the formula 


Up SiN go + / V4 sin” go + 2gyo 
' 


Inserting the constants, vp = 25, yo = 3, go = 45°, and 
g = 32, we get 


imp = 


limp = za [ 20- om 
. B 2 


eS = (17.68 4 J312.5 + 192) 


252 - a 42. 32 - : 


1 
fe go (17.68 + 22.46) ~ ——— ~ 1.25 seconds. 


Inserting tim, and the other constants into (6h) tells 
us that the speed of the apple at impact is 


2 
25? + 322(1.25)? — 2-32. 25- 125) 


~ \/625 + 1600 — 1414.21 


~ 28.47 feet/second. 


What is the maximal height reached by the apple? This 
is given by (6d): 


1 2 asad 1 2. 
Es ee a: epee 
Dye Odo ea at 128 7 


~488 +3 ~ 7.88 feet. 


Let’s reflect over what Newton’s calculus has 
achieved. It has isolated the gravitational aspect ofthe 
motion of a projectile and provided full understanding 
of it. In particular, equations (6a)—(6h) provide a com- 
plete description of the motion of a projectile in any 
situation where gravity is the only influencing factor. 
This is so, for instance, on the Moon (for a different 
constant g), where there is no atmosphere. Equations 
(6a)-(6h) also provide an accurate picture of what hap- 
pens on Earth for any relatively heavy object moving 
at alow speed. In such cases gravity is often the dom- 
inant influence, and other factors are negligible. This 
is so for the apple just thrown by Newton and, as 
we will see in Section 9.8, for some of the important 
experiments of Galileo. 

For alight object, or for an object moving at a high 
velocity, air resistance becomes a significant factor. 
Anyone who has ever stuck his hand out of the window 
of a car (moving at a speed of, say, 60 miles per hour 
= 88 feet per second) and felt the stiff resistance of 
the air has already experienced this. The equations 
(6a)-(6h) are based on the fundamental observation 
of Galileo that the increase in the velocity of a falling 
body over time is a constant. At high speeds, however, 
this observation is valid only in an idealized, air- 
resistance-free setting. The question that arises is 
this: Will these equations retain at least some of their 
value in a resistant medium, or will the impact of air 
resistance render them completely useless? 


6.6 Applications to Ballistics? 


_SS eae mee ca em eI NI IN SES 


B allistics is the investigation of the motion of 
projectiles, primarily in the context of both 


light and heavy firearms. This aspect of the mod- 


6-PDR. FIELD GUN Fel: 


12-PDR. FIELD GUN 2.50 
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Time of flight 2 secs 


Time 2 sees 


Figure 6.22 


ern science of artillery has its origins in the middle 
of the 148 century, when gunpowder came into use 
in western Europe. At first, artillery was deployed 
mainly against fortifications. It was used extensively 
in the Thirty Years War of 1618-1648, and it has 
played an increasingly important role in warfare ever 
since. 

In the 18" and 19* centuries, cannons were clas- 
sified by the weight of the cannonball that they fired. 
For example, there were 6-pdr. (pounder), 9-pdr., 12- 
pdr., 24-pdr., and 32-pdr. cannons. Figures 6.22 and 
6.23 contain data for 19° century American 6-pdr. 
and 12-pdr. field guns. These tables come from the 


appendix of The Artillerist’s Manual,’ originally pub- 
lished in 1860. In Figure 6.22, the column “Powder.” 
refers to the quantity of powder used, the column 
“Ball.” to the types of ammunition (made mostly of 
iron), and the column “Elevation” to the angle of 
departure. 

Figure 6.28 (refer to the column Initial Veloc- 
ity) lists the initial speed of the projectiles in feet 
per second for different types of ammunition and 
different quantities of powder used. These initial 
speeds, also called muzzle velocities, were deter- 
mined by experiments with the ballistic pendulum 
at the Washington Arsenal. The operative principle 
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KIND OF ORDNANCE 


6-PDR. FIELD GUN 


Sph. case 
Canister 


12-PDR. FIELDGUN..... 


Canister 


1.00 1357 
1.00 1230 


2.50 1486 
3.00 1597 
4.00 1826 


2.00 1262 
2.00 1392 


Figure 6.23 


behind a ballistic pendulum is as follows: A shell is 
fired at close range at a heavy pendulum, the maxi- 
mal deviation of the pendulum is measured, and the 
muzzle velocity of the projectile is determined from 
the amount of the deviation and the weight of the 
projectile. (We will study the ballistic pendulum in 
Section 14.3.) 

The data in Figures 6.22 and 6.23 are based on 
actual measurements and therefore take air resis- 
tance into account. The problem that now concerns 
us is this: How do these data compare to the predic- 
tions of the theory of Section 6.5, which ignores air 
resistance? 

Let’s consider, for instance, the 6-pdr. field gun 
standing on horizontal ground. Let’s put in 1.25 pounds 
of powder, load a cannonball, set the angle of departure 
at 1°, and fire. From Figure 6.23 we see that the muzzle 
velocity is v9) = 1439 feet per second. The muzzle 
of this gun in firing position is about yo = 3.6 feet 
above the ground. (This information comes from the 
appendix of The Artillerist’s Manual.) 


Let’s first compute the range of the projectile 
using the theory of Section 6.5. We need to apply 
formula (6f), 


We. v [V5.2 
R= 3 sin(2y0) + rai sin” (2g) + 2gyo cos? go, 


with vp = 1439, yo = 3.6, and g = 1°. Plugging in 
these values, we obtain 


(1439)* 
2-32 


1439 / (1439)? 
a \ r sin” 2° + 2(32)(3.6)(cos? 1°) 


= 1129.17 + 44.97 630.52 + 230.33 


& 1129.17 + (44.97)(29.68) 


R= sin 2° 


~ 2448.57 feet. 


The corresponding observed value from Fig- 
ure 6.22 is 674 yards = 2022 feet. The prediction of 


the theory deviates from the observed value by about 
20%. 


Let’s continue firing the 6-pdr. field gun. Put in 
1.00 pound of powder, load a cannonball, set the angle 
of departure at 3°, and fire. From Figure 6.23, we see 
that the muzzle velocity is v9 = 1857 feet per second. 

Let’s compute the time timp at which the cannon- 
ball will impact. By formula (6e), 


v9 Sin go + 1/v2 sin” vo + 2gyo 
timp Se we 


g 
where Up = 1357, yo = 3.6, and gp = 3°. Therefore, 


(1857)(0.05) + a ((1357)(0.05))* + 2(82)(3.6) 
imp ™ n° 
, 67.9 + V 5043.83 + 230.40 
~ 32 


_ 71.02 + 72.62 143.64 
~ 32 ~ 39 


=~ 4.49 seconds. 


Notice that this is in reasonable agreement with 
the observed 4 seconds that Figure 6.22 provides. 
Consider formula (6f) next. Taking 


eo. v [V2 2 
R= mn sin(2g) + a z sin” (2g) + 2gyo cos? Yo 


with vp = 1357, yo = 3.6, and gy = 3°, we get 


(1357) 
2-32 


1357 / (1357)? 
ae ri sin’ 6° + 2(82)(3.6)(cos? 3°) 


=~ 3007.56 + 42.41,/5030.01 + 229.77 


= 6083.04 feet. 


R= sin 6° 


The observed range, on the other hand, is 1050 yards 
= 3150 feet. This time the gap between theory and 
observation is big. 
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While air resistance has little effect when veloc- 
ities are small, the lesson is that its effect at larger 
velocities can be substantial. In the context of ar- 
tillery, the formulas of Section 6.5 are of little or no 
value. Indeed, at high velocities and short ranges, the 
effect of air resistance is much greater than that of 
gravity. The shape or, more precisely, the aerodynam- 
ics of the projectile play a crucial role. By relating 
this factor to the velocity, it is possible to take it 
into account by modifying the basic air-resistance- 
free theory of the trajectory of a projectile. In simple 
situations, such as free fall, this is relatively simple 
(see Section 13.6). In general, however, the mathe- 
matical relationship between the aerodynamics and 
the velocity depends on the velocity. It is hardly 
surprising that mathematical and computer models 
of trajectories that take air resistance into account 
are extremely complicated. See Exercises 6F for yet 
another complicating factor. 


6.7 Postscript 


H ooke and Newton, in spite of disagreements and 
quarrels, continued to correspond about mat- 
ters of science and mathematics. In one letter, Hooke 
suggested that the planets are kept in orbit by a 
central force that decreases with increasing distance; 
indeed he suggested that the central force decreases 
with the square of the distance. It seems clear, how- 
ever, that Hooke had no mathematical proof. This 
correspondence revived Newton’s interest in these 
fundamental questions. Edmund Halley became inter- 
ested as well. Halley visited Cambridge in 1684 and 
asked Newton specifically what the shape of the orbit 
of a planet would be under the assumption that it is 
attracted by a force centered at the Sun and inversely 
proportional to the square of its distance from the Sun. 
Newton immediately answered that the orbit would 
be an ellipse, indicating that he had proved this long 
ago. Later he supplied Halley with two proofs. Halley 
realized the importance of this work at once and, with 
the support of the Royal Society, decided to persuade 
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Newton to publish a treatise setting out his discov- 
eries in detail. In spite of his reluctance to publish, 
Newton finally agreed, and started this task in 1685. In 
spite of a number of ongoing problems—including dis- 
putes about the priority of the discovery of the inverse 
square law (principally with Hooke) and the financing 
of the printing (all expenses were met by Halley)— 
the book appeared in the summer of 1687. Entitled 
Philosophiae Naturalis Principia Mathematica, and 
known simply as the Principia, it is regarded by most 
scientists as the greatest book of science ever written. 
We'll look at it in the next chapter. 

After the publication of the Principia, Newton’s 
scientific output declined. In 1689 he was elected as 
Cambridge University’s Member of Parliament.° In 
1696 he moved to London and assumed the post of 
Warden of the Mint. He took his duties there very 
seriously and oversaw the replacement of the coinage 
of England. In 1699 he became the head, or Master, of 
the Mint, a position that he retained until his death in 
1727. In 1703 he was elected president of the Royal 
Society, and in 1704 his work Optiks appeared. By 
that time he was famous throughout the scientific 
world. In 1705, Queen Anne conferred knighthood on 
Newton. 

Disputes continued, especially with Leibniz. The 
point of contention was as to whether Leibniz had in- 
vented his calculus of differentials independently or 
whether he had “borrowed” from Newton. The battle, 
fought out in the scientific literature, was contentious 
and bitter. It was waged not only by the two scien- 
tists themselves, but also by their supporters. Today’s 
scientific community is in unanimous agreement that 
the two men had invented their versions of the calcu- 
lus independently. A comparison of the two theories 
brings the conclusion that while Leibniz had the bet- 
ter theory (from the point of view of notation and 
basic concepts), Newton’s was much more powerful 
computationally. 

The reviews on Newton the man are mixed. A look 
at his personal library reveals substantial interests in 
religion as well as alchemy. A look at his character 
finds him to be noble and sensitive, but also petty, 


suspicious, and withdrawn. He was a man who was 
admired and revered, but he aroused little affection. 


Exercises 
6A. Derivatives 


1. Compute the derivatives of the following functions: 


ly. fa = a 
li, g(x) = 
iii, A(x) = fe 


iv. fla) = $y — 4073 
v. g(x) = —2x3 +325 ~6 
vi. y=a-7 +3021 — Lys 
6B. Antiderivatives and Definite 
Integrals 


2. Determine antiderivatives of the following functions: 
i. f(x) = 
ii. f(x) = 503 
iii, f(x) = 82° 4+ ye 
iv. f(x) = 624 — Bayi 
3. Compute the areas under the graphs of the following 
functions: 


fia) = 5x” between 0 and 4; between 4 and 6. 
ti flix) = 5a? between 0 and 6. 
iii. fix) =3/% between 0 and 5. 
iv. f(x) = 4a? + 203 between 2 and 4. 


4. Make use of the approximation 


1 
—— x l—ax+e2*%—2? +24 Sg gl ap aes 55 


1+ 
for |x| < 1 to compute the definite integrals 


3 3 
[ ae eal if an 
n ———el 
0 1+2 a eS 0 14+ a? 


with an accuracy of four decimal places. 


5. The approximation 


1 
Se ape Se ae oe Ee aa ee 


1+2% 
for |x| < 1, can be used to compute related definite 


integrals. For example, multiplication by a2 shows 
that 


Use this approximation to show that 


1 gl 
/ da ~ 0.184. 
0 1l+2 


6. Make use of the approximation 
ee ee 
SU SS ap toen ap ee 

to evaluate the definite integrals 


bra 1 
/ sinedx and i sin /« dx 
0 0 


with four decimal accuracy. 


7. Try to make use of the approximation 


Ji+e=(1+2)2 
1 1 
~14()e+ (3 )a%+( 
5 \ ad 
+(Z)e Ak 


to compute the area under the graph of f(~) = /1+a 
between 0 and 5. Why is there a problem? 


8. Usethe formula L = f i 1 + (f’(a))? dx together with 
a power series approximation to compute the length 
of the graph of f(x) = $x° between (—1,—$) and (1, 4) 
with three decimal accuracy. 


While 


) 


6C. Moving Points 


Exercises 9-12 all involve the following situation: A particle 
is moving on a coordinatized line. Its position function p(t) 
and the starting time are given. In each case, determine the 
particle’s velocity v(¢) and acceleration a(¢) as functions of t, 
and give a description of the motion of the particle (including 
comments about the initial position, velocity, acceleration, 
and force; when and where the particle stops, etc.). Sketch 
the motion in each case (as in Figure 6.15 of the text). 


9. p(t) = 2t — 5; start at t = 0. 

10. p(t) = 2t? + 2t + 12; start at t = —10. 

ll. pi) =e — 4¢? — 218; start at t = —6. 

12. p(t) = 2 = 3t-}; start att = 1. 

13. A point is moving on a coordinatized line. It starts 
at the origin at time ¢t = 0 with an initial velocity of 
zero. Its acceleration is given by a(t) = 6¢ — 12. (a) 
Determine its velocity function v(f) and its position 


function p(t). (b) Draw a careful diagram of the motion 
over the time interval [0,7]. Indicate the direction of 
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the motion and point out where and at what time(s) 
the point stops. 


14. The acceleration a(t) of a moving point is given by 
a(t) = 2t — 6 for t > 0. The initial velocity is v(0) = 
5, and its initial position is p(0) = 6. Determine the 
velocity and position functions v(t) and p(t) for t > 0, 
and describe the motion of the point. 


6D. Projectiles 


15. Isaac Newton throws an apple in the direction of his 
nemesis, the scientist Robert Hooke, who stands on 
level ground 35 feet away. Newton throws the apple 
with an initial velocity of 40 feet per second and an 
angle of elevation of 20°. The apple is 5 feet above the 
ground at the moment of release. What is the maximal 
height above the ground reached by the apple? Will 
the apple hit Hooke? If so, with what speed? 


16. Newton’s pet parakeet escapes and flies over his gar- 
den straight towards his house. It has a speed of 20 feet 
per second and flies at an angle of 30° with the horizon- 
tal when it suddenly releases, at a height of 50 feet ... 
a dropping. How long after the release will the drop- 
ping reach its maximal height? What is the maximal 
height? Will it splatter against the white stucco wall of 
Newton’s house, which is 20 feet high and 30 feet away 
(at the time of the release)? If so, with what velocity? 


17. Atthe opening ceremonies of the 1992 Olympic games 
in Barcelona, an archer lit the Olympic flame by shoot- 
ing a burning arrow into a circular pool of flammable 
liquid. Suppose the circular pool was affixed to a struc- 
ture that put the center of the surface of the liquid 
55 meters downrange from the archer and 25 meters 
above the ground. Now suppose the archer shot the 
arrow from 1.5 meters above ground level at an angle 
of 70° with the horizontal and that the arrow struck 
the center of the pool on its descent. With what initial 
speed did the arrow leave the bow? [Hint: Ignore air 
resistance and use Formula (6c) of Section 6.5.] 


18. Suppose that the Olympic archer in Exercise 17 shot 
the arrow from 6 feet above ground level and that the 
center of the circular pool was 240 feet downrange 
from the archer and 62 feet above the ground. If the 
initial speed of the arrow was 120 feet per second, 
determine the angle of elevation with which the marks- 
man would have had to shoot the arrow in order to hit 
the center of the surface of the liquid. [Hint: Use the 
identity sec? p = 1+ tan’ ¢.] 

19. Suppose that a basketball player’s jump shot is most 
accurate when he releases the ball from 8 feet above 
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20. 


GE. 
21. 


22. 


23. 
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Vo= 22 feet/sec 


8 feet 


10 feet 


Figure 6.24 


the floor at an angle of 45° and a velocity of 22 feet 
per second. See Figure 6.24. How far from the basket 
should he be taking his shots? 


Using the formulas and notation developed for the 
motion of a projectile, derive a formula for the angle 
of impact of a projectile. Assume that the ground is 
horizontal. 


Ballistics 


Load a 6-pdr. field gun with 1.25 pounds of powder. 
Put in a cannonball and fire the gun with an angle 
of departure of 0°, i.e., point blank. By Figure 6.23, 
the muzzle velocity of the cannonball is 1489 feet 
per second. Use the formulas developed in Section 
6.5 to compute the range. Compare your result with 
the observation recorded in Figure 6.22. Why is your 
answer inconsistent with the data of Figures 6.22 and 
6.23? What is the problem? 


Now load a 6-pdr. field gun with sperical case shot 
and 1.00 pounds of powder. Fire with an angle of 
departure of 2°30’. By Figure 6.23, the muzzle velocity 
of the projectile is 1357 feet per second. Using the 
theory of Section 6.5 determine how many seconds 
after the firing the projectile will impact, and compute 
the range. Compare your figures with the observed 
values in Figure 6.22.. 


Fire a 12-pdr. field gun with a cannonball using 2.50 
pounds of powder. By Figure 6.23, the muzzle veloc- 
ity is 1486 feet per second. Fire three successive times 
with angles of departure of 0°, 1°, and 5°. Compare 
the ranges predicted by theory with those given in 
Figuree 6.22. 


6F. Connections with Probability 
Theory 


Another difficulty encountered in ballistics is illustrated by 
data in the appendix of The Artillerist’s Manual. A certain 
type of rifle-musket was testfired a total of fifteen times on 
July 11 and again on July 23 of 1856. The initial velocities, 
measured with a ballistic pendulum, were found to be 809, 
901, 878, 884, 850, 873, 927, 948, 822, 827, 870, 900, 897, 
920, and 914 feet per second. Therefore, each firing of the 
musket produced a different initial velocity, even though 
the conditions (the weight of the powder, the type of ball, 
etc.) were kept the same! The number 884 has the property 
that there are seven velocities below it (809, 878, 850, 873, 
822, 827, and 870) and seven above it (914, 901, 927, 943, 900, 
897, 920, and 914). Thus 884 is the so-called median of the 
numbers on the list. 

The probability that a certain event, often called a 
favorable outcome, occurs is a number between 0 and 1: It 
is the ratio of the number of all possible favorable outcomes 
to the number of all possible outcomes. To say that the 
probability is 0 means that the event will definitely not occur; 
to say that itis 1 means that it is certain to occur. In reference 
to the data just given, observe that 9 out of the 15 firings 
produced a velocity between 860 and 920 feet per second, so 
the probability that the initial velocity of the ball lies in this 
range is i = 0.6. 

The data can be organized as in Figure 6.25. Observe 
that the probability just computed is equal to the sum of the 
areas of the rectangles between 860 and 920 over the total 
area of all the rectangles. 

If the probability of 0.6 is to be reliable, many more 
tests than these 15, say several thousand, would be neces- 
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900 920 940 


Figure 6.25 


860 


920 


Figure 6.26 


Figure 6.27 


sary. If this were done, the array of Figure 6.25 would look 
something like the “bell-shaped” curve of Figure 6.26. The 
probability that a given firing of the rifle generates an initial 
velocity between 860 and 920 feet per second is the ratio of 
the area under the curve between 860 and 920 to the total 
area under the curve. 

This discussion illustrates the fact that any accurate 
and useful mathematical theory of ballistics is necessar- 
ily complicated and necessarily involves probability theory. 
Such a theory will be able to assert, for example, that 
a projectile fired from a certain gun under certain con- 
ditions will land within 5 feet from a certain point with 
a probability of 0.9, or 0.95, or 0.99. Probability theory 


is beyond the purpose and aim of a basic text such as 
this. 


24. Inreference to the test firings just discussed, assume 
that after one thousand firings, the results can be mod- 
eled as follows. The curve of Figure 6.27 is the graph 
of the function y = cu where the value x = 0 corre- 
sponds to the median velocity of 884 feet per second, 
and every 0.1 unit on the x-axis represents 1 foot per 
second. So the region under the graph for —0.4 < x < 0 
corresponds to all the firings with velocities v satisfy- 
ing 880 < v < 884, and the region under the graph for 
0 < x < 0.6 corresponds to all the firings with veloc- 
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ities v satisfying 884 < v < 900. Assuming that the 
area under the entire graph is 2, compute the proba- 
bility that a particular test yields a velocity v such that 
880 < v < 884. Then compute the probabilities that 
884 < v < 900 and 880 < v < 900. Is there a reason- 
able correlation between your findings and the data 
in Figure 6.25? [Hint: Compute the required definite 
integrals by using Newton’s approximation method. ] 


Notes 


‘All references to Newton’s work can be found 
in D.T. Whiteside, The Mathematical Papers of 
Isaac Newton, Volumes I-VIT (Cambridge Univer- 
sity Press, Cambridge, 1969). 

7Incidentally, your calculator relies on power se- 
ries in computations of logarithms and trigonometric 
quantities. 


3In all calculator computations in this book, the 
answers will be rounded off only after the final step. 
This will minimize roundoff errors. 


4John Gibbon, The Artillerist’s Manual, Green- 
wood Press, Westport CT, 1971. Originally published 
by D. Van Nostrand Co., New York, and Triibner & 
Co., London, 1860. 


°Isaac Newton spoke in the House of Commons 
only once. As the great man arose a hush descended on 
the House in anticipation of what he would have to say. 
Newton observed that there was a window causing a 
draft and asked if it could be closed. 
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It is one of Newton’s major achievements (although 
not his achievement alone) that he discovered the 
fundamental concepts that underlie motion. The Prin- 
cipia begins with these concepts. The mass of an 
object, or body (which is the word Newton uses), is de- 
fined to be density times volume. Inertia is the “power 
of resisting, by which every body as much as in it lies, 
perseveres in its state, either of rest, or of uniform 
motion, in a right [straight] line.”! A force is an “ac- 
tion exerted upon a body, in order to change its state, 
either at rest, or of uniform motion, in a right line.” 
The basic laws of motion follow next: 


LAW I. That every body perseveres in its 
state of resting, or of moving uniformly in 
a right line, as far as it is not compelled 
to change that state by an external force 
impressed upon it. 


LAW II. That the change of motion is propor- 
tional to the moving force impressed; and is 
produced in the direction of the right line, in 
which that force was impressed. 


LAW III. That reaction is always contrary 
and equal to action; or, that the mutual actions 
of two bodies upon each other are always 
equal, and directed to contrary parts. 


Let’s elaborate on what Newton is saying. We will 
take the meaning of force from everyday experience 
as any action of pulling or pushing. A force has a 
magnitude that can be measured. For example, an 
amount of push or pull can be measured by the amount 
of the displacement it produces on some standardized 
steel spring. A force also has a direction. Its magnitude 
and direction together determine the force. 

Let a force act on a body. Newton’s second law 
says that the magnitude F’ of the force is directly 
proportional to the acceleration a that it produces in 
the motion of the body, and the mass m is the constant 
of proportionality. In other words, force = mass x 
acceleration, or F' = ma. Measure F' and measure a, 
and the mass m of the body is determined by m = £ 


ae 
Since a = f an increase (or decrease) in F’ produces a 


corresponding increase (or decrease) in a. The second 
law also says that the direction of the acceleration is 
the same as that of the force. Galileo discovered (see 
Sections 4.2 and 6.4) that the acceleration produced on 
a body by the force of gravity F is equal to the constant 
—g, regardless of the mass m of the body. In this case, 
Newton’s equation is F = —mg. The direction of the 
force is downward (towards the center of the Earth) 
and its magnitude mg is called the weight of the body. 
Since g is known (82 feet per second?, or 9.8 meters per 
second’), the mass m of the body can be determined 
from its weight mg. 

Notice that Newton’s first law is a direct conse- 
quence of his second law: If the magnitude of a force 
is zero, then the acceleration it produces in the mo- 
tion of the body must be zero, and hence its velocity is 
constant. Observe that this is Galileo’s law of inertia. 

The third law is the assertion that for every force 
there is always an equal and opposite force. If you 
lean against a wall, the wall will push back on you 
with an equal and opposite force. If this force did not 
exist you would fall. So forces always occur in pairs. 
It is important to note that these two forces never 
act on the same body. Your leaning against a wall is a 
force on the wall. The wall pushing back is a force on 
you. 

After a discussion of the “method of prime and 
ultimate ratios,” in other words some elements of 
differential calculus, the Principia turns to the study 
of centripetal force. A centripetal force is one “by 
which bodies are drawn, impelled, or any way tend 
towards a point, as to a centre.” So a centripetal force 
is one that always acts in the direction of a single fixed 
point. This fixed point is called the center of force. 
What is going on is most easily illustrated as follows. 
Take a string and tie an object P to one end. Hold the 
other end of the string and twirl the object as shown 
in Figure 7.1. Keep this end fixed at S and note that P 
will move in a circle. The force with which the string 
pulls on P in the process always acts in the direction 
of S. Itis therefore a centripetal force. Newton’s third 
law is illustrated also. As the object is twirled, there is 
a force pulling on the hand at S in the direction of P. It 


Figure 7.1 


acts in the opposite direction but is equal in magnitude 
to the force pulling on P. 

Everything described thus far is in Book I of 
the Principia. Book I goes on to develop a theory 
of bodies moving under the action of a centripetal 
force. This theory is completely abstract. It applies 
to any centripetal force acting on an object, be it 
the force exerted by a string on a twirling object, or 
the gravitational force of the Sun on a planet in its 
orbit. Book II of the Principia deals with motion in a 
resisting medium. But the high point of the Principia 
comes in Book III, the System of the World. It applies 
the theory of Book I to the analysis of the orbits of the 
planets. 

It is the goal of this chapter to provide a detailed 
look at some of the central elements of Book I and then 
to illustrate the incredible insights that they provide 
into the workings of the solar system. The Principia’s 
arguments are subtle, difficult, indeed often terse and 
opaque. It is, in short, quite a challenge to under- 
stand it. One reason for this is that Newton often used 
delicate Greek geometry known to the trained math- 
ematicians of his time but not today’s reader. In order 
to give a glimpse at Newton’s explanations and also 
to facilitate the understanding of what he does, this 
chapter takes a two-fold approach. Newton’s original 
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arguments (from Thorp’s 1777 translation) will appear 
in italic (slanted) print, and explanations are added 
in regular print. Figures labeled “Newton” are New- 
ton’s original diagrams (or parts thereof). Others have 
been added to explain and clarify. 


QRS 


C onsider an object or body in motion. Assume 
that it is acted upon by only one force, a contin- 
uously acting centripetal force. The magnitude of the 
force can vary. With later application to the motion of 
the planets around the Sun in mind, Newton denotes 
the body by P and the center of force by S. For a sim- 
ilar reason, we will refer to the path traced out by P 
as the orbit of P. 

Newton begins his analysis by showing that the 
motion of the body obeys Kepler’s second law. In 
other words, the single assumption that P moves 
under the action of a centripetal force with center S 
is enough to guarantee that the segment PS sweeps 
out equal areas in equal times. This single assumption 
also implies that the orbit of P lies in a plane that also 
contains S. See Figure 7.2. 


Figure 7.2 
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At 


At 


At 


At 


n@® 


Figure 7.8 


Newton takes a fixed interval of time At. He 
considers the position of the body at some point A, 
then At later at B, then another At later at C, another 
At later at D, ete. Newton regards the force to be 
acting only at the points A, B, C, D, etc., as a sequence 
of “impulses.” Each impulse deflects the body in the 
same way that a billiard ball is deflected by the cushion 
of the table. In particular, he thinks of the actual 
curved path of the body as being approximated by 
a sequence of line segments. See Figure 7.3. If At 
is small, this sequential action of the force and the 
resulting approximation of the path of the body is a 
simulation of what is going on. The Principia now 
turns to the verification of Kepler’s second law. 


PROPOSITION I. THEOREMI. = That the ar- 
eas, which revolving bodies describe by radi drawn to 
an immovable centre of force, do both lie in the same 
immovable planes, and are proportional to the times 
in which they are described. 


For suppose the time to be divided into equal parts 
(this is the At in the discussion above), and in the 
first part of that time, let the body by its innate force 
describe the right line AB. (Figure 7.4) In the second 
part of that time, the same would, (by Law I.) if not 
hinder’d, proceed directly to c, along the line Be equal 


to AB. Since the force is (for the moment) considered 
not to be acting at B, there is no force acting on the 
body during the entire motion between A and c. So 
the velocity remains constant between A and c. The 
elapsed time from A to Bis At and that from B to cis At 
also. It follows that AB = Bc. So that by the radii AS, 
BS, cS drawn to the center, the equal areas ASB, BSc, 
would be described. The triangles ASAB and ASBc 
have equal bases AB = Bc. They also, see Figure 7.5, 
have the same height h.So Area ASAB = Area ASBe. 


Figure 7.4 (Newton) 


But when the body is arrived at B, suppose that a 
centripetal force acts at once with a great impulse, and 
turning aside the body from the right line Bc, compells 
it afterwards to continue its motion along the right 
line BC. In other words, the motion of the body from B 
to C is regarded as occurring in two components: first, 
the motion from B to c determined by the velocity of 
the body at B, and then the motion from c to C, whichis 
determined by the action of the impulse at B along BS. 
Draw cC parallel to BS meeting BC in C; and at the 
end of the second part of the time, the body (by Cor. I. of 
the laws) will be found in C, in the same plane with the 
triangle ASB. Since the impulse at B lies in the plane of 


gu: 


$B 


Figure 7.5 


Figure 7.6 (Newton) 


oA 
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the triangle ASAB, there is no component of this force 
that could move the body outside this plane. Joyn SC, 
and, because SB and Cc are parallel, the triangle SBC 
will be equal to the triangle SBc and therefore also to 
the triangle SAB. The two triangles ASBC and ASBe 
have a common base SB. See Figure 7.6. Since Cc is 
parallel to SB, these triangles have the same height. 
Therefore, Area ASBc = Area ASBC. Since it was 
already shown that Area ASBc = Area ASAB, it 
follows that Area ASAB = Area SBC, as asserted by 
Newton. 

By the like argument, if the centripetal force acts 
successively in C, D, E, &c. and makes the body in 
each single particle of time, to describe right lines CD, 
DE, EF, &c. they will all lye in the same plane; and 
the triangle SCD will be equal to the triangle SBC, and 
SDE to SCD, and SEF to SDE. And therefore in equal 
times, equal areas are describ’d in one immoveable 
plane: and, by composition, any sums SADS, SAFS, 
of those areas, are one to the other, as the times in 
which they are describ’d. Now let the number of those 
triangles be augmented, and their breadth diminished 
in infinitum; and (by Cor. 4. Lemma 3) their ultimate 
perimeter ADF will be a curve line: and therefore 
the centripetal force, by which the body is perpetually 
drawn back from the tangent of this curve, will act con- 
tinually; and any describ’d areas SADS, SAFS, which 
are always proportional to the times of description, 
will, in this case also, be proportional to those times. 


Figure 7.7 
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Figure 7.8 


This argument, which completes Newton’s proof 
of Kepler’s law, requires explanation. Suppose that t, 
and ty are any two time intervals. Suppose that the 
body moves from P to Q during t; and from P’ to Q’ 
during tz. Let the areas of the regions SPQ and SP’Q’ 
be A; and Ag respectively. See Figure 7.7. Newton 
must demonstrate that t; = te implies A; = Ap. What 
he does is this. Choose a small time interval At and 
partition ¢; into, say, x (possibly a huge number) of 
equal intervals, each of length At. So, t; = n(At). 
Starting from P insert into the diagram the positions 
Pi, Po, Ps,... of the body in its orbit at times At, 
2At, 3At,... from when it was at P, and continue this 
process until Q has been reached (Figure 7.8). Since 
nm steps are needed to get from P to Q, Newton’s 
construction inscribes the v triangles SPP, SP, Ps, 
SP2P3,... into the region SPQ. By the step already 
verified, the triangles SPP; and SP; Ps have the same 
area. By the same step, the areas of the triangles 
SPP: and SP2Ps are the same. Continuing in this 
way, all the 7 triangles inscribed in the region SPQ 
have the same area, say AA. Since At is small, P and 
P;, P; and Pe, Ps and Ps, etc., are close together, and 
the n inscribed triangles together essentially fill out 
the area of the region SPQ. The area of this region is, 
therefore, A; = n(AA). Continue to insert points into 
the orbit at time intervals At, from Q to P’, and finally 
from P’ to Q’. Since t2 = t; = n(At), n steps are also 
required to get from P’ to Q’. The triangles inscribed 
into the sector SP’Q in the process continue to have 


area AA. So the region SP’Q’ is also filled out by n 
triangles each with area AA. It follows that the area 
Ag of this region is also equal to n(AA). So Newton 
has established Kepler’s second law. 

Strictly speaking, A; = n(AA) is not an equality, 
but only an approximation. This is because the tri- 
angles will not fill out the region SPQ “on the nose.” 
The same is true for SP’Q’ and Ay = n(AA). How- 
ever, if the above thought experiment is repeated, 
each time for smaller and smaller At (and therefore 
larger and larger n) the approximations A; = n(AA) 
and Az = n(AA) get better and better: a rapid-fire se- 
quence of impulses will approximate the continuously 
acting force, a myriad of connected line segments will 
approximate the curved trajectory, and the approx- 
imation n(AA) will (for all computational purposes) 
produce the equality Aj = nA = Apo. 


Let’s formulate Newton’s conclusion in another 
way as follows: Let the motion ofa body P be produced 
by the action of a centripetal force acting towards the 
fixed point S (as in Figure 7.2). Let t be any time 
interval, and let A; be the area of the sector that the 
segment SP sweeps out during the time t. Then the 
ratio a is the same, regardless of what t is taken. To 
see this (we have in fact already seen this in Section 
4.1 in the context of Kepler’s second law), let t; and 
tg be any two time intervals and let A; and Ao be the 
respective areas that are swept out. Put 7 = c. So 
ty = ctg. Since Ag is swept out in tz, cAe is swept out in 


7.2 Analyzing Centripetal Force 185 


Figure 7.9 (Newton) 


ctg. Since ty = cte, we know that A; = cApe. Therefore, 
Apo _ cAs a Ay 
to - Cle _ ty : 

as asserted. So a is the same constant for any t. We 


will call this constant the Kepler constant of the orbit 
and denote it by « (the Greek letter kappa). 


7.2 Analyzing Centripetal Force 


ESLER LOPE LNG IE STE LO ETE 


C ontinuing the assumption that a body is being 
propelled by a single centripetal force, Newton 

begins to turn his attention to the connection between 
the magnitude of the force and the shape of the orbit. 

Let the body be in a typical position P and let F’p 
be the magnitude of the centripetal force at P. In order 
to study the centripetal force at P, it is necessary to 
study its dynamics near P. To understand why this is 
So, just observe that basic properties of a curve at a 
particular point, for example the slope of the tangent 
line, ean only be assessed by studying the “flow” of the 
curve near the point. 

Again let At be a very small interval of time, 
and suppose that the body has moved from P to Q 
during At. (See Figure 7.9.) During the body’s motion 
from P to Q, the centripetal force will not vary much, 


and Newton takes it to be constant. So its magnitude 
is equal to Fp throughout the motion from P to Q. 
Consider the tangent RPZ to the orbit at P, choosing 
R such that QR is parallel to the line connecting P 
to the center of force S. Complete QR and RP to 
the parallelogram shown in the figure. Newton now 
imagines the motion of the body from P to Q to be 
separated into two parts: 


(1) The motion from P to R. This part takes place 
along the tangent line at P. The velocity is con- 
stant and equal to the velocity of the body at P. 
This part of the motion has zero acceleration and 
is free of the action of the centripetal force. 

(2) The motion from R to Q. This part takes place in 
the direction from P to S and has zero initial ve- 
locity. This is the accelerated part of the motion. 
It is entirely determined by the centripetal force. 


As the body proceeds from P to Q these two 
motions take place simultaneously. But by regarding 
the motion from P to Q as occurring in the two parts 
separately, Newton is able to isolate the effect of the 
centripetal force and can proceed with its analysis. 

Let the mass of the body be m units. Since force 
= mass x acceleration, the force F’p will provide the 
body with a constant acceleration of 2 Fp for the 
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Figure 7.10 (Newton) 


duration At of its action from R to Q. Now refer to 
Example 6.14 of Section 6.4 for the following fact. A 
body that starts from rest and moves with constant 
acceleration k = 1 Fp will, after a time ¢, have a 
velocity of 


1 
u(t) = kt + v0) = —Fpt+0= 1 Pot 
m m 


and will cover a distance of 


p(t) — p0) = SO = = Pott 


It follows that Fp produces a displacement of 
oF 'p(At)* in the body during the time At. Therefore, 
5, Fp(At? = QR. So Newton has determined that 


2m QR 
(At)? ¢ 
As in earlier situations, observe that the above equal- 


ity is only an approximation, but that it improves when 
At is taken smaller. 


Fp= 


Newton now expands the diagram in Figure 7.9 to 
that in Figure 7.10 and makes the following assertion: 


COROLLARY I. If a body P, revolving about the 
centre S, describes APQ and a right line ZPR touches 
that curve at any point P; and, from any other point 
Q of the curve, QR is drawn parallel to the distance 


SP, meeting the tangent in R; and QT is drawn 
perpendicular to the distance SP; the centripetal force 
will be reciprocally as the solid SP a - Uf the solid is 
taken of that magnitude which it ultimately acquires, 
supposing the points P and Q continually to approach 
to each other. 


What Newton does here is this. He drops the 
perpendicular QT from Q to SP. Since At is small, 
and hence Q is close to P, he observes that the area 
of the sector SPQ is in essence equal to that of the 
triangle SPQ. So, Area sector SPQ = Area ASPQ = 
(SP x QT). Since SP traces out the sector SPQ in 
the time interval At, it follows from the definition of 
Kepler’s constant « that 


3(SP x QT) _ Area sector SPQ _ 


At = At 
1 = Ax? . 
So, a = SP Qr- Inserting i OG = WPxoTF into the 
formula Fp = ae 7a , Newton concludes that 
QR 
Fp = 8’m——— >. 
Pe” OT? x SP? 
In particular, F’p is inversely proportional to rer 


as he asserts in his Corollary I. 
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Figure 7.11 (Newton) 


Consider the rewritten version 


of this equality. Since the area of ASPQ is only an 
approximation of that of the sector SPQ, the above 
expression for F'p is only an approximation. However, 
it improves if At is taken to be smaller, in other words, 
if Q is taken closer to P. For then the area of ASPQ 
approximates that of the sector SPQ with greater 
precision. Indeed, to obtain an exact formula for F’p it 
remains to push Q to P and determine what happens 
to oem are in the process. Since « and m are constants 
and SP is the distance from S to P, it is clear that the 


term Sem does not depend on Q. It follows that 


8x2m QR 
Fp = —— - li ——_., 
P= SP. Q-P QT? 


The limit a ae is therefore the remaining 


mystery. Return to Newton’s diagram, and notice that 
the answer to the question of what happens to the 
ratio aa when Q is pushed to P depends entirely on 
the shape of the orbit between P and Q. At this point 
therefore, Newton must assume something about the 
orbit. 


7.3 The Inverse Square Law 


ss SAAT SESSA ASAE EEN NGI LEE 


\ T ith later applications in mind, Newton assumes 
that the orbit is an ellipse and that the center 
of force S is one of its focal points. Now he can come 


to grips with the limit Huss one What follows is a very 


subtle argument that is surely one of the most famous 
in all of science. The diagram on which it is based—see 
Newton’s Figure 7.11—was depicted on the British 
one-pound note of the 1960s. 
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Focus on this diagram. The points S, P, Q, R, Z, 
and 7 have the same meaning as in Figure 7.10. In 
addition, C is the center of the ellipse, A’A is the major 
axis, CB the upper part of the minor axis, DK the 
diameter of the ellipse parallel to the tangent RPZ, 
PCG is the indicated diameter, x is the intersection 
of PS and the parallel to RP through Q, and v is 
the intersection of this parallel with PCG. Note that 
A’A = 2AC with AC = a the semimajor axis, and 
that CB = b is the semiminor axis. Newton explains 
the rest of his diagram in the course of his argument. 


PROPOSITION XI. PROBLEM VI. Let a body 
revolve in an ellipsis: it is required to find the law of 
the centripetal force tending to the focus of the ellipsis. 

Let S be the focus of the ellipsis. Draw SP, cutting 
the diameter DK of the ellipsis in E, and the ordinate 
Quin x; and let the parallelogram QuPR be completed. 
It is evident that EP is equal to the greater semi-axis 
AC: for, drawing HI from the other focus H of the 
ellipsis, parallel to EC, because CS, CH are equal, 
ES, ET will be also equal; so that EP is the half sum of 
PS, PI, that is, (because of the parallels HI, PR, and 
the equal angles IPR, HPZ) of PS, PH; which taken 
together are equal to the whole axis 2AC. 


Newton arrives at these conclusion as follows. 
Since CS and CH are equal and the triangles ASTH 
and ASEC are similar, ES = EIT.Since EP = PI+EIT, 
PS = PI 4+2EI.80 PS + PI = 2(PI + ED) = 2EP. 
Therefore, HP = 5(PS + PI). Since IH and RZ are 
parallel, PHI = /HPZ and /RPS = /PIH. By a 
basic property of the ellipse known to the Greeks, 
LHPZ = RPS. See Figure 7.12 and Proposition 
3.4 of Section 3.1. Therefore, PHI = /PIH, and 
hence AHPI is isosceles. By properties of isosceles 
triangles, PI = PH. Therefore, HP = (PS + PH). 
That PS + PH = AC + A’C = 2AC follows from 
the “string” construction of the ellipse discussed in 
Exercises 4B of Chapter 4. So as Newton had asserted, 


KP = AC. (7a) 


Newton next observes that the triangles APCE 
and APvx are similar. So fe = ae Since RQ«xP is a 


parallelogram, QR = Px. Therefore, 2 ee = a. Using 
(7a), Newton has shown that 

Qk AC 

Py PC’ oD) 


Now Newton makes use of another classical prop- 
erty of the ellipse. Let V be any point on a diameter GP 
of an ellipse. Choose X such that XV is parallel to the 
tangent at P. According to a classical and basic prop- 
erty of the ellipse, see Figure 7.13 and Proposition 5 
of Section 3.1, the ratio “4 is the same, no matter 
which point V is chosen on the diameter GP. Apply- 
ing this fact first with V = v and again with V = C, 
Newton has shown that oot = v — PC Therefore, 


CD?" 
1 PC 1 es 
Qe CD? Gu x Pu’ a 
R 
P 
Z 


Figure 7.12 


Newton next constructs PF’ perpendicular to DK. 
Since the segments Qv and EF are parallel, /QvE = 
/PEF. So the nent triangles AQTx sie eae are 
ima and at = DF F Therefore, by (7a), £ ie = EE = = 
aC. For Q at clos to P, he can take Qu = Qz. So 


Qu? = Qu?, and 2 or = = 4c. Therefore, 


1 _ AC? 1 
QT2 PF? Qu?’ 
By yet another classical property of the ellipse, 
the areas of any two parallelograms constructed by 


(7d) 


Figure 7.13 


starting with any diagonal and taking the indicated 
tangents are equal. Refer to Figure 7.14. Applying 
this first to the diagonal DK and then to the diagonal 
AA’, it follows (recall that the area of a parallelogram 
is equal to base times height) that 2CD x PF = 
2AC x CB. Therefore, a = ao and 


AC2 CD 


PF. = CBE ie) 


Figure 7.14 


Newton has arrived at the last part of his compu- 
tation. He lets L = ae = e This quantity is known 
as the principal latus rectum ofan ellipse. He then con- 
tinues as follows: and compounding all those ratios 
together, L x QR is to QT? as AC x L x PC? x CD, or 


2CB? x PC? x CD, to PC x Gu x CD? x CB?, or as 2PC 
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to Gv. But, the points Q and P continually approach- 
ing without end, 2PC and Gv are equal. Therefore the 
quantities L x QR and QT”, proportional to these, are 
also equal. Let these equals be multiplied into se, and 
L x SP? will become equal to ee Therefore (by 
Cor. I. and 5. Prop. VI) the centripetal force 1s recipro- 
cally as L x SP?, that is, reciprocally in the duplicate 
ratio of the distance SP. Which was to be found. 


Let’s elaborate on this argument. Newton inserts 
both L = 2° and (7d) into LxQR and then uses (7e), 


= AC QT?’ 
(7c), and (7b), to get 
LxQR _ 2CB OR AC? Eo 
QT2 AC PF? Qv* 
: 2CB" OR CD? PC 1 
~ AC CB2 CD? Gv x Pv 
2 9 1 
= a6 CR PO Ga Py 
2 1 
SAO. PO = 
AC ees Gu x PC 
_ 2PC 
Gu 
Therefore, i = *PC1 When Q is pushed to P, 7 
does not change, and Gv closes in on 2PC. Therefore, 
QR 1 


lim —; = —. 

oP QT? L 
Newton has arrived at his goal. Inserting this 
result into the formula at the end of Section 7.2, he gets 


Sx2m 1 


ka 7 “(SP)2" 


So Newton has proved? the following: Suppose a body 
is propelled by a single centripetal force and that its 
orbit is an ellipse with the center of force S at one of the 
focal points. Then the magnitude F’p of the centripetal 
force at any point P in its orbit is given by the inverse 
square law 
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where x is Kepler’s constant of the orbit, m is the mass 
of the body, L = 2¢2 — 2% is the latus rectum, a and 
bare the semimajor and semiminor axes of the ellipse, 
and rp = SP is the distance from P to S. 

Let T be the time it takes the body to complete one 
revolution about S, i.e., let 7’ be the period of the orbit. 
Since the area of the ellipse with semimajor axis a and 
semiminor axis b is abz (this was verified in Section 
4.6), it follows that Kepler’s constant is equal to « = 
aOR Therefore, Newton’s formula can be written as 


where, to repeat, m is the mass of the body and rp 
is the distance from the body to the center of force 
S. Note that both Fp and rp vary with time, but that 
everything else is constant. 

Is the orbit of every body moving in the solar 
system an ellipse? No! When a comet passes appro- 
priately close to a larger planet—Jupiter is a prime 
example—the gravitational pull of the planet will de- 
flect the comet along a hyperbolic are or (under certain 
ideal circumstances) a parabolic are until this pull 
becomes negligible with increased distance. Newton 
addresses such a possibility, again in a completely 
abstract setting. 


‘25 


Figure 7.15 


It turns out that the latus rectum L of an ellipse 
is equal to the length of the segment through a focus 
and perpendicular to the major axis (Figure 7.15). 


See Exercise 9. The latus rectum L of a parabola or 
hyperbola can be defined in the same way, as the length 
of the segment through the focus and perpendicular 
to the axis (Figure 7.16). Newton shows that the 
centripetal force on a body of mass m is given by the 
inverse square law 


also if its orbit is a parabola or a hyperbola. As in the 
case of the ellipse, the verification depends on the fact 


. Qk 1 
hat lim —,> = —. 
at Pre L 
A 
Ls 
Y 
Figure 7.16 


Newton next considers the problem in the other 
direction. If a body moves under the action of a cen- 
tripetal force with the property that its magnitude is 
inversely proportional to the square of the distance of 
the body from the center of force, is the orbit neces- 
sarily a conic section, i.e., an ellipse, a parabola, or a 
hyperbola, and is the center of force at a focus? In par- 
ticular, if a body subject to such a centripetal force is 
a closed curve, does this curve have to be an ellipse? 
The Principia’s PROPOSITION XVII answers these 
questions in the affirmative. Newton reasons in the 
following way. The body in question will, at some fixed 


point in time fo, be in a certain position and move ina 
certain direction with a certain speed. Newton hypo- 
thetically considers a second body with the same mass 
and subject to the same centripetal force as the first 
that is in elliptical, parabolic, or hyperbolic orbit about 
the center of force. By setting the various parameters, 
he obtains the situation where this second body has, 
at time to, the same position and velocity as the first. 
Since the essential data determining the motion of the 
two bodies (force, mass, position, and velocity) are the 
same at time to, their orbits must be the same from 
time ty onward. Therefore, the path of the first body 
is either an ellipse, a parabola, or a hyperbola, at least 
from time ty on. In this way, Newton demonstrates, in 
particular, that Kepler’s first law of elliptical orbits is 
a mathematical consequence of a more basic law: his 
inverse square law.? 


Our look at some of the most important elements 
of Book I of the Principia is now complete. Let’s 
summarize what Newton has accomplished: 


Suppose that a body P is propelled by a centripetal 
force that has center of force S. See Figure 7.17. 


Conclusion A. The segment SP sweeps out 
equal areas in equal times. In particular, if A; is the 
area swept out by SP during some time ¢, then “ is 
the same constant «x, no matter what ¢ is equal to and 
no matter where in the orbit this occurs. 


Conclusion B. If it is assumed in addition that 
the orbit of the body is either an ellipse, a parabola, or 
a hyperbola, then the magnitude F’p of the centripetal 
force is given by the equation 


8x2m 1 
L re ; 


P= 


where m is the mass of the body, L is the latus rectum 
of the orbit, and rp is the distance between P and S. 
Finally, 


Conclusion C. If throughout its orbit, the mag- 
nitude Fp of the centripetal force is given by an 
inverse square law, in other words, by an equation of 
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the form Fp = et} where c is a constant, then this or- 


bit is either an ellipse, a parabola, or a hyperbola, and 
the center of force S is at a focal point. 


In the remaining sections of this chapter, we turn 
to Newton’s primary purpose: The application of his 
abstract mathematical theory of centripetal forces to 
the explanation of the workings of the solar system. 
This is the aim of Book III of the Principia, the System 
of the World. 


mass M1 


Figure 7.17 


7.4 Test Case: The Orbit of the 
Moon 


SES ce ANREP NALA HLA UA I 


T o demonstrate that his conclusions apply to the 
real world, Newton must test them against the 


existing evidence. He begins this task by verifying 
that very basic observations about the Moon’s orbit 
around the Earth are consistent with his theory. 
Let’s begin with some numerical data about the 
Moon’s orbit. By Newton’s time, these were more 
accurate than the earlier estimates achieved by the 
Greeks. The radius of the Earth was understood to be 
about R = 4000 miles, and the distance from the Earth 
to the Moon about 240,000 miles, or 60R. It was known 
that the Moon completes an orbit in 27 days, 7 hours, 
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Earth 


60 R 


Figure 7.18 


and 48 minutes, or 39,343 minutes. We will make the 
simplifying assumption that the Moon’s orbit is a circle 
of radius 60R and that it traces out its orbit at constant 
speed. Consider the Moon in a typical position P and 
let it be at Q exactly 1 minute later. In Figure 7.18, 
the motion of the Moon from P to Q is decomposed 
into the tangential component PQ’ and the component 
Q’Q in the direction of the Earth. Observe that the 
angle @ is equal to saat degrees. By trigonometry, 
Wi = cos 6 = 0,999999987. So AS” — 1.000000013. 
Solving for x, we get x+60F = (1.000000013)60R, and 


therefore 


x = (1.000000013 — 1)60A = 0.000000078 RF. 


This estimate for the distance of the “fall” of the Moon 
towards the Earth in 1 minute is a consequence of 
observational data alone. Is the value provided by 
Newton’s theory at least approximately the same? 


° . 23 
Consider Newton’s equation Fp = Sed Tae 
TZ ¥2 


applied to the gravitational pull of the Earth on the 
Moon. Since the orbit is assumed to be a circle of radius 
60F, the semimajor axis a and the distance rp are both 
equal to 60R. Since T = 39,343 minutes, we get 


_ 4°60R2m 1 


_ A4n*60Rm 
P= (89,343) (60R)2 


~ (39,343)? ° 


This force provides the component of the Moon’s 
motion from Q’ to Q with an acceleration of 


Fp _ 4n*60R _ 4(9.869604401)(60) 
m (89,348)? (39,343)? 


= 0.00000153R. 


Notice that the initial velocity of this motion is 
zero. An application of Example 6.14 of Section 6.4 
shows that after t minutes, the velocity of the Moon 
and the distance of its “fall” towards the Earth are 
respectively 


v(t) = (0.00000153R)¢ and 


1 
p(t) = 5 (0.00000153R)t°. 


In the current situation, t = 1. So the predicted 
distance of the fall is 


1 
pl ye 9 (0-00000153%) = 0.000000765R. 


Taking R = 4000 miles and 1 mile = 5280 feet, we can 
calculate that the observed value of the distance per 
minute the Moon falls towards the Earth is « = 16} 
feet per minute and that the theoretical value is x = 
16; feet per minute. 


Newton’s theory has passed the test. The agree- 
ment between observation and theory is good. The 
discrepancy that does exist can be explained by the 
fact that simplifying assumptions were made. After 
all, the Moon’s orbit was taken to be circular and not 
elliptical, and the gravitational effects of the Sun were 
ignored. © 


7.5 The Law of Universal 
Gravitation 


‘eae ta eee a eee eae RESELLER LIES 


N ewton now has evidence that his inverse square 
law Fp = Sem + provides a valid quantitative 
description of the gravitational force with which a 
body S attracts a body P of mass m that is a distance 


r from S. He is convinced that his theory applies not 
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only to the orbit of the Moon about the Earth, but also 
to the orbits of the planets around the the Sun and to 
the motion of the moons of Jupiter. Indeed, he believes 
that it is valid anywhere in the universe! 

Consider any two bodies S and P in the universe 
with P in orbit around S. Rewrite the expression for 
the magnitude of the force on P as 


1 
Fp= Cpm—> 
Z 


where C?p is the constant = If S exerts a pull on P, 
why should not also P exert a pull on S? Indeed, by 
Newton’s third law, the force Fp with which S pulls on 
P has an equal and opposite reaction. In other words, 
P pulls on S with a force of magnitude F's = Fp in the 
opposite direction of that with which S pulls on P. See 
Figure 7.19. For instance, a planet attracts the Sun 
with a force equal to that which the Sun exerts on the 
planet. The effects of the two forces are different, of 
course, because the Sun’s mass is much greater than 
that of the planet. 


F, Fp 
SS SS Sa 


Figure 7.19 


The symmetry of the situation requires that F's 
can be expressed as 


1 
Fs =CsM—, 
r 


where M is the mass of S and Cy is a constant. In 
the System of the World, Newton puts the matter this 
way: 


Since the action of the centripetal force upon 
bodies attracted is, at equal distances, pro- 
portional to the quantities of matter in those 
bodies, reason requires that it should be also 
proportional to the quantity of matter in the 
body attracting. 
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Since Fis = Fp, we see that CsM = Cpm and 
hence that oe = fs, Now let G = ce — fs and notice 
that GM = Cp and Gm = Cs. Let F = Fp = Fs, and 
substitute to get 


This is Newton’s Law of Universal Gravitation. It 
asserts that any two bodies in the universe—whether 
one is in orbit about the other or not—attract each 
other with a force that is given by the above for- 
mula. Newton recognizes that the masses m and M 
of the two bodies and the distance r between them 
are the essential parameters determining the force. 
He recognizes, in particular, that G should be a uni- 
versal constant, in other words, a constant that is the 
same for any two bodies, separated by any distance, 
anywhere in the universe. 

This reciprocal nature of gravitational attraction 
has important consequences for the motion of the 
bodies in the solar system. As Newton explains: 


I have hitherto explained the motions of 
bodies attracted towards an immoveable cen- 
tre, though perhaps no such motions exist 
in nature. For attractions are made towards 
bodies; and the actions of bodies attracting 
and attracted are always mutual and equal, 
by the third law of motion: so that, if there are 
two bodies, neither the attracting nor the at- 
tracted body can really be at rest; but both as 
it were by a mutual attraction, revolve about 
the common center of gravity. 


To understand what Newton is saying, consider 
the Earth-Moon system for example. The center of 
mass (or gravity) of this system, this is the so-called 
barycenter of the system, is about 2900 miles from 
the center of the Earth, or, about 1050 miles below 
its surface. The centers of mass of both the Moon and 
the Earth travel along ellipses with the barycenter at 
a focus of each ellipse. To understand what is going 


on, think of the centers of the Earth and Moon as 
being connected with a horizontally placed lever with 
fucrum at the barycenter B. See Figure 7.20 and note 
that the lever is balanced. Now let the lever revolve 
in the horizontal plane. This simulates the dynamics 
of the Earth-Moon system. The Moon is in a month- 
long orbit around B. This is a circular orbit in the 
simulation, but elliptical in fact. The center C of the 
Earth is also in “orbit” around B. In other words, 
the Moon’s gravitational pull on the Earth causes it 
to wobble about its center C in a monthly cycle, as 
indicated in Figure 7.21. 


Earth 


Figure 7.20 


Figure 7.21 


Let’s apply these considerations to the solar 
system as a whole. It is the barycenter B of the Earth-— 
Moon system (rather than the center of the Earth) 
that describes an elliptical orbit about the Sun. The 
center of force is not the Sun, but rather the center 
of mass of the entire system of the Sun and planets. 


This point is at a focus of the ellipses of all the plan- 
ets. Newton’s explanations thus constitute a subtle 
refinement of Kepler’s laws. Since the Sun comprises 
99.85% of the mass of the solar system, the difference 
is only minor, however. In reference to the orbit of 
the revolving Earth—Moon system about the Sun, ob- 
serve that the center of the Earth is at times ahead of 
the Moon and at times behind it.* Note also that when 
the Earth is closer to the Sun, the gravitational tug 
of the Sun on the Earth—Moon system will be greater 
than when the Moon is closer to the Sun (because the 
HEarth’s mass is greater than that of the Moon). The 
Sun’s gravitational force on the Earth-Moon system 
thus depends on the dynamics of this system. (Sec- 
tion 14.5 considers subtleties about gravity that are 
related to the point just made.) It should now be appar- 
ent that the mathematics of the “three-body problem” 
of the gravitational interaction of the Sun, Earth, and 
Moon is very complicated? (and still awaits a complete 
solution). 

These considerations explain other phenomenona 
as well. The shape of the Earth is essentially spherical, 
but it is a sphere that is flattened at the poles. This 
flattening was brought about by the rotation of the 
Earth about its axis. Consider the plane through the 
Earth’s equator. Since the Moon is near this plane at 
every point in its orbit (the Moon’s orbital plane and 
the Earth’s equatorial plane only differ by up to 5°), it 
follows that the Moon’s gravitational tug on the Earth 
is a little greater at the equator than at the poles. 
The difference is substantial enough to produce a very 
slow gyration of the Earth’s axis of rotation. (Why is 
the analogous effect of the Sun’s gravitational force 
on the Earth negligible?) Translated to the Earth- 
centered point of view of Figure 2.1 of Section 2.1, this 
gyration is equivalent to a slight rotation of the axis 
that joins the two equinox positions. This “precession 
of the equinoxes” was already observed by the Greeks. 
A similar effect explains the tides of the oceans: they 
are produced by the tug of the Moon on the Earth’s 
surface. 

We turn next to some of the incredible implica- 
tions of Newton’s Laws of Universal Gravitation. 
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C onsider the situation of a body P in elliptical 
orbit about another body S. Suppose that S is 


much more massive than P. Therefore, in the context 
of the explanations just given, S is in essence the 
center of the centripetal force, and the mass M of S 
is the same as that of the system. Recall that Kepler’s 
constant for the elliptical orbit is k = mae and the latus 


rectum is L = ay , where as before, a is the semimajor 
axis, b the semiminor axis, and T the period of the 
orbit. Combining this with the equations 


8 2 
Cp = and Cp =GM 
from Section 7.5 shows that GM = %© = Sa — 
fora = se Therefore, 


Notice that the term ¢¥ on the right has nothing 
to do with the particulars of the body P and its orbit. 
In other words, it is the same for any P in orbit 
around S. It follows that the ratio g, of the cube of 
the semimajor axis a to the square of the period T of 
the orbit is the same for any body P in orbit around 
S. In the case of the planets of the solar system, this 
is precisely what Kepler’s third law asserts. In other 
words, Kepler’s third law is a consequence of Newton’s 
theory of gravitation! Refer to the conclusions A and 
C of Section 7.8, and observe therefore that all three 
of Kepler’s laws are consequences of Newton’s theory. 
Consider the rewritten version 


of the previous equation. If, somehow, the universal 
constant G could be determined, then the mass of the 
Sun could be computed by inserting a and T for the 
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orbit of the Earth!! In the same way, the mass of the 
Earth could be computed by inserting data about the 
orbit of the Moon. Newton, however, seems to think 
that the determination of G is out of reach: 


Perhaps it may be objected, according to this 
philosophy all bodies should mutually attract 
one another, contrary to the evidence of ex- 
periments in terrestrial bodies. But I answer, 
that the experiments in terrestrial bodies 
come to no account. For the attraction of ho- 
mogeneous spheres near their surface are as 
their diameters. Whence a sphere of one foot 
in diameter, and of like nature to the Earth, 
would attract a small body placed near its 
surface with a force of 20,000,000 less than 
the Earth would do if placed near its surface. 
But so small a force could produce no sensible 
effect. 


In other words, Newton regards the experimen- 
tal determination of the constant G to be an impossible 
enterprise. This time Newton was wrong! In the lat- 
ter part of the 18" century, in 1798 to be exact, Henry 
Cavendish® succeeded in measuring G in the labora- 
tory with an extremely delicate experiment. What he 
did in essence was this. Suspend a fine wire from a 
fixed point A and attach a rigid “crossbar” BC. Re- 
fer to Figure 7.22. From BC in turn, suspend two 
heavy iron balls. They are shown in black. Now move 
two more heavy iron balls (shown lightly shaded) in 
place near the two others. If this apparatus is very 
delicately balanced and controlled, then the gravita- 
tional force F' between the two pairs of balls will bring 
about a rotation of the axis BC. This allows F to be 
measured. Since Cavendish knew the masses of the 
balls and the distances between them, the equation 
F = G™ allowed him to compute 


G = 6.67 x 10-2 meters’ 


kilograms - seconds” 


Using the fact that the semimajor axis of the 
Earth’s orbit about the Sun is 149.6 x 10° kilometers, 
or 149.6 x 10° meters and that its period T is 365.25 


Figure 7.22 


days, Cavendish, after expressing T in seconds, could 
now compute the mass M of the Sun: 


= 4a" s 4(3.14)*(149.6 x 10°) 
~ T2E ~ [(B65.25)24)(60)(60) 26.67 x 10-4) 


_, 1820 x 10° 

~ 66 x 103 
The same calculation (making use of information of the 
Moon’s orbit about the Earth) shows that the mass 
of the Earth is about 6 x 10*4 kilograms. Incredibly, 
Newton’s theory of universal gravitation together 
with Cavendish’s value of G has “served up” estimates 
for the masses of the Sun and the Earth! 


~2x 10 kg. 


Consider, finally, a projectile in motion near the 
Earth’s surface. In view of their universal nature, the 
above considerations should apply to this situation as 
well. Do they? Figure 7.23 shows a typical trajectory 
and typical position P of the projectile and the surface 
of the Earth. Observe that the projectile is subject to 
a centripetal force whose center is the center of mass 
C of the Earth. Neglecting air resistance, we get as 
a consequence of Newton’s theory that the trajectory 
must be an arc of an ellipse. The parabola of the dis- 
cussion of Section 6.5 is only an approximation. (What 
is the difference between the underlying assumptions 
about the action of gravity?) Now suppose that the 


projectile is in free-fall and let F’p be the magnitude 
of the force of gravity. By the universal law of gravi- 
tation, Fp = G44, where M is the mass of the Earth, 
m the mass of the projectile, and r the radius of the 
Earth. By Newton’s second law, F'p = mg, where g is 
the acceleration produced by the Earth’s gravity. By 
putting the two equations for Fp together, we get 


M 
g=Ga. 


After inserting the values G = 6.67 x 19-1 meters. , 


M = 6 x 10% kg, and r = 6360 kilometers (this is 
equivalent to 3950 miles), the result is 


6 x 10% 


=667 X10°? 
g " (6360 x 10°) 


6 x 1074 
eto 


The unit is meters/second’. Note the close agreement 
with the observed value of g = 9.80 meters/second”. 
Newton’s theory of gravitation has provided the ex- 
planation for Galileo’s observation that all bodies 
falling near the Earth’s surface are subject to the same 
acceleration. The fact that his theory is valid not only 
in “outer space” but also “here at home” is further 
indication of its universality. 


~~ 6.67 x 107! 


e 
Cc 


Figure 7.23 
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P erhaps the greatest triumph of Newton’s theory 
is described by the following sequence of events. 


In 1781, the British astronomer William Herschel dis- 
covered what he originally thought to be a comet, but 
what later proved to be a planet. The planet Uranus 
thus joined Mercury, Venus, Earth, Mars, Jupiter, and 
Saturn—already known since antiquity—and became 
the seventh planet of the solar system. Efforts were 
made to compute its orbit, but discrepancies appeared 
between observed positions and those predicted by 
theory, and these grew year by year. Several as- 
tronomers hypothesized that the gravitational pull of 
yet another planet on Uranus would explain the dis- 
crepancies. By 1845, the British astronomer Adams, 
and later in 1846, the Frenchman Leverrier, had both 
computed the hypothetical orbit of the hypothetical 
planet. Later in 1846, the Berlin Observatory discov- 
ered a new planet in a position close to that predicted 
by these calculations! This eighth planet was later 
named Neptune. A similar sequence of events led to 
the discovery of the ninth (and last known) planet 
Pluto in 1930. 

The fact that the planets are attracted not only 
by the Sun, but also by each other, especially by the 
more massive Jupiter and Saturn, raises an important 
concern, of which Newton was certainly aware. Would 
the effects of the gravitational forces of the planets 
on each other accumulate over time to threaten the 
stability of the solar system? Might there be a catas- 
trophic collapse? Consider any of the planets P and let 
mp be its mass. It was indeed discovered that neither 
the semimajor axis ap of its orbit nor the linear eccen- 
tricity ep nor the angle 7p of inclination of its orbit with 
its axis of rotation are constants! They are functions 
of time driven by the gravitational effects of the other 
planets. The French scientists Lagrange and Laplace 
carried out a series of investigations in the last part of 
the 18" century and came to the following remarkable 
conclusions: The sums 


(ep, )’mp, Jap, + (ep,)"mMp,. fap, +... 
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and 
(ip, )’mp,/ap, + (ip, mp, /Ap, +... 


taken over all the planets are both constants.’ In other 
words, while the individual parameters ap, ep, and 
ip vary, this variation is controlled and limited in the 
context of the solar system as a whole. So the wobbles 
and irregularities of the planetary clockwork of the 
solar system are minor and self-correcting, and do not 
pose a threat to the stability of the system. End of the 
story? Hardly! See Section 14.7. 

We have reached the end of the first part of this 
book. It has emerged from our discussion that by 
thinking about this question and the other, by solving 
this problem and that, scientists developed both a new 
outlook and new methods of inquiry. We have traced 
some of the main themes—especially the mathemati- 
cal themes—of this Scientific Revolution. We saw that 
this revolution had Greek origins, both from the point 
of view of the nature of the questions that were asked 
and the mathematical strategies that were developed 
in response to them. We saw that it was tied closely to 
the study of motion, both on the Earth and in the heav- 
ens. This scientific revolution reached its culmination 
in the latter part of the 17 century with the synthe- 
sis of astronomy and mechanics and the development 
of the necessary mathematics, and in particular with 
Newton’s Principia. The role played by mathematics 
in this development was both pervasive and crucial. 
The explanation of basic physical phenomena by a 
combination of fundamental laws and mathematics, 
and the concurrent confirmation of the explanation 
by observation and experiment, became the basis of 
modern science. 

The success of this outlook and the methods that 
it spawned energized efforts to extend them to newly 
emerging fields of science (chemistry, biology, and 
geology, for example). More generally, however, it 
contributed to the philosophical underpinnings of an 
intellectual movement that encouraged the overhaul 
of every kind of traditional teaching, questioned our 
entire intellectual heritage, and ultimately brought 
changes that had significance for the history of hu- 


manity in its broadest sense. The transmission of 
the results of the scientific revolution to the out- 
side world linked the scientific revolution with a new 
age, the Enlightenment. The discoveries of 17 cen- 
tury science were translated into a new outlook and 
a new world-view, not by scientists themselves, but 
by aliterary movement energized by the philosophes. 
These were radical intellectuals (Voltaire, Rousseau, 
Diderot, Kant, Locke, Hume,...) who held the secu- 
lar view that human beings are mature enough to find 
their own way. Human beings are able to understand 
the natural world, indeed their own nature, by reason 
and the methods of mathematics and science. There- 
fore, they should think for themselves, shake off the 
hand of authority in the realms of both religion and pol- 
ities, and insist on the right to freedom of thought and 
expression. On the commercial side, the philosophes 
expressed the view that merchants should be free 
to buy and sell as they chose, that free competition 
was essential to trade, and that open markets would 
free commercial energies and benefit everyone. The 
philosophes made these appeals—as Galileo had tried 
to do earlier—to a new arbiter of human thought: a 
wider general reading public.® 

The Industrial Revolution—as epitomized by 
James Watt’s steam engine (invented in 1769) and the 
power that it provided to machines of production—is 
also directly linked with the earlier scientific rev- 
olution. The spreading criticism of authority, the 
accelerating pace of the industrialization of the West- 
ern world, and the steady increase in population—all 
pointed to the prospect of instability. Indeed, in the 
last half of the 18" century, country after country was 
afflicted by social unrest. The American Revolution 
and the French Revolution soon followed ... . But it 
is time to return to mathematics. 


Exercises 
7A. Equal Areas in Equal Times 


1. Suppose that an object P moves along a straight line 
L with constant velocity. Let S be a point not on L. 
Regard P to be subject to a certripetal force of zero 


magnitude centered at S. Show that the segment SP 
sweeps out equal areas during equal times. Note the 
connection between the magnitude of the force and the 
shape of the orbit. 


Exercises 2-5 refer to Newton’s proof of Kepler’s sec- 
ond law in Section 7.1. Recall that the semimajor axis of the 
Earth’s orbit is a = 1 AU. By Example 4.16 of Section 4.7, 
the semiminor axis is b = 0.9998 AU. For purposes of Exer- 
cises 2-5 we will therefore assume that the orbit is a circle 
of radius 1 AU. In Figure 7.24, C is the center of the Earth’s 
orbit and S is the position of the Sun. In addition, P is the 
position of the Earth when it is nearest the Sun and Q is its 
position t; = two months = 61 days later. Let At = 1 day. So 
P, is the position of the Earth one day after it is at P (note 
that the figure is not drawn to scale). The linear eccentricity 
is e = 0.0167 AU, but take e = 0.0200 AU. So SP =a-—e= 
0.9800 AU. Recall also that the Earth completes one orbit 
in 365.2422 days. Compute with 4 decimal accuracy. 


C OS a-—e 


Figure 7.24 


2. How many triangles are inscribed into the region 
SPQ? In other words, what is n equal to in this 
situation? 


3. The area of the Earth’s orbit is 7-17 = z in AU?. Use 
this to compute Kepler’s constant « for Earth. Making 
use of «, compute the area of the region SPQ in AU?. 
This is A;. In the same way, compute the area of the 
region SPP in AU?. 


4, Theregion SPP, is approximately equal to the circular 
sector with radius a — e and angle 6. See Figure 
7.25. Assume equality and use this and the results of 
Exercise 3 to compute 6. Show next that the isosceles 
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triangle ASPP, has area (a — e)” sin § cos § in AU?. 
This corresponds to AA. 


Figure 7.25 


5. Compute (AA) in AU? and compare this to A). Is 


n( AA) an acceptable approximation of A;? Before you 
answer, convert these areas into square miles using 1 
AU = 98 x 10° miles. 


Using the data in Table 4.2 of Section 4.7, com- 
pute Kepler’s constant for Mercury and Jupiter in 
AU? /year. 


Consider a planet in orbit around the Sun S. Let « be 
its Kepler constant. Begin to time the planet when it 
is at the perihelion position P. This is time t = 0. Let 
P(t) be its position at any time ¢ thereafter, and let A() 
be the area of the region that P, S, and P(t) determine. 
See Figure 7.26, but allow for the possibility that 
the planet may already have completed several orbits 
during time ¢. Compute the function A(é) in terms of k. 


P(t) 


A(t) Bt 


P r=0 


Figure 7.26 
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Figure 7.27 


Computations Related to the 


Inverse Square Law 


8. 


7C. 
10. 


R 1 
Consider Newton’s result ass: oe = im si for 


the ellipse. See Figure 7.27. Give an interpretation of 
this limit in the case of the circle of radius 1. Write QT 
in terms of sin @ and QR in terms of sec 6. Then express 


on in terms of cos 6. Use the equalities sec? @ — 1 = 


tan’ 0 = a Now push Q to P, or what is equivalent, 

6 to 0. Make use of the fact that cos 6 = OT, and hence 

that lim cosé = lim OT = 1. Does your result agree 
@ 


0 ae 
with Newton’s? 

Consider an ellipse with equation 2 + is = 1) Sa 
a is the semimajor axis and b the semiminor axis. 
Determine the coordinates of the two focal points in 
terms ofa and b. (A review of some basics from Section 
4.5 may be necessary.) Show that the latus rectum zor 
is equal to the length of the segment that goes through 
the focus, is perpendicular to the major axis, and has 


both endpoints on the ellipse. 


The Satellites of Jupiter 


In the System of the World, Newton considers the 
following data: 


5.578, 8.876, 14.159, 24.903. 


They are the maximal distances from Jupiter (as 
measured by Newton’s contemporary the astronomer 
Flamsteed) of the four satellites of Jupiter discovered 
by Galileo. Here 1 unit is the radius of Jupiter. The cor- 
responding periods of the orbits of these satellites in 
hours are respectively 


42.48, 89.30, 172, 402.09. 


Both sets of values are from the System of the World. 
Newton checked his theory of gravitation against the 
data. Which part of his theory did he test, and how 
good is the fit? 


7D. Overview of the Formulas 


Inverse Square Law. Suppose that a body of mass nvis 
subject to a centripetal force Fp and that the orbit is an 
ellipse, a parabola, or a hyperbola. Then 


Sk-m 1 
P=——->) 
Le, 7, 


where «x is Kepler’s constant, rp is the distance from the 
orbiting body to the center of force, and Lis the latus rectum. 
If the orbit is an ellipse, then this formula becomes 
Fp = Anam - 
Te ee 
where ais the semimajor axis and T is the period of the orbit. 
Law of Universal Gravitation. The gravitational force 
F between two bodies is given by 
rae, 
r 


3 
where G = 6.67 x 10-1! —_meters ___ m and M are the 
kilograms-seconds 


masses of the two bodies in kilograms, and r is the distance 
between them in meters. 


If a body of mass ™ is in elliptical orbit around another 
body of mass M, then 
a® ss GM _ 4n*a3 


T° 4 GT? 
where a, 7, and G are as before. 


JE. Systems of Units 
Study the following system of units: 


Length: 100 centimeters = 1 meter, 1000 meters = 1 
kilometer. 

Mass: 1000 grams = 1 kilogram. 1 kgis defined to be the 
mass of 1000 cubic centimeters, i.e., one liter, of 
water (at 4 degrees centigrade). 1000 kilograms 
= 1 metric ton. 

Force: 1 newton = the (constant) force required to 
accelerate in 1 second a 1 kilogram mass from 
rest to a velocity of 1 meter per second. 


What is the weight ofa mass of 1 kilogram on the surface 
of the Earth? On the surface of the Earth, weight = mass x 


gravitational acceleration. Therefore, 


meters 
a2 


) — 9.80 x ie 
sec 


weight = (1 kilogram) (s.80 
secon 


= 9.80 newtons. 


So on the surface of the Earth, 1 kg weighs 9.8 newtons. The 
above is the M.K.S. (meter-kilogram-second) system. 


The commonly used American system is as follows: 


Length: 1 foot, 5280 feet = 1 mile. 
Mass: 1 pound. 
Force: 1slug=the mass that a1 pound force accelerates 
in 1 second from rest to a velocity of 1 foot per 
second. 


How many pounds does a mass of 1 slug weigh on the 
surface of the Earth? Again, weight = mass x gravitational 
acceleration, or 


feet slug - feet 


ec? 


weight = (1 slug) (22.17 ) = 82.17 x 1 


second” 
= 32.17 pounds. 


The connection between the American system and the 
M.K.S. system is given by: 


Length: 1 foot = 0.30 meters, 1 meter = 3.28 feet, 1000 
meters = 1 kilometer = 0.62 miles, 1 mile = 1.61 
kilometers. 

Mass: 1pound= 4.45newtons, 1 newton = 0.22 pounds. 
Force: 1 slug = 14.59 kilograms, 1 kilogram = 0.07 
slugs. 


11. Recall from Table 1.4 of Section 1.5 that the radius of 
the Earth is 3950 miles and that of the Moon is 1080 
miles. Show that this corresponds to 6360 kilometers 
for the Earth and 1740 kilometers for the Moon. 


12. For a basketball to satisfy regulations, its weight 
must fall between 1} = 1.25 and 13 = 1.375 pounds. 
(Information supplied by Rawlings Sporting Goods.) 
What is the mass in slugs of a basketball that weighs 
1.3 pounds? 


13. Convert the universal gravitational constant G = 
6.67 x 1971 (meters)® t (feet)? 


kilograms(seconds)* slugs(seconds)* * 


7F. Applying Newton’s Formulas to 
the Moon 


14. Show that the mass of the Earth is 6.0 x 1074 kilograms 
by using information about the Moon’s orbit. Use Ex- 


Exercises 201 


ercise 11 to compute the average density of the Earth 
in kilograms per cubic meter. 


15. Showthat the mass of the Moon is 12.0 x 10” kilograms 
under the assumption that its density is the same as 
that of the Earth. Use the fact that its radius is 1740 
kilometers. [Note: A better estimate for the mass of 
the Moon is 7.4 x 10” kg. The Moon is therefore less 
dense than the Earth. ] 


16. Refer to Figure 7.20. Use the fact that the masses of 
the Earth and the Moon are 6.0 x 10*4 kilograms and 
7.4 x 10” kilograms respectively and that the distance 
from the Earth to the Moon is 240,000 miles in order to 
estimate the distance in miles from the barycenter B of 
the Karth—Moon system to the center C of the Earth. 


17. Gravity provides all bodies falling near the surface of 
the Moon with the same acceleration regardless of the 
mass of the body. Use the fact that the mass of the 
Moon is 7.4 x 10” kilograms and that its radius is 1740 
kilometers to show that this acceleration is about 1.63 
meters/second’. Since 1 meter is 3.28 feet, this is equal 
to about 5.35 feet/second?. 


18. How much does the basketball of Exercise 12 weigh 
on the Moon? 


19. Return to Galileo, his cannonball, and the 177-foot- 
high tower of Pisa. Assume that such a tower has been 
constructed on the Moon. How long would it take for a 
cannonball to hit the ground if it is dropped with zero 
initial velocity from this tower? Compare your result 
with that of Example 6.15 of Section 6.4. [Note: Recall 
that on the Earth it had to be assumed that there is 
no air resistance. No assumption of this kind is needed 
for the Moon because it has no atmosphere. ] 


20. Make acalculation to show that the gravitational force 
of the Sun on the Moon is greater than the force of 
the Earth on the Moon. This being so, how is it that 
the Moon goes around the Earth and not around the 
Sun? Or does it? [Note: Use the following data: the 
mass of the Sun is 2.0 x 10°” kg; the mass of the Earth 
is 6.0 x 1074 kg; the mass of the Moon is 7.4 x 10” 
kg; the average distance from the Earth to the Sun is 
1.5 x 101! meters; the average distance from the Moon 
to the Earth is 3.8 x 10° meters.] 


7G. Computing Masses and Forces 


21. Suppose that the Earth is shrunk to the size of a 
basketball. Keeping the density constant, compute the 
mass of this sphere. How many times more massive is 
it than that of the basketball of Exercise 12? [| Hints: 
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Recall from Exercise 25 of Chapter 1 that the radius 
of the Earth must be shrunk by a factor of ana = 


2 x 10-* to obtain a sphere of the size of a basketball. 
This sphere has volume [atau = 8 x 10-™ of that 
of the Earth. Use the fact that the Earth has a mass 


of 6.0 x 1074 kilograms. ] 


22. On October 5, 1957, Sputnik, the first artificial satellite 
of the Earth, was launched by the (then) Soviet Union. 
It was reported to encircle the Earth at an altitude of 
560 miles above the Earth’s surface, to travel 18,000 
miles per hour, and to make one revolution in 95 
minutes. Are these data consistent? Assume that the 
satellite’s orbit is a circle. Use these data to estimate 
the mass of the Earth in slugs. How does this compare 
to 6.0 x 1074 kilograms? 


23. Space probes are used to determine the masses of 
the planets by studying the orbital data from their 
hyperbolic “flybys.” Draw a sketch and explain what 
makes such conclusions theoretically possible. [Hint: 
Use the formulas Fp = — + and Fp = Gee] 

24. Refer to the Exercises of Chapter 4 that deal with 
Halley’s comet. Compute the latus rectum for Halley’s 
comet. Use data from Halley’s orbit to compute the 
mass of the Sun. 


25. Consider an object of mass 250 grams. Determine its 
weight in newtons. This object is twirled on a string 
of length 80 centimeters. It describes a circle of this 
radius and revolves at constant angular velocity of 
3 revolutions per second. Determine the centripetal 
force in newtons necessary to keep it in motion. 


7H. A Speculation of Newton 


Newton makes the following statement in the System of the 
World: 


For the attraction of homogeneous spheres near 

their surfaces are as their diameters. Whence a 

sphere of one foot in diameter, and of like nature to 

the Earth, would attract a small body placed near 

its surface with a force of 20,000,000 less than the 

Earth would do if placed near its surface. But so 

small a force could produce no sensible effect. If 

two such spheres were distant but by ri inch, they 

would not even in spaces void of resistance, come 

together by the force of their mutual attraction in 

less than a month’s time. 

Is what Newton is saying here correct? The circles in 
Figure 7.28 represent two spheres in a weightless situation. 
For example, think of them in the cargo bay of an orbiting 


Figure 7.28 


space shuttle. The spheres are 1 foot in diameter. The radii 
are thus 5 foot. The spheres are 5 of aninch, or 0.01 feet, from 
the vertical axis. So a = 0.01 and b = 0.51. Both spheres are 
assumed to have the same density as the average density 
of the Earth. (Use Exercise 14.) What is the mass of each 
sphere in slugs? What is the gravitational force with which 
each sphere attracts the other when they are in the indicated 
position; when they touch each other? Why is the force in the 
second situation greater? Suppose that this greater force 
acts on the sphere (say, the one on the right) when it is in 
the position indicated in the figure. How long will it take for 
this force to move the sphere so that it touches the vertical 
axis? Do the same computation with the weaker force. How 
do your findings mesh with Newton’s assertions? 


Notes 


‘All quotations are taken from Isaac Newton, 
Mathematical Principles of Natural Philosophy, 
Translated into English and Illustrated with a Com- 
mentary by Robert Thorp, London, Printed for W. 
Strahan and T. Cadell, in the Strand, 1777. Reprinted 
by Dawsons of Pall Mall, London, 1969. 


“Observe that the considerations of calculus come 
into play both in the proof of Kepler’s second law and 


also in the computation of anh a While Newton’s 


approach is geometric, it does not make use of analytic 
geometry. Hence it does not “look” like modern calcu- 
lus. This is the reason why some historians of science 


make a point of saying that Newton does not make use 
of calculus in the Principia. 


3It has already been pointed out that Newton’s 
arguments are often terse and difficult to penetrate. 
In reference to the demonstration just described he 
outdoes even himself, devoting all of two sentences 
to this matter. So Newton provides, at best, an out- 
line of a demonstration. Indeed, the reconstruction of 
a proof based on this outline is a very delicate task. 
In the article: Reading the Master: Newton and the 
Birth of Celestial Mechanics, Amer. Math. Monthly 
104 (1997), 1-19, B. Pourcia takes up this task and 
provides the relevant (and interesting) historical per- 
spectives as he does. In the 1960s Richard Feynman, 
the Nobel prize winning physicist, well aware of the 
very demanding nature of Newton’s arguments, de- 
veloped his own “elementary” approach to Newton’s 
theory. In lecture notes that were “lost” for many 
years in an unoccupied office at the California Insti- 
tute of Technology (where Feynman had served on 
the faculty), Feynman combined Newton’s ideas with 
delicate properties of the ellipse, to deduce from the 
inverse square law that the planetary orbits are el- 
lipses. For the full story and its background refer to 
D.L. Goodstein and J.R. Goodstein, Feynman’s Lost 
Lecture, W.W. Norton and Co., New York, 1996. 


4This explains the slight variations (of up to ten 
minutes, or 0.007 days) in the lengths of the seasons. 
Refer to the data given in Section 4.9. 


°To get an insight into just how complicated this 
problem is and what an interesting history it has, refer 
to the book F. Diacu and P. Holmes, Celestial Encoun- 
ters, The Origins of Chaos and Stability, Princeton 
University Press, Princeton, NJ, 1996. 


‘The famous Cavendish laboratories in Cam- 
bridge, England, would later be named in his honor. 


“Laplace’s celebrated five-volume treatise Méca- 
nique Céleste, which appeared between 1799 and 1825, 
included these results and much more. Its purpose 
was to provide a comprehensive treatment of all that 
had been done in gravitational astronomy since the 
time of Newton. This work earned Laplace the title of 
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“Newton of France,” but it owes a considerable debt to 
the profound mathematical discoveries of Lagrange, 
who was the superior mathematician. 

®The classic account, Herbert Butterfield, The 
Origins of Modern Science, Free Press, New York, 
1965, provides the details behind these developments. 


